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PREFACE TO THE 
THIRD EDITION 


he warm welcome received by the first edition and second revised edition of our book is an indi- 

cation that the book is serving its purpose. However, in a fast growing subject like mathematics, 
complacency has no place, particularly at a time when our universities are changing and improv- 
ing their syllabi. Therefore, we have come up with the third edition of the book. In this edition, we 
have removed the chapters pertaining to statistics of the second revised edition of our book. Those 
chapters are no longer part of the first year syllabus of the B.Sc. (Physical Sciences) course of the 
University of Delhi under the semester system. We hope this edition will be well received by 
students as well as by faculty members. 

We are thankful to the dedicated team at the Pearson Education, the publisher of the book, for 
the painstaking job they have undertaken in bringing out this edition. 


R. D. SARMA 
UmeEsH KUMAR 


PREFACE 


he beginning of the present millenium is marked by explosion of knowledge, particularly in the 

field of science and technology. Advancement has never been so rapid before, whether in infor- 
mation technology, biotechnology, medical science, space science or any other discipline of science. 
Inter-disciplinary research and study is playing a major role in this advancement. The undergradu- 
ate science syllabi of our universities are being revamped in order to accommodate this change. The 
University of Delhi has already taken up this challenge by introducing B.Sc. (Physical Sciences) 
and B.Sc. (Applied Physical Sciences) courses in the year 2005. The syllabi for these courses are 
radically new and there is a paradigm shift in their content from those of the existing courses. In 
mathematics, emphasis is laid on its practical applications in physical and biological sciences. 

The Mathematics Department, University of Delhi, has organized several workshops for educat- 
ing the mathematics teachers of the university for this new course. Based on this, we had prepared 
‘Lecture Notes in Mathematics for Physical and Applied Physical Sciences’ in December 2005 to 
cater to the immediate needs of students. The overwhelming response from our students as well as 
from teachers has encouraged us to write a proper textbook for these courses. We hope that this book 
will be able to fulfil the needs of the students pursuing these courses. At the same time, we also hope 
that the students of other courses as well as of the other universities offering mathematics will also 
benefit from this book. 

We request our readers to provide their valuable suggestions and point out any possible mistakes 
by contacting us at ratna_sarma@yahoo.com so that the quality of the book can be improved further 
in the future. 
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CHAPTER ONE 


Matrices 





= 1.1 INTRODUCTION TO MATRICES 


Suppose there are 2 families—family A and family B. Family A consists of 7 members—3 males and 
4 females. Family B consists of 6 members—4 males and 2 females. We can express this informa- 
tion as follows: 


Family A 3 4 


If we suppress the headings and enclose the numbers in square brackets, we obtain a rectangu- 
lar array having two rows and two columns. 
3. 4 
I 
a 0 


This rectangular array is called a matrix. 
2 DEFINITION: A ‘matrix’ is a rectangular array of numbers. Its generalized form is 


(I!) 


where a44, a42 and so on are numbers, real or complex. These numbers are called 
the elements of the matrix. 





The matrix A given above is a matrix having mn elements arranged in m rows and n columns. 
We say that A is a matrix of orderm X n. 


3. 4]. . 
For example, > isa2 X 2 matrix. 


4 
We use the notation [a;] to denote matrix A where ajis the (i, /)" entry in the matrix A. 
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EXAMPLE 1.1 The maximum and minimum temperatures in Delhi were recorded for 3 consecutive 
days—15 June 2006, 16 June 2006 and 17 June 2006—and put in the following table 


June 15 June 16 June 17 
Max. Temp. 41°C 39°C 34.5°C 
Min. Temp. 22°C 18°C 18°C 


The information can be expressed as a2 X 3 matrix 


i 39 o 

22 18 18 J 

EXAMPLE 1.2 Consider the system of linear equations 
2x + 3y+z=4 
x-yt2z=5 
3x + 2y-—z=7 


Then the coefficients of x, y, z in the above equations can be expressed as the 3 X 3 matrix 


2 3 1 
A=,|1 -l De. 
3 2: == 


EXAMPLE 1.3 The following table gives the vitamin contents of 3 food items in conveniently 
chosen units. 


Vitamin A B Cc D 
Food | 0.4 0.5 0.1 0 

Food II 0.5 0 0.2 0.1 
Food III 0.2 0.1 0.5 0.2 


The above information can be expressed as a3 X 4 matrix 
04 05 O01 0 
05 0 O02 O01 
0.2 01 05 0.2 


Equality of two matrices Two matrices A =[a;;| and B = [b,j] are said to be equal if 
(i) they are of the same order, and 


(ii) corresponding elements of A are equal to the corresponding elements of B, that is, aj; = bj 
for all i, 7. 


2 
4 


a b 1 2]. ; 
le Ze 7 and only it 


a=1,b=2,c=3andd=4. 


1 1 2 
For example, A = ; and B= k | are not equal because a7) =3 #4 = by). 


Transpose of a matrix If A =[a,] is an m X n matrix, then the transpose of A, denoted as Al, 
is the n X m matrix AT = [aj]. 


4 


Matrices 


i 2 1 3 
F le, if A= then AT = ; 
or example, 1 E al en E 4 


We will now discuss some special types of matrices. 


1.1.1 Types of Matrices 


1. 


2 


1o) 


Nn 


— 


Zero or null matrix A matrix A =|a,j is said to be a ‘zero matrix’ or ‘null matrix’ if all its ele- 
ments are zero i.e. a; = 0, Wi, j. We denote a zero matrix by O. 


. Square matrix A matrix in which the number of rows is equal to the number of columns, say 


n, is called a ‘square matrix’ of order n X n or order n. 


1 2 
For example, 3 ‘ is a square matrix of order 2. 


. Diagonal matrix A square matrix A =|ajj is said to be a ‘diagonal matrix’ if a= 0 for i #/. It is 


of the form 
a1 0 Ser 0 
0 dis 0 
“eS a22 
0 0 wens Py 
If A= [aj] is a square matrix of order n, then elements a1), 472, ... , Gyn are called the 


‘diagonal elements’ of A. They are said to constitute the main diagonal or the principal diag- 
onal of A. Thus, a square matrix is a diagonal matrix if all elements except those in the main 
diagonal are zero. 


A diagonal matrix A = [a,j of order n is sometimes written as 


A= diaglay, QAD2, +++ 5 Ginl 


. Scalar matrix A diagonal matrix in which all the diagonal elements are equal is called a 


‘scalar matrix’. 
ij 3 0 O 
For example, oil 0 3 =O 
0 0 3 


. Unit matrix or identity matrix A scalar matrix in which all the diagonal elements are ‘1’ is 


called a ‘unit matrix’. Thus, a square matrix A = [aj] of order n is a unit matrix if 
1 fi=j 
aj = ase : 
0 if i# 7 
The unit matrix of order 7 is denoted by I,. 
1 


1 0 
For example, I, = k ‘| I, =| 0 
0 


ore 


0 
0 
1 


. Symmetric matrix A square matrix A =[a;j] is said to be ‘symmetric’ if a= aj for all i and j. 


ij 
In other words, A is symmetric if A= A‘, 


1 3 1 3 
For example, A = E | is symmetric because A = ke | San 


. Skew-symmetric matrix A square matrix A =[ajj] is said to be ‘skew-symmetric’ if a= —aji 
for all i and /. In other words, A is skew-symmetric matrix if A= —A. 
0 -il 
For example, I 0 |: 
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8. Hermitian matrix A square matrix A =[ajj] is said to be ‘Hermitian’ if a; = aj, for all i and j 
where @ is complex conjugate of aj. 
If A =[a;, we define A = [a,j] and A°= (A)' =[a;j, Thus, A is Hermitian if A = AY. 

1 Ili 
Iti 2 
9. Skew-Hermitian matrix A square matrix A is said to be ‘skew-Hermitian’ if a= —d;; for all 

i and j. 


For example, A = is Hermitian. 


In other words, A is skew-Hermitian if A°= —A. 
For example, A = ’ . : . is skew-Hermitian. 
-1lt+i 2i 
10. Triangular Matrix A matrix A =[qjj] is said to be a ‘triangular matrix’ if a= 0 whenever i > /. 
9 4 2 1 2 1 1 01 
For example, |: ik 0 1 O7},;0 2 1 2 
0 0 3 0 0 3 3 


1.1.2 Operations on Matrices 


If A =[a,] and B = [b,j] are two matrices of order m X n, then their sum is the m X n matrix 


A + B=[c;] where c= aj + 6; for all i, j. Similarly we define difference of the matrices A and B 
as the matrix A — B =[a; — b,j] for all i and j. 


ft 2 4 _@. 12 
=|; 0 | nd B= [> =i ‘] 
ex a+e=|) ele 1 ‘] 

0 <1 4 


1 
=|; ' a a 


-|} 4 
1 -1 6 


' a-s=|17? 2-1 salt 1 ‘| 
= 1=0 0= C4) 2=4 rt <2 











ow ON’ 
No 











> NOTE: Two matrices of different orders cannot be added or subtracted. 





1.1.3 Properties of Matrix Addition 


1. Matrix addition is commutative That is, if A and B are two matrices of same order, then 
A+B=B++A. 


Proof Let A =[a,] and B = [b,j]. Then 
A+ B=[aj] + [yj] 
=|a7 + 5;] 
= [by + a5 (because addition of numbers is commutative) 
=Bt+A 
2. Matrix addition is associative That is, if A, B and C be three matrices of the same order, then 
(A+ B)+C=A+(B+C) 





Matrices 


3. Existence of additive identity If A is any m X n matrix and O be the m X n zero matrix, then 
A+O=A=O4A 


4. Existence of additive inverse If A is any m X n matrix, then we can find an m X n matrix B 
such that 


A+B=O=B+A 
The matrix B is called ‘additive inverse’ or negative of A and is denoted by —A. 


If A =[a;, we have —A =[—ajj]. 
Thus, A + (~A) =O=(—A) +A. 
The properties 2, 3 and 4 can be proved similarly as we proved property 1. 

If A = [aj] is an m X n matrix and k is a number called a scalar, then the scalar multiple 
of A by k, denoted by KA, is the m X n matrix whose (i, a element is kaj for all possible values 
of i and j. Thus kA = [kajj]. 





— 1.2.3 
E 1.5 = . If k= 2, th 
> Let A | 0 | » en 


2 4 6 
kA = 2A = 
—2 0 8 
and if k= 3, then 
3 6 9 
A=3A= : 
: : 3 0 | 


e REMARK: Note that (-1)A = —A and A + (-1)B=A — B. 





1.1.4 Properties of Scalar Multiplication 
The following properties of multiplication of a matrix by a scalar can be easily proved. 


1. If A and B are two matrices of the same order and if & is any scalar, then 
k(A + B) = kA + KB. 
2. If k, and ky are two scalars and A is a matrix, then 
(ky + k)A = kA + kA, 
3. If k, and k are two scalars and A is any matrix, then 
ky(kgA) = (kk) A. 

4. If A is any matrix, then 

1A =A. 


Now we define multiplication of two matrices. 
Let A =[a,] be an m X n matrix and B = [b,j] be an n X p matrix. Then the product AB is the 


n 
m X p matrix [cx] where cj, = > Gy Digs 
A 
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D> “1: 
1 2 
ERAMPUEHG era =|! ° )aap=)3 5 
t  Q 4 
DZ 3 


2 1 
1 2 3 

Then AB = a 
1 0 1 

2 3 


1x24+2xX34+3xX2 1X1+2X*54+3%X3 
1x2+0xX34+1Xx*2 1X1+0XK54+1X3 


_ b A 
4 4 


| NOTE: The product AB of two matrices A and B is possible only if the number of 


columns in A is equal to the number of rows in B. 





The following properties of matrix multiplication can be easily proved. 
1. Matrix multiplication is associative That is, if A, B and C are matrices of the order m X n, 
n X p and p X q, respectively, then 
(AB)C = A(BC). 
2. Matrix multiplication distributes over matrix addition That is, if A is a matrix of order 
m X nand if B and C are matrices of order n X p, then 
A(B + C) = AB + AC 


« REMARK: Matrix multiplication is not commutative. If A is an m X n matrix and B is 
Pp Xq matrix, then AB exists if n = p and BA exists if q = m. This means that AB 


and BA both may not exist together. For example, if A is a 2 X 3 matrix and Bis a 
3 X 4 matrix then AB exists and is a 2 X 4 matrix while BA is not defined. 





It is also clear that if AB and BA both exist they may not be of the same order. For example, if 
Ais a2 X 3 matrix and B is a3 X 2 matrix, then both AB and BA exist but AB is a2 X 2 matrix 
while BA is a3 X 3 matrix. So, they are not comparable for equality. Even if AB and BA both exist 
and are of same order, they may still be not equal, that is, AB # BA. 


1 1 1 O 
EXAMPLE 1.7 Let A = B= 
e E 1 | and k | 
Then ap=|! ML l= (3 | 
0 OjJLI O 0 0 


wom Se lL 


So AB ¥ BA. 
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EXAMPLE 1.8 If A = |! | and B = ? | then 


1 
am=[5 oll l= ls ol=° 
0 OJLO 1 0 0 
Thus, the product of two matrices can be a zero matrix even though neither of the matrices is itself zero. 


Positive integral powers of a square matrix If A is a square matrix, it can be multiplied 
by itself, that is, A+ A is defined. We denote the product A+ A by A”. Moreover, using the asso- 
clative law, we can define 


A} = A?- 
A‘ = A}. 
A” = A" 'A = A-A---A (n factors) 

These are naturally called the ‘powers’ of the matrix A. A’ is called square of A, A? is called cube 


of A and so on. 


1 0 
EXAMPLE 1.9 If A — E tf then 
a=[) all; f= | 1 *| 
3 4||3 4 5° 16 
1 olf1 o 1 0 
3 — —, 
= E wells | | ane 


at=[ al; ele. *| 
63 64]/[3 4 255 256] 


Determinant of a square matrix To every square matrix A =[ajj], we can associate a number 
called ‘determinant’ of A denoted by |A| or det A. 

The matrices which are not square do not have determinants. 

The association of the number det A to the square matrix A is done in the following manner. 


1. If A=[a;,]is a 1 X 1 matrix, then |A| is defined to be ay). 


2.1f A = & 2 is a2 X 2 matrix, then we define 
a2, 422 


|A| = 411422 — 421412. 


411 412 443 


3.If A =} ax} a2 93 | is a3 X 3 matrix, then |A| is defined as 
431 432 433 
7 422 473 421 421 422 
|A| = a1 > + ay3 
432 433 431 433 431 432 




















i a1 1 (422433 3243) a” 41 2( 421433 oz 3143) + 13( 421432 — 31427). 


4. If A = [aj] is ann X n matrix, then 


41; 412°" Ain 
42, 422 """ a2 

|A] = a (1) 
Qn} 4n2  ***— Ann 
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By deleting the i" row and the j™ column in|Al, we obtain a determinant Mj of order (n — 1). 
This determinant is called minor of the element a;. The value of determinant of order n given in 
(1) can now be defined as 


|A| = a (—1)'Ya,My, for i fixed, i = 1,...,n. 
i= 


1 2 A 
EXAMPLE TI0 Let A=|4 5 6. 
7 8 9 


1 2 3 
Then | A} =|4 5 6 
7 & 9 
= i, | _ 2) i 7 |} | 
8 9 7 9 7 8 
= 1(45 — 48) — 2(36 — 42) + 3(32 — 35) 
=-3+12-9=0. 


DEFINITION: A square matrix A is called ‘singular’ if |A| = 0. However, If 


|A| # 0, then the matrix is called ‘non-singular’. 





The 3 X 3 matrix A given in above example is a singular matrix. 


cos@ —sin@ 








sin 6 cos 0 





. |cosd sind] . : 
EXAMPLE 1.11 The matrix is non-singular because 


sin 0 cos 0 
cos?@ + sin?@ = 1 #0. 


1 2 4 4 i =i). 
1.IfA = ,B= find 
=f @ 3 =) @ 4 
(a) A+B (b) A-B (c) 2A (d) —B 
2 4 1 3 —2 5]. 
ruae[? SJe=[ 2 thc= [2 5] em 
(a) A+B (b) A-B (c) 3A —C 
(d) AB (e) BA (f) (BC)? 
5 1 . 2 
sira=| | : ‘| B= 0 -2},C=]1 3 |, compute 
<3 4 4} eae 
1 3 {= 
(a) BA (b) AC (c) CA 


(d) A(2B —3C) (e) A(B+C) (f) AB+ AC 





Nn 


- 


10. 


11. 


12. 


13. 
14. 


15. 


16. 


17. 


18. 


Matrices 


. Let A = E = and B = La 4 Show that AB # BA. 
1 0 1 3 1 -2 
-ForA=]0 1 2|,B= 0 ljandC=/;0 1 4 | verify that 
1 —2 —2 1 0 5 


(a) (AB)C = ae 
(b) A(B + C) = AB + AC 
(c) (A + B)C = AC + BC 


IfA = ae =k B= hg ns show that AB = BA. 
sin @ cos @ sin B cos B 
0 sind 
IfA = aa ae | verify that AA! = ATA =b. 
—sin@ cosé 


. Prove that 


(a) (AT)JT=A (b) (A+ B)'= A+B! 
(c) (kA)' = kA™ = (d) (AB) = BAT 
assuming that both sides of equalities are defined. 


If A be any matrix, prove that the matrices AA! and A‘A are both symmetric. 


. 1 ; . . 1 : 
Let A be a square matrix. Show that lA + A’) is a symmetric matrix and (A — Al/)isa 
skew-symmetric matrix. Conclude that any square matrix can be written as sum of a sym- 
metric matrix and a skew-symmetric matrix. 


0 tan = 
IfA = and I is the unit matrix, show that + A = (I — A) 


a 


cosa sin il 
tan — 0 
2 


sina cosa | 


1 1 
IfA = | | and B = |? | show that (aA + bB)(aA — DB) = (a? + b’)A 


Let A be any 3 X 3 matrix and I be the identity matrix of order 3. Show that AI= TA = A. 
Let A be any 3 X 3 matrix and O be the null matrix of order 3. Show that AO = OA = O. 


0 1 
Let A = ? i Find all 2 X 2 matrices B such that (a) AB=O (b) BA=O. 
Find all 2 X 2 matrices A such that A? = O. 
2 0 
Let f(x) = x? — 5x + 6. Find f(A) if A = | 2 1 3 
1 -1 0 
1 0 -2 
IfA=|2 2 4 | and f(x) = x° — 3x + 2 show that f(A) = O. Use the result to 
0 0 2 


11 
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O. =i 
19. The matrix J = 1 | has properties similar to those of the imaginary number? = V—1. 


Show that J? = —I, where I is the second order identity matrix, and that J Pe =f J=L 
J° = Jand so on. 

cos 26 —sin 20 
sin 20 cos 20 


cos@ —sin@ 


20. Let A = i Verify that A? = and compute A”. 


sin 0 cos 0 


1 1 
21. Let A = be | Find A’, A>, A*. Hence compute A”. 


1 


11 
22. 1f A = E A A’, A°, A”. 


1 1 
1 Al find A?, A?, A*, A>. Hence, discuss the nature of A”. [Hint: Observe that the 


elements of A” follow the pattern 1, 1, 2, 3, 5, 8, 13, 21, ... where each term is the sum of preced- 
ing two terms. Such a sequence is called Fibonacci sequence. We shall learn more about it in a 
later chapter. ] 


23.16 =| 


2 


1 
0 i Find whether the following identities are true or not. If 


1 2 
24. Let A = = and B = 
not, why? 
(a) (A + B)’ = A? + 2AB + B? 
(b) A? — B? = (A+ B)(A — B). 
25. Show that if a diagonal matrix is commutative with every matrix of some order, it is necessa- 
rily a scalar matrix. 


26. Prove that every diagonal matrix is symmetric. 
27. Find which of the following matrices are singular. 


2 3 a 1 
(a) i | (b) |? | 
1 I = i o 4 
@|1 =-2 1] @]o 2 4 
5 -2 -3 > = | 


i; 3 5 6 
28. Given A = k | and B = |; a Show that AB # BA # A'B + AB! + A'B! # 


B' A! but that the determinant of each product is 4. 


29. A furniture manufacturer makes chairs and tables, each of which must go through an assembly 
process and a finishing process. The times required for these processes are given (in hours) by 
the matrix 

Assembly Finishing 
process _ process 
F | Chair 


A= 
3 4| Table 


The manufacturer has a plant in Delhi and another in Chennai. The hourly rates for each of the 
processes are given (in rupees) by the matrix 


12 


Matrices 


Delhi Chennai 
fies 9 | Assembly process 


10 12] Finishing process 


What do the entries in the matrix product AB tell the manufacturer? 


30. The following matrix gives the vitamin contents of three foods in conveniently chosen units. 


Vitamin A B Cc D 
Food I 0.5 0.5 0 0 
Food II | 0.3 0 0.2 0.1 
Food IT LO.1 O11 02 0.5 
If we eat 5 units of Food I, 10 units of Food II and 8 units of Food III, how much of each 
type of vitamin have we consumed? If we pay only for the vitamin content of each food, paying 


Rs 10, Rs 20, Rs 25 and Rs 50 respectively for units of the four vitamins, how much does a unit 
of each type of food cost ? Compute the total cost of the food we ate. 


g 1.2 ELEMENTARY ROW OPERATIONS 


An elementary row operation (or an E-row operation) is an operation of any one of the following 
three types. 

Type-I The interchange of two rows. 

Type-II The multiplication of a row by a non-zero number. 

Type-III The addition of a multiple of one row to another row. 


Consider the following matrices 


t 2 3 a 4. 4 
A= B= 
LC 1 4) k 2 ‘| 
i 2 
4 22 2 i i 


Matrix B can be obtained from matrix A by interchanging the first and the second row. This is 
a type I elementary row operation. We denote this E-row operation by R; <> Ro. 

Matrix C is obtained from matrix A by multiplying the second row by 2. This is a type II ele- 
mentary row operation. We denote this E-row operation by Ry — 2Ro. 

Matrix D is obtained from A by adding thrice the second row to the first row of A. This is a 
type III elementary row operation. We denote this E-row operation by Ry > R,; + 3Ro. 


2) DEFINITION: If a matrix B is obtained from a matrix A by a finite chain of ele- 


mentary row operations, we say that A is ‘equivalent’ to B and write itas A ~ B. 





The following results are obvious: 
(i) Every matrix is equivalent to itself i.e. A ~~ A. 
(ii) If A~ B, then B~ A. 
(iii) If A~ B, B~ C, then A~ C. 
From the results, it is clear that the four matrices A, B, C and D discussed above are equivalent 
to each other. 
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1 4 $7 1 4 7 

EXAMPLE 1.12 The matricesA = |]2 5 8]andB=]0 —3 = — 6 | are equivalent. 
3 6 9 0 0 0 

This is because we can obtain B from A by a finite sequence of E-row operations as shown below: 


4 7 
5 8 
6 9 


A 


=3 =6 By applying E-row operation R2 — Ry — 2R). 
—3 -6] By applying E-row operation R; — R3 — 3R). 


1 

2 

3 

1 

0 

3 

1 4 7 
0 

0 

1 

O°. =3, =6 By applying E-row operation R3; — R3 + 2R. 
0 


=B. 


The matrix B in above example is much simpler to handle than matrix A. Matrix B is in tri- 
angular form and contains a row of all zeroes. We have, thus, reduced matrix A to a triangular 
matrix B by elementary row operations. Such reductions are very helpful in finding the rank of 
a matrix and solving system of linear equations. The method used in reducing A to triangular 
matrix B in the above example can be described more generally by making sure that the first ele- 
ment in first column of matrix A is non-zero. If it is zero, we interchange rows to get a non-zero 
element as the leading element in the first column. All elements below this leading element of 
first column are made zero by adding the corresponding row to some multiple of first row. We 
now come to the second column and make all elements below the principal diagonal element of 
second column zero by E-row operations. And so, column by column, we make all elements 
below the principal diagonal zero. In this manner we obtain a triangular matrix. This method will 
always result in a triangular matrix. 
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Every matrix can be reduced to a triangular matrix by elementary row operations. 


EXAMPLE 1.13 Reduce the matrix 


1 =2 3.9 
A=|2 -3 1 8 
3 0 -l 3 


to triangular form by elementary row operations. 


14 


Matrices 


SOLUTION 
1-2 39 
A=|2 -3 1 8 

3 0 -1 3 
1-2 3 9 

~10 1 —-5 10 By Ry > Ry — 2R), R; > R; — 3R, 
0 6 -10 —24 
1-2 3 9 

~10 1 —5 —10 By R; > R; — 6R, 
0 0 20 36 


which is a triangular matrix. 


0 1 7 
EXAMPLE 1.14, Reduce the matrix A = 2 3. 4 | to triangular form by E-row operations. 
—-l 2 8 


SOLUTION 

7 
4 
8 


1 By R} © R; 
8 


Q 
| 
oN FR 
Be XNNYN KF WN jowre 
oo 


= 
es 0 20 By R, > R, + 2R, 
0 
=| 3 ¥ i 
~| 0 7 20 By Rs > R3 — [Ro 
tee 
q 


which is a triangular matrix. 

If A is a square matrix such that |A| # 0, then A can be reduced to a unit matrix by elemen- 
tary row operations. The method is simple: Make the first element in the first column 1 and all other 
elements in first column 0 by E-row operations. Now, make the second element of second column 1 
and all other elements in second column 0 by E-row operations. Continue the process for all 
columns. We shall obtain the identity matrix of same order as A. The result can be stated as 


» THEOREM 4 
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The following example illustrates the method. 


2 4 6 

EXAMPLE 1.15 Reduce the matrix A= |3 1 2 | to a unit matrix of order 3. 
0 1 -t 

SOLUTION 


CoWwWN 
= oe 

| 
me N 


= ee N 
N WwW a 
wo Ww uJ) LW) 


By applying R; > Ski 


oO W Re 


1 2 
a | —5 =| By applying R, — R, — 3R, 
0 1 =1 
1 2 3 
~|/0 1 -1] By applying R, > R; 
Qo 5 7 
1 2 3 
~/0 1 -1 By applying R; > R3 + 5R> 
0 0 —-12 
1 0O 5 
~/0 1 -1l By applying R; > R, — 2R, 
0 0 —-12 
1 0O 5 
: 1 
~ | 1 -1 By applying R; > 7 Rs 
0 0 1 
1 0 O 
~/l0 1 0 By applying R, — Ry + R3,R; > R, — 5R3, 
0 0 1 


We thus obtain a unit matrix from the matrix A. 

We now state an important result which says that if we perform some E-row operation on 
product AB, then it is equivalent to performing the same operation on A. We first explain it 
through an example. 


2 1 1 
EXAMPLE 1.16 Let A = F | and B = ik We use the following notation: 


If * denotes an elementary row operation, then by A* we denote the matrix obtained by per- 
forming the elementary row operation * on A. 
First suppose that * denotes Ry <> Rg, that is, interchanging rows R, and R>. 


Then A*t = ° | 
2 1 


16 
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ae=[0 slLI-[6] 


(AB)* 


wm val? TE-[f 


Thus, (AB)* = A*B. This means that the matrix obtained after interchanging the rows in AB 
is equivalent to the product obtained by post-multiplying B to the matrix obtained after interchang- 
ing rows of A. 


Now, suppose that * denotes the E-row operation R; — 2R,, that is, multiplying R, by 2. 


yo 


(AB)* 


lI 
———_1 
OD 
——_4 


ar=[¢ | (AB)* 


oo [IEE 


Next, suppose that * denotes the E-row operation 


R; — R, a 2R> 


ea are [? 7) cane =|] 


2 74I}1 16 
and = A*B= k lls = ® | Thus, in this case also we have (AB)* = A*B. 


From this example, we can conclude that if * denotes an elementary row operation, then 
(AB)* = A*B where A and B are two matrices. This result can be stated as 
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We can similarly discuss elementary column operations. By an elementary operation we mean 
either an elementary row operation or an elementary column operation. We end this section by giv- 
ing a small definition. 


DEFINITION: A matrix obtained from a unit matrix by a single elementary 
operation is called an ‘elementary matrix’. 





0 li. 
Hon example ° | ery EJNOTE: Tan 1al BVT Le SBE ME= NUVI) 


matrix because it can be obtained from I, by non-singular. Can you explain why? 
interchanging R; and R). The elementary 
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matrix |: 1 is obtained from I, by multiplying R, by 2. 


0 0 1 
0 1 0 | is an elementary matrix because it is obtained from I; by Rj —& R3. 
1 0 0 


1. Reduce the following matrices to triangular matrices by elementary row operations. 


3 1 4 0 1 3 =] 2 1 8 
(a)} 1 2 —5 (b)|2 0 —-1 (c) 3° 1. =) <0 
0 1 2 51 0 4 2 1 7 
1 1 1 1 
(a) ; : : 3 ) : : (f) oe et 
3 -15 8 13 4 1 3 -7 
3. 3 0 3 
2. Reduce the following non-singular matrices to identity matrices by elementary row operations. 
2 0: =1 0 0 2 1 1 2 1 2 1 
(a) |} 5 1 0 (b) |} 2 2 6 () }3 1 1 (d) | 0 1 =-1 
0 1 3 3 6 9 2 3 1 3 1 1 
3. Write down the elementary matrices obtained by applying each of the following operation to I. 
(a) Ry > R; (b) R; > 3R; (c) Ri; > R; — 4R3 (@) R3 > R3 — 2Ro 


= 1.3 INVERSE OF A MATRIX 


DEFINITION: A non-zero square matrix A of order n is said to be ‘invertible’ if 
there exists a square matrix B of the same order such that 


AB = BA=I, 


where I, is the identity matrix of order n. 
The matrix B is called an ‘inverse’ of A (and A is called an inverse of B). 








ss 
1 -l 2 2 
EXAMPLE 1.17 Let A = B= 
e F | and iG 
2 2 
Th aB=|) | =a 
en 0 1 9 
1 0 
and Ba =| |= 
0 1 


that is, AB = BA = I, 


Thus, B is an inverse of A. 





Matrices 


An invertible matrix has a unique inverse. It follows from the following. 
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Hence if A is invertible, it has a unique inverse, which we denote by A |. Thus, we have 


AA|=A'A=I 
: : _ {2 0 
Every square matrix need not have an inverse. For example, the matrix 1 0 does not have an 


; : BBY go 
inverse. Because if B = | is an inverse of A, then we must have AB = Ib. 
c 


_ [2 O]fa 5] _ fi 0 
matis,|* O|[% 2]=[) 3] 
2a 2b) [1 0 
- EE 0 


which gives 2a = 1, a = 0, 2b = 0 and b = 1. However, if 2a = 1, then a # 0. Hence, values 


2 0 
of a, b, c and d that satisfy (1) do not exist, and the matrix 1 | has no inverse. 


1 
EXAMPLE 1.18. Find the inverse of the matrix i | 
SOLUTION 


1 0 a b 
A= ; B= i , 
Let 0 | Let |< | be the inverse of A 
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1 


Hence, B= is the inverse of A. 


0 


N|R oO 


1 2 
EXAMPLE 1.19 Find whether the matrix A = ie “ is invertible. 


SOLUTION 


b 
Let B= |< *] be the inverse of A. Then AB = I, 
c 


i 2iha & 1 0 
That i = 
ant cE Alle ‘| |, | 


which gives two pairs of system of linear equations. 
a+2c=1 b+ 2d=0 
and 
2a+ 4c = 0 2b+ 4d=1 
These linear systems have no solutions, so no such matrix B can exist. Hence, A is not invertible. 
From above examples, it is clear that a matrix may or may not have an inverse. Now the ques- 
tion arises: Under what conditions can we say that a given matrix is invertible? Before we answer 


this question, we make a small remark. 





- REMARK: If A is invertible, and B is the inverse of A, then both A and B are 
square matrices of same order. This can be seen as follows: 
Suppose A is of orderp X qandBisoforderr < s.Let AB = BA =I, where 
I, is the identity matrix of order n. For both AB and BA to be defined it is neces- 


sary thatq=rands=p.ThenABisap X smatrix and BAisr X q matrix. 
Since AB = BA=I,, 
Thus, if A is not a square matrix, then there is no question of it being invertible. 





Now, we state a theorem, without proof, which will enable us to find whether a given square 
matrix is invertible or not. 
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Once we know that a matrix is invertible, we can find its inverse also. The method given in 
Example 1.18 is obviously not very practical for matrices of order greater than 2. We now discuss a 
method of obtaining inverse of a given square matrix using elementary row operations. Let A be the 
square matrix of order n whose inverse is to be found. Consider the identity A = IA where I is the 
identity matrix. Reduce the matrix A on the L.H.S. to the identity matrix I by applying elementary 
row operations only. Apply all these operations (in the same order) to the pre-factor I on the R.H.S. 
of the identity. In this manner, the matrix I reduces to some matrix B such that BA = I. The matrix 
B so obtained is the inverse of A. 





Matrices 
The method is illustrated in the following examples. 


1 2 
EXAMPLE 1.20 Find the inverse of the matrix E | 


4 
SOLUTION 
Let A = k i Consider the identity 
A=IA 
E 2 1 | 
= A 
3 4 0 1 


4 


_— 3. i 4 


1 1 0 
0 2 3 Ja By applying R2 > Ry — 3R, 


N 
ll 
N|[W eB -mnT_ re 
| 


0 
1 
as By applying Ry > et 


or 
ee N 
lI 

a | 


1 0 FE : ; 
=> i 3 1/A By applying Rj > R, — 2R, 
De AD. 8 
that is, = BA 
where B= 3 : : 
3 1 
a. 3 
Thus, A! = S : . 
3 1 
= 3 
1 1 1 
EXAMPLE 1.21 Find the inverse of the matrix A = | 0 2 3 | using elementary row operations. 
5 5 1 
[DU, B.Sc. (Ph. Sc.), 2006] 
SOLUTION 
Consider the identity A = IA. 
1 1 1 1 0 0 
0 2 3} =);0 1 OJA 
5 5 1 0 0 1 
1 1 1 1 0 0 
=|0 2 3) = 0 1 O|JA By applying R; — R; — 5R; 
0 0 —4 =3.:.0 J 
1 1 1 1 0 0 ‘ 
=>]0 1 3/2/= 0 1/2 O|A By applying Rp > >Ro 
0 0 -4 5 0 1 
1 @ —1/2 1 -1/2 0 
=>|]0 1 3/2) = 0 1/2 O|A By applying R; > R,; — Ro 
0 0 —4 =§ 0 1 


21 
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1 0 ~1/2 i =172 0 ‘ 
=> f 1 A = 0 1/2 vh By applying R; > —2R; 
0 0 1 5/4 0 —1/4 
100 13/8 -1/2 —1/8 ; 
=> |» 1 j = rs 1/2 vs By applying R, > R, + ORs, 
001 5/4 0 -1/4 


R, -> R, = SR; 
13/8 -1/2 1/8 


Thus, = |-tn 1/2 vs| 
5/4 0 —-1/4 


« REMARK: Since the post-factor A on the R.H.S. of the identity A = 1A remains 
unchanged, instead of considering the whole identity A = IA, we can just consider the 


n X 2n matrix [A : I] where I is the unit matrix of order n. By reducing A to unit matrix 
| by elementary row operations the matrix [A : I] reduces to the form [I : aa where 
eu gives the inverse of A. The following example illustrates this method. 





6 


2 4 
EXAMPLE 122) LetA=|3 1 2|.FindAT 
0 1 





SOLUTION 
Consider the 3 X 6 matrix [A : I3] 


24 6 1 0 0 
That is, [A:h] = ]/3 1 2 1 0 
0 1-1 00 1 
1 
12 3 — 0 0 
2 1 
~|]3 1 2 0 1 0 [R, = +R,| 
1 -l 001 
1 
1 2 3 —~— 0 0 
2 
3 
~10 -5 -7 = ta [Ro > Ry — 3R)] 
0 1-1 001 
1 
1 2 3 -~ 0 0 
2 
~/10 1 -1 001 [Ro < Rs] 
3 
—5 = —= | 
0 -5 -7 ; 0 





Matrices 


1 
1 2 3 - 0 0 
2 
~{0 1 -l 00 1 [R3 > R3 + 5Ro] 
0 0 -12 ae ae 
t 
1 0 5: = 0 -2 
2 
~10 1 -1 : 00 41 [R; > R, — 2R)] 
3 
0 0 -12 : — 1 5 
2 
to: ae 2 0 -2 
: 3 ; 
R; — —-— R3 
~/0 1 -1 : 0 0 1 12 
G0 & eee ee ae 
“24 «12”—~C*‘D 
1 
105 : = 0 -2 
2 
24 #12 «12 
1 
Ok oe ee 
24 #12 «12 
3 5 1 
1 fing =. poy 
oo 24 #12 «212 
oe 3 1 7 [R; > R, — 5R3] 
24 «+12 ~«212 
3 1 5 
1 pe 8 ea 
mt 24 #12 «212 
= [5:41] 
3 5 Lt 
2 #412 «12 
Hence, ATL = 3 ot we 
24 12 «212 
3 1 5 


1 2 3 
EXAMPLE 1.23 Find A. if it exists, where A = | 1 —2 1 
5. =2) -=3 
SOLUTION 
We consider the 3 X 6 partitioned matrix [A : I3]. 

1 2 -3 : 1 0 0 

[A:I,] = | 1 —2 1: 0 1 O 

5. =2 =3 0 0 1 
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1 2 —3 1 0 0 
~ c 4 4 -1 1 : [R. > Ry, — Rj] 
yy =2 =3 0 0 1 
1 2 —3 1 0 0 
~ f —4 4 -1 1 ] [R; > R; — 5Rj] 
0 -122 12: -5 0 1 
1 2 38,2 1 0 0 
~ f —4 4 : -l 1 j 
0 0 O ¢ =2.-3 1 
1 2» 23 
At this point, we note that A is equivalent to the matrix | 0 —4 4 | which has a row 
0 0 0 


of zeros. This matrix cannot be reduced to an identity matrix. In fact, it is a singular matrix as its 
determinant is zero. Thus, A is not invertible. 


1. Find the inverse of the following matrices, if it exists (Use the method of Example 1.18 and 
Example 1.19). 


1 2 3 1 
(a) i | (P) F | 
2. Find the inverse of the following 2 X 2 matrices using elementary row operations. 
2 1 4 5 
(a) |: 1 (b) 3 ;| 
3. Find the inverse, if it exists, of the following 3 < 3 matrices using elementary row operations. 
1 2 1 2 0 -1 0 0 2 I 2: 3 
(a)|} 3 2 3 (b)| 5 1 0 (c)| 1 2 6 (d)} 1 1 2 
1 1 2 0 1 3 3 6 9 0 1 2 
0 1 2 1 -1 1 1 2 3 4 -6 1 
(e)} 1 2 3 (f) | 4 1 0 (g)} 1 3 5 (h)} -1 -1 1 
3 1 1 8 1 1 1 5 12 -4 11 -1 


L- 4 1 0 
4, LetA = i ‘| and B = ; | Bing Aw and (AB) !. Show that (AB)! # A'BT. 


5. Let A and B be two invertible matrices of the same order. Prove that (AB) '=B ‘A |. Verify 
this result for the matrices of question 4. 


> 2 1 1 3 2 
6. IfA=|-2 1 2}andB=/]1 1 1 | verify that(AB)! =B'AT, 
1 -2 2 2 -3 -1 


1 2 
7. For the matrix A = E Al verify that (AT)! = (A‘!)?, 


b ‘ 
8. Give a criterion for deciding whether the 2 X 2 matrix |< | has an inverse. 
c 
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b —l 
9. Give a formula for is || , when it exists. 
c 


10. A non-singular matrix A has the property AA! = ATA, Prove that ATA! = A7!AT. Prove 
also that if B = A-'A!, then BB! is the identity matrix. 


mw 1.4 RANK OF A MATRIX 


Given any matrix A of order m X n, we can obtain square sub-matrices of order r (0 < r < least 
of m and n) from A by selecting the elements in any r rows and r columns of the matrix. The deter- 
minants of these square sub-matrices of order r are called r-rowed minors of the matrix A. For 
example, consider the matrix 


3 0 2 
This isa 3 X 4 matrix. Then deleting any one column gives a sub-matrix of order 3. 
12 4 


2 1. 3 | is one such sub-matrix. 
3 0 2 


The determinant of this sub-matrix is a 3-rowed minor. 
1 2 4 


2 1 3 
3 0 2 


1 2) {1 3 
2 I; |0 2 


That is, is a 3-rowed minor. Similarly, 


and others are 2-rowed minors. 


’ 











DEFINITION: Let A be a matrix of order m X n. The order of the largest square 


sub-matrix of A whose determinant has a non-zero value is called the ‘rank’ of the 
milla. 





The rank of the zero matrix is defined to be zero. 
It is clear from the above definition that if r is the rank of a matrix A then 


(i) A possesses at least one r-rowed non-zero minor. 


(ii) A does not possess any non-zero (r+ 1)-rowed minor, that is, determinant of every square sub- 
matrix of order greater than r is zero. 


4 23 


EXAMPLE 1.24 Find the rank of the matrix| 8 5 2 


12 —4 5 
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SOLUTION 
4 2. 3 
Let A = 8 5 | 
12 —-4 5 
4 2 3 
A= |8 5 2|=-176 #40 
12 -4 5 


Hence, rank of A is 3. 


EXAMPLE 1.25 Find the rank of the matrix | 2 


0 


me ke PO 
NY Oo Ww 


SOLUTION 


12 3 
LetA=]2 1 0 
0 1 2 


|A| = 1(2 — 0) — 2(4 — 0) + 3(2 — 0) = 0 
So rank of A cannot be 3. 





1 2 1 
Now | , | is a square sub-matrix of A such that > 


.. A has a 2-rowed non-zero minor. Hence, rank of A = 2. 


1 -—3 0 7 
EXAMPLE 1.26 Find the rank of the matrix A = 
ind the rank of the ma ie 12 i 


SOLUTION 
The largest square sub-matrix of A is of order 2. So rank is less than or equal to 2. Since 
1 -3 
, 3] = 28 # 0, so rank of A =2. 


REMARK: We usually denote rank of a matrix A by p(A). It is clear from above 
examples that 


(1) If Ais a non-singular matrix of order n, then p(A) = n. 


(2) If Ais a singular matrix of order n, then p(A) < n. 
(3) If Ais a matrix of order m x n, then p(A) S least of m and n. 
(4) If Ais a non-zero matrix, then p(A) # 0. 





4 2 -1 3 


EXAMPLE 1.27 Find the rank of the matrix A=| 0 5 —1 2], 


12. =4 =1 5 





SOLUTION 


Since matrix A is of order 3 X 4, the rank of A cannot exceed 3. 





Matrices 


It can be seen, however, that each of the 3-rowed minors of A has value zero, that is, 


4 2 -1 A- 3-4 
0 5 -1/=0 0 5 2/=0 
12 —4 =1 12 -4 5 
A =1 3 2 -1 3 
0 -1 21=0 and 5 -1 2|=0 
om =i, 3 —-4 -1 5 


Therefore, the rank of A cannot be three. 





2 
| = 20 # 0, rank of A= 2. 


Since 0.5 


It is clear from the above example, that sometimes it is difficult to find the rank of a matrix of 
high order as we have to determine several minors of high order. The difficulty in determining the 
rank of a matrix of high order may be reduced by considering elementary row operations. We must 
note the following. 






» THEOREM 4 


The rank of a matrix remains unchanged under elementary row operations. 


This is because the order of the largest non-singular square sub-matrix of the matrix is not affect- 
ed by the elementary row operations. In fact, under type I elementary row operation, only the signs 
of the values of some r-rowed minors are changed; under type I elementary row operation the val- 
ues of some 7-rowed minors are multiplied by a non-zero scalar; and under type III elementary row 
operation the value of every r-rowed minor is unchanged. 

The above theorem provides an important tool for determining the rank of a matrix. By apply- 
ing elementary row operations on a matrix A, we can obtain a matrix B whose rank can be easily 
found. This is illustrated in following examples. 


EXAMPLE 1.28 Reduce the matrix 


5 3 14 4 
A=]0 1 2 1 
1 -l 2 0 


to triangular form by elementary row operations and hence determine its rank. 
[DU, B.A.(P), 1990] 


SOLUTION 
5 3 14 4 
ASG T- Bet 
1-1 2 0 
1-1 2 0 
ele 2 2 1 by R; © R; 
5 3 14 4 
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1-1 2 0 

~10 12 1 by R; > R; — 5R, 
0 8 4 4 
1-1 2 0 

~10 1 aid by R; > R; — 8R) 
0 O -12 4 


We have, thus, reduced A to triangular form by elementary row operations. The reduced matrix has 
a non-zero 3-rowed minor 


1 = 2 
0 I 2) = —12, 
0 0 -12 


So rank of reduced matrix is 3. Hence, rank of A = 3. 


EXAMPLE 1.29 Determine the rank of matrix A where 
0 2 4 6 
A=] 3 = 4 -2 
6 -1 10 -I 


SOLUTION 
0 2 4 6 
A= ; -1 4 -2 

6 -1 10 —-1 
3 -l1 4 -2 

~ | 2 4 6 by Rj © Ry 
6 -1 10 -1 
3 -1 4 -2 

~ | 24 6 by R; > R3; — 2R, 
0 12 3 

; -1 4 -2 i 

~10 2 4 6 by R3 > Rs — SR. 

0 00 0 


3 -1 4 -2 
So the matrix A is transformed to the triangular matrix | 0 2 4 6 |. 
0 0 0 0 


It is clear that every 3-rowed minor of this matrix has value zero. 


Also since 





‘ = 6 # 0, so rank of this matrix is 2. 


Hence, rank A = 2. 


EXAMPLE 1.30 Obtain the rank of the matrix: 


1 1 1 1 

L 3: 2. ll 
A= 

2 0° =—3 °2 

3 3 =3 3 
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SOLUTION 


We reduce matrix to triangular form 


wo ow — 
Ww 
WN 


By Ry > Ry» — R,, 
R; -> R; _ 2R,, 
Ry -> Ry _ 3R). 


6 
hae 


coor oo oF we NH Ke 
| 
N 
| 
Nn 
coor 


oOoN Ke 
| 

oo 
ooo }Fr 


B 
Since A is 4 X 4 matrix, maximum possible rank of A = 4. But last row of B consist of zeroes 


only. 
.. rank of B cannot be 4. Hence, rank of A also cannot be 4. 


11 1 
Also |0 2 —3}=1X2X (-8) =—-16 #0, 
0 0 -8 


.. rank of B = 3 and, hence, rank of A = 3. 


1. By finding a non-zero minor of largest order determine the rank of the following matrices. 


2 3 3 i 2 3 i 1s 
i 2 $2.3 
(y}/3 6 12} @wI3 12) @lo 2 of @ 
2 4 10 3 6 
24 8 a ap 00 3 


2. Find the rank of the following matrices by reducing them to triangular form using elemen- 
tary row operations. 


4 2 3 fa. 2 
(a)| 8 5 2 (b)|3 4 5 2 [DU, B.Sc. (G), 1992] 
12 -4 5 23 4 0 
012 1 oi % 
()|1 2 3 4 (d)|-2 4 3 O [DU, B.Sc. (G), 1995] 
3 1 1 3 102 -8 
1 1-1 1 13 6-1 
|1 -1 2 -1 (f)}1 4 5 1 
3 3 0 1 15 4 3 
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t wa @ 3 
i: s G4 
@), _» -3 0 [DU, B.Sc. (G), 1997] 
i + @ 3 
ag ee 
(h) _— - [DU, B.Sc. (G), 1996] 
to & 4 
0 ££ 1 =i 
it oh @ 3 
; 4 1 O 2 
Mlo 31 4 [DU, B.Sc. (G), 1994] 
0 10 2 
a oe | 
10 4 4 
M)/, 1 09 2 [DU, B.A. (P), 1994] 
iat = 0 


= 1.5 SYSTEMS OF LINEAR EQUATIONS 


Consider a system of m linear equations in 7 variables x1, x2, ...,Xy: 
4X1 + 4y2xQ +0 + Ay Xn = By 
a2 {X{ + aj2X2 thse oe adn Xy = by 
(1) 
Am1X1 + Gn2X2 1 7 + Amn Xn = bn 


This system may be written in matrix form as 


41 42 wee Gin x) by 
a2, 422,» Aan |] XQ | _ |B 
Gm1 An2 ane ann Xn bin 


The matrix [a,;] of order m X n is called the coefficient matrix of the given system of equa- 
x1 b 


b : 
tions. We denote this matrix by A. If we denote matrices = and} 2 by X and B respectively, 


Xn bn 
the system (1) may be written as 
AX =B (2) 
If B is a zero-matrix, that is, b} = b) =--: = b,,= 0, then the system (2) (as well as 


system (1)) is called a ‘homogeneous system’ of linear equations. If B # O, that is, if the numbers 
by, bo, ... , bm are not all zero, then the system is called ‘linear non-homogeneous system.’ 
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The matrix obtained by adding to the coefficient matrix A an additional column B is called the 
‘augmented matrix,’ that is, the matrix 


ai, a\2 sve Ain by 
a2| a72 wee arn b> 
Gm1 GAm2 +++ Ann bn 


is the augmented matrix of the given system of equations. The augmented matrix of the system 
AX = B is usually denoted by [A : B]. 

If the given system of linear equations is such that the equations are all satisfied simultaneously 
by at least one set of values of the variables, then it is said to be ‘consistent’. Such a set of values of 
the variables is called a ‘solution’. The system is said to be ‘inconsistent’ if the equations are not 
satisfied simultaneously by any set of values of the variables, that is, if the system has no solution. 


 »> [Nout =e A homogeneous system is always consistent. This is because a homoge- 


neous system has at least one solution, namely, the trivial solution or zero solution 
given by X = O, that is, x; = xX» =:-- = x, = 0. 





A linear non-homogeneous system, on the other hand, may or may not be consistent. For exam- 
ple, the system x + y = 2 andx + y = | has no solution because no numbers x and y can exist 
such that their sum is both 2 and 1. The system x + y = 2, x — y = Ois consistent and has exact- 
ly one solution, x = 1 and y = 1. The system x + y = 2 is also consistent, but it has more than 
one solution. In fact, any two numbers whose sum is 2 is a solution of this system and we know that 
infinitely many pairs of such numbers exist. 

The three systems of equations just discussed indicate that for a linear non-homogeneous sys- 
tem of equations one and only one of the following is true: 


1. The system has a unique solution. 
2. The system has infinitely many solutions. 
3. The system has no solution. 


Now the question is how to find whether a given system of equations is consistent or not, and 
if consistent, whether the solution is unique or not. 
The answer to the former is given in the following theorem that we state without proof. 


» THEOREM1 4 





Now, we come to the next question: If the system is consistent, how to determine whether the 
system has a unique solution or infinitely many solutions? 
To answer this, we consider the system AX = B having m equations and n unknowns. 





Basic Applied Mathematics for the Physical Sciences 


(1) First, suppose that the system is consistent with m = n, that is, the number of equations is the 
same as the number of variables. Then the system of equation AX = B has a unique solution 
if A is non-singular, and the unique solution is given by X = A |B. 

(II) Suppose the system is consistent with m > n (that is, more equations than variables). 


Case (i) If the rank of augmented matrix [A : B] = the rank of coefficient matrix A = n, then 
the solution is unique. 


Case (ii) If the rank of augmented matrix [A : B] = the rank of coefficient matrix A = r < n, 
then the system has infinitely many solutions. In this case, the (n — r) variables are assigned 
arbitrary values and the values of the remaining r variables are found in terms of the values of 
n — r variables. 


(IID) Lastly, suppose that the system is consistent with m < n (that is, more variables than equations). 
Case (i) Let the rank of the augmented matrix [A : B] = rank of the coefficient matrix A = m. 


Then the system has infinite solutions. Here, n — m variables are assigned arbitrary values and 
the remaining m variables are found in terms of these n — m variables. 


Case (ii) If the rank of augmented matrix [A : B] = rank of the coefficient matrix A = r < m, 
then the system has infinitely many solutions. In this case, n — r variables are assigned arbitrary 
values and the values of the remaining r variables are found in terms of those assigned values. 
Using (1), (ID), and (III) we can clearly describe the nature of the solutions of a given system of 
linear non-homogeneous equations. For linear homogeneous system AX = O, we have the follow- 
ing result. 


> THEOREM2 4 


A necessary and sufficient condition that the system AX = O of m homogeneous 
equations in n variables have non-trivial solutions is that the rank of its coefficient 
matrix is less than the number of variables, or, p(A) <n. 





The following two corollaries of this theorem are of special significance. 


Cor. 1 If the homogeneous system AX = O has more unknowns than equations or n > m, then 
the system has infinitely many solutions. 


Cor. 2 A homogeneous system AX = O of 7 linear equations in n unknowns has a non-trivial 
solution if and only if A is singular or|A| = 0. 


All the statements made above for determining the nature of solutions of a linear non- 
homogeneous and homogeneous system of equations may be proved, but we shall assume them, 
without proof, throughout this book. The following examples illustrate the above results. 


EXAMPLE 1.31 Show that the following system of equations is not consistent. 


2 


Kor y= Zz 
2x-ytz=1 
3x —-y+z=0 
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SOLUTION 
The augmented matrix of the given system is 
1 1 -1 2 
[A:B] =]2 -1 1 1 
a. =) 1 0 


By applying elementary row operations, we can show that the matrix [A : B] is equivalent to the 


1 1 -l : 2 
matrix] 0 1 —1l =: 1 | (verify) 
0 0 0: 1 
It is clear that the rank of the transformed matrix is 3. So p([A: B]) = 3. 
1 1 1 
Also the matrix A is reduced to} 0 1 —1 | by elementary row operations. So rank of A= 2. 
0 0 0 


p([A: B]) # p(A). 
Hence, the given system of equations is inconsistent. 


EXAMPLE 1.32 Determine the nature of solution of the following system of equations: 


x + 3y + 2z=0 
2x —y + 3z=0 
3x — Sy + 4z=0 
x + 17y + 4z=0 


SOLUTION 
This is a homogeneous equation with more equations than variables. Here m = 4, n = 3. 
1 3° 2 
x, =l 3 
A= 
3. -5 4 
1 17 4 
: , : BY RB >. Ry = 2Ry, 
lo 0 14 2 R; — R; — 3R,, 
—> Ry — R,. 
0 4 2 ne na! 
1 3 2 
0 —7 -1 By R; > R3 — 2R, 
0 0 0 Ry —> Ry + 2R>. 
0 0 0 


So, rank A = 2 < 3. 
Hence, by Theorem 2, the system has infinitely many solutions. 
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EXAMPLE 1.33 Show that the only real value of A for which the following equations have non- 
zero solution is 6, 


x + 2y + 3z = Ax 


3x + y + 2z = dy 
2x+3y+z=Az 


SOLUTION 


The given system can be written in the form 


(1 — A)x + 2y + 3z =0 











3x + (1 — A)jy + 22 =0 (1) 
2x + 3y + (1 — A)z=0 
1—A 2 3 
Hence, coefficient matrix A = 3 1—-A 2 
2 3 =X 


In order to have a non-zero solution of the given system of equations (1), we must have rank of 
A less than 3. Now the rank of A will be less than 3 if|A] = 0. 


= 2. 2 3 
—A 2 
2 3 1—A 


Now  |A| 


lI 
uo 
= 


ll 
w 
a 

| 
> 
tv 


By R, -> Ri + (R2 oe R;) 


ll 
_~ 
eS 

| 
> 
= 
Dw 
— 

| 
> 
tv 


1 0 0 5 
=(6-A)}B -A-2 -1 Tee 
p 1 Ni SoG 


=(6-A}{(A+2)At1) + I} 
= (6 — A)(A* + 3A + 3) 
So, |A| = 0 > (6 — A) = OordA? + 3A +3 =0 


eV 


2 





That is, A= 6 or A= 


Hence, the only real value of A for which the given system of equations has a non-zero solution is 6. 


Our next aim is to find a method for solving a given system of linear equations. The method 
consists of transforming the given system into another system whose solution can be easily found 
and the solution of transformed system is same as that of the given system. This transformation is 
obtained by using elementary row operations. By applying elementary row operations to the coef- 
ficient matrix A of the system AX = B, and also applying the same elementary operations on B, we 
get another system CX = D which is equivalent to the given system AX = B. Note that the two 
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systems of linear equations are called equivalent if they have exactly the same solutions. The 
method of solving a system of linear equations is given in the following steps. 
Step 1. Put the given system of linear equations in the form AX = B. 


Step 2. Transform the matrix A to triangular form by applying elementary row operations. Apply the 
same operations (in the same order) to matrix B, to get the transformed system CX = D. 


Step 3. Express the system CX = D as linear equations. The resulting equivalent system of 
equations is simple to solve. 


The method is explained through following examples. 


EXAMPLE 1.34 Solve the system of equations 
x+y+z=6 
2x + 3y + 4z = 20 





xtyp=z 
SOLUTION 
The given system of equations is 
xty+z=6 
2x + 3y + 4z = 20 (1) 
xty—z=0 


The system of equations can be written in the form AX = B, where 


1 1 1 x 6 
A=]2 3 4|,X =| y | andB = | 20 
1 1 -l Zz 0 
So (1) becomes 
1 1 1 6 
2 3 4 = | 20 
1 it =! v4 0 
1 1 1 x 6 
=> 6 tf Bili¢l=18 By applying R; > R; — 2R 
1 1 -Il Zz 0 
1 1 1 x 6 
=> 0 1 2/Ilyl|=| 8| ByR; > R;-R, (2) 
QO: 0: =2 Z =6 


So, by reducing the matrix A to triangular form, we obtain system (2) which is equivalent to sys- 
tem (1). Now system (2) can be written as 


xtytz=6 
yt2z=8 
—2z = —6 
=> z=3,y=2,x=1. 


Hence, the given system of linear equations has a unique solution given by x = 1, y = 2 
and z = 3. 
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EXAMPLE 1.35, Solve the system of equations: 
x—4y+ 7z=8 
3x + 8y — 2z = 6 
Tx — 8y + 26z = 31 


SOLUTION 
The given system of equations can be written in matrix form as 
1 —4 TI/| x 8 
3 8 -2!/y|/=]| 6 
—8 2w1Lz 31 


By applying elementary row operations Rz — R» — 3R), and R3; — R; — 7R,, we get 


1 —4 Ti) x 8 
0 20 —23}|y] = |-18 
0 20 —23)Lz —25 


Again, applying elementary row operation R; — R; — Rb», we get 


1 —4 7T\\)x 8 

0 20 —23}|y»]=|-18 

0 0 O}Lz =] 
.. the given system is equivalent to 

x—-4y+7z2=8 
Se REMARK: Note that in the above 
20y — 23z = —18 example, rank of coefficient matrix = 2, 

and 0=-7 while rank of augmented matrix = 3. 


Since the two are not equal, the sys- 
tem is inconsistent. 


Since the conclusion 0 = —7 is absurd, so 
the given system of equations is inconsistent. 


EXAMPLE 1.36 Solve, if consistent, the system of equations: 


xt+ty+3z=1 
x+ 3y-—z=3 
Sx + Ty+z=7 





[DU, B.Sc.(Ph. Sc.), 2006] 


SOLUTION 
The given system of linear equations can be written in matrix form as 
1 1 3 || x 1 
2 3 —-li|y)| =]3 
5. 7 l}Lz 7 
1 1 3 ]|x 1 
> 0 1 7 = /1 By applying E-row operation R, > R, — 2R,; 


n 
~ 
— 
N 

~ 





1 1 3 || x 1 
> 0 1 -7]ly} =]1 
0 2 —-1l4J)Lz 2 
4 3 | i 
= 0 1 -7]/y]=41 
0 0 O}Lz 0 
=> xt+y+3z=1 
y-iz=1 
0z = 0 
=> y=1+7% 
x=1-y-3z 
=1-—(1+ 72) — 3z 
= —-10z 
and zZ=z. 
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By applying E-row operation R; > R; — 5R,; 


By applying E-row operation R; > R; — 2R, 


If we put z = k, we get x = —10k, y = 1 + 7k where k is arbitrary. We can verify that these 


values of x, y and z satisfy the given system of 
consistent and the complete solution is given by 


x =—10k 
y=1+ 7k 
z=k 


The system has infinitely many solutions. 


equations. Thus, the given system of equations is 


for all k. 


yy NOTE: In the above example, rank of the coefficient matrix = rank of the aug- 


mented matrix = 2, so the system is c 


variables, so the system has infinitely 
obtained by assigning 3 — 2 = 1 variable arbitrary values. In the above solution 
we have assigned an arbitrary value to z. 


onsistent. Moreover, 2 < 3 = number of 
many solutions and the solution can be 





EXAMPLE 1.37 Show that the only real value 


of A for which the following system of equations 


has a non-zero solution is 6 and then solve the equation. 


x + 2y4 
3x + y4 
2x + 3y 


SOLUTION 


We have already solved the first part of the 
system of linear equations becomes 


—5x 4 





+ 3z = Ax 
t 2z = ry 
+z=nz 


[DU B.Sc.(G), 1998, 1995] 


question in Example 1.33. For A = 6, the homogeneous 


| 2y + 3z=0 


3x — 5y + 2z = 0 





2x 4 


+t 3y — 5z = 0 
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Writing in matrix form, we get 
=5 2 3 || x 0 
3 2b I-[ 
2 3. —Sj)Lz 0 
=5 2 3)\x 0 
=> 3) = | = ° By R; > R3 + (R; + R) 
0 0 Ol1Lz 0 


3 
| By Bas 


sl 
oO 
| 
wl Ss 
als 
| 
N << & 
a 
ll 
Fa. 1 
— a) 


0 0 0 
—5x + 2y + 3z = 0 (i) 
1 1 
5 5 (ii) 
0=0 (iii) 


From (ii), we have y = z. Substituting y = z in (1) we get x = z. 
So, we get x = y = z = k (say) 
Thus, the complete solution is 


x=y=z=k, forall k. 


Solve, if consistent, the following system of equations 


ho oxtytz=7 2.2x + 3y+z=9 

x + 2y + 3z = 16 x+2y+ 3z=6 

x + 3y + 42 = 22 3x +y+2z=8 [DU B.A. (P), 1997] 
3. x+2y-—z=3 4. x-2y+ 3z=6 

3x —y+3z= 1 3x +y-— 42 =-7 

2x — 2y + 3z = 2 5x — 3y + 2z =5 


x—y+z=-1 [DU,BSc. (G), 1994] 


5. x-—yt2z=4 6 x-3ytz=-1 
3x + y+ 4z=6 2x+y-4z2=-1 
xtytz=1 [DU, B.A. (P), 1995] = 6x — Ty + 82 = 7 [DU, B.A. (P), 1992] 

7 xt 2y-—z=3 8 x+3yt+z=6 
3x -y+2z=1 3x — 2y — 82 =7 
2x — 2y + 3z = 2 4x + 5y — 3z = 17 

9. 2x + 6y+ 11 =0 10. x + 2y + 3z= 14 
6x + 20y — 6z = 3 3x +y + 2z= 11 
6y — 182+ 1=0 2x+3y+z=11 

11. 2x — 3y + 4z = 3 12. x + 2y+3z=5 

x—-3z=-2 x + 3y + 6z = 11 
xtyt+z=2 x + 4y + 10z = 21 
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Solve the following system of homogeneous linear equations. 


13. x + 3y + 2z=0 14. x yt Z=0 
2x —y + 3z=0 —3x+y—-4z=0 
3x — Sy + 4z = 0 Ix — 3y — 9z = 0 
x + 17y + 4z2=0 [DU, B.Sc. (G), 1993] 4x — 2y + 5z = 0 
15. 3x — 4y + 5z = 0 16. x + 3y—2z=0 
x+y-2z=0 2x -y+4z=0 
2x +3y+z=0 x— lly + 14z2=0 
17. For what values of A does the following system of equations have a solution? 
xtyt+z=1 


x+2y+4z=A 
x + 4y + 10z =)” 
Also find the solution in each case. [DU, B.Sc. (G) 1997] 
18. For what value of A, does the system of equations 
Ax + 2y — 2z = 1 
4x + 2Ay —z=2 
6x + 6y + Az = 3 
have a unique solution? Find the solution. [DU, B.Sc. (G) 1992] 
19. For what values of A and y» do the following system of equations 
xty+z=6 
x + 2y + 3z = 10 
x+2y+drAz=p 


have (i) a unique solution, (ii) no solution, (iii) an infinite number of solutions ? 


20. Discuss for all values of k, the nature of solutions of the following system of linear equations. 
2x + 3ky + (3k + 4)z = 0 
x + (k+ 4)y + (44 + 2)z = 0 
x + 2(k + ly + (3k + 4)z = 0 
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CHAPTER TWO 


Vectors in R* and R° 





@ 2.1 INTRODUCTION 


Many physical quantities, such as length, area, and mass are completely described by a single real 
number which indicates their magnitude. On the other hand, some quantities, such as force and 
velocity, require magnitude and direction to describe them. Such physical quantities are called 
vectors in mechanics. 

A vector in a plane may be described using a directed line segment or an arrow. The tail of the 
arrow is called the initial point and the tip, or the head of the arrow, is called the terminal point. 


Terminal Point 


Initial Point Fig. 2.1 


Two directed line segments having the same direction and the same length represent equiva- 
lent vectors. Since we want a vector to be determined solely by its length and direction, equivalent 
vectors are regarded as equal even though they may be located in different positions. 

To describe these geometric vectors algebraically, we consider a rectangular coordinate system 
in the plane. By this system we associate each point in a plane with a pair of numbers (x, y). For 
example, point A is point (2, 3) in Fig. 2.2. 








4111 Se Qe ae 





Fig. 2.2 


Geometric vectors may be placed as directed line segments in the coordinate system. Since 
equivalent vectors are regarded as equal, we shall place the initial point of each vector at the origin 
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of the coordinate system for the plane. If P(x, v) is the terminal point of a vector, then this vector is 
completely described by the ordered pair (x, vy). Thus, corresponding to every directed line segment 
OP, there is a point in the plane. Conversely, given any point P on the plane, we can associate a 
directed line segment OP with its tail at origin and head at P. For example, vector OA in Fig. 2.2 is 
completely described by the point A(2, 3) and conversely. 

Thus, every vector in a plane may be regarded as a directed line segment or as an ordered pair. 
The first approach is geometric and the second, algebraic. We shall use this second approach for the 
study of vectors. We may write the coordinates of any point P(x, y) in a column rather than in a row, 


: _ |x : : ‘ : 
that is, as a matrix | We formally define our vector in a plane in this manner. 
x 


DEFINITION: A ‘vector in a plane’ is a 2 X 1 matrix X = *| where x and y are 


real numbers, called the components of X. 





Let R denote a set of real numbers. It can be visualized as a straight line taken in the horizon- 
tal position. By R” we denote the set of all ordered pairs of real numbers. As discussed above, 
R’ may be regarded as a plane since we can associate a point in the plane with each ordered pair. 
R’ may also be taken as the set of all 2 X 1 matrices. Thus, elements of R? may just be called vectors 
and R* may be defined as the set of all the vectors in the plane. It must be obvious by now that by a 
‘vector in the plane’ we may mean a point P in the plane, a directed line segment OP, an ordered pair 


(x,y) or a 2 X 1 matrix | Thus, X = * and X = (x,y) represent the same vector X, and we 
J y 


shall use the two representations of X interchangeably. 
We shall denote vectors by capital letters, such as X, Y and so on, as is usually done to denote 
matrices. In many books small bold face letters u, v or U, V or u, Vv are also used to denote vectors. 


0 : : 
The point ¢ | in R? with both coordinates zero is called a zero vector and is denoted by O. 


x x. 
Two vectors are equal if their components are equal. Thus, the vectors X = i and Y = | 
are equal if x; = x2 and y, = jy. YI y2 


The length or magnitude of the vector X = | is defined as 
y 


|X| = Vo? +» 


This can be justified by Pythagoras Theorem (See Fig. 2.3). 





Fig. 2.3 
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The dot product of two vectors X = (x,,y;) and Y = (x9, y) in R? is defined to be 


X- Y = xx) + yy (1) 
It is clear from this equation that 
|X| = VX- xX 


for any vector X in R?. 
The angle 6 between two vectors X and Y is given by the relation 
xX-Y 
XIII ¥| 


From Equation 2, we may easily deduce that two non-zero vectors X and Y are perpendicular 
or orthogonal if and only if X - Y =0. 





cos@ = 


(2) 


2 —1 
EXAMPLE 2.1 Let X = h and Y = | Then 


X-Y=2-(-1)+4:2=6 
\\X|| = yas V20 
|Y| = V(-1? + 2 = V5 


6 
Hence, cos? = —=— = = 0.6. 
V20 V5 


We can obtain the approximate angle by using a table of cosines; we find that 9 = 53 8’. 
EXAMPLE 2.2 Find the cosine of the angle between the vectors. 
(a) X=(1, 2), Y = (2, -3) (b) X= (2, 1), Y = (-2, -1) 
SOLUTION 
(a) If 0 is the angle between X and Y then 
X-Y 1:2+2-(-3) | -4 


IXY 12 + 22/22 + (-3)2_ V5. VI3 
(b) It can easily be seen that 





cos 6 = 





acti _-5_ 
cos Gg = 5 = 


whence 0 = 77. 
EXAMPLE 2.3 Find whether the following pair of vectors is orthogonal or not. 
(a) X= (2, —4) and Y= (4, 2) (b) X= (0, 2), and Y = (-3, 3) 
SOLUTION 
(a) Here 
X-Y=2-4+(-4)-2=0 


So, X and Y are orthogonal. 
(b) Here 


X-Y=0(-3) +2-3=6#0 


So, X and Y are not orthogonal. 
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Just as vectors in a plane can be described by pairs of real numbers, vectors in space can be 
described by triple of real numbers. By R? we denote the set of all ordered triple (x, y, z) of real 
x 
numbers. R? may also be taken as the set of all 3 X 1 matrices | y | where x, y and z are real numbers. 
Zz 
A vector in space or a 3-vector is an element of R*. More formally, we may give the following 
definition. 


x 
DEFINITION: A ‘vector in space’ (or a ‘3-vector’) is a3 X 1 matrix X = | y | where 


FA 
X, Y, Z are real numbers called components of X. 





x 
Geometrically, any vector X = | y | in R? may be described using a 3-dimensional Cartesian 
Zz 
coordinate system. See Fig. 2.4. 


Z-axis 


> y-axis 





Fig. 2.4 





IfX = (x1, 1,21) and Y = (xp, 2, Z2) are two vectors in R’, their dot product in R° is defined by 
X + Y = xx + yyy. + 2122 
Also, length of the vector X is defined as 
|X| = Vat + ot + 27 
As in the case of 2-vectors, the angle between the 3-vectors X and Y is given by 


9 x: Y 
cosdé =. 
XiI¥| 
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1. Sketch a directed line segment in R? representing each of the vectors 
3 


ox[) or 


3 2 
2. Find the length ||X|| of vector X where 


1 
2 0 
(a) X = |? | (b) X = 3 (c) X = 0 
=] 
3. Find the dot product of the following pair of vectors. 
1 1 
2 1 

(a) (1, 0) and (0, 1) (b) | and | 3 (c) | —1 | and | —2 
1 1 


4. Find the cosine of the angle between the vectors. 
1 


1 
@x=[_t]y=[7] (b) Xx =|0l],Y=|0 
0 1 


5. Show that the following pair of vectors are orthogonal. 
(a) (1,0) and (0,1)  (b) (2,—-3,1) and (1,2, 4) 
6. Let (a, b) be a vector in R’. Prove that the vector (—b, a) is orthogonal to (a, b). 


7. Determine a vector in R? that is orthogonal to (3, —1). Show that there are many such vectors 
and that they all lie on a line. 


8. Find all values of c such that ||c (3, 0, 4)|| = 15. 


@ 2.2 VECTOR OPERATIONS 


Let X = (x1, ;) and Y = (x, y2) be two vectors in a plane. The sum of the vectors X and Y is 
the vector (x, + x2,, + yz) and is denoted by X + Y. Thus, vectors are added by adding their 
components. 

If X = (x,y) and c is a scalar (that is, a real number), then the scalar multiple cX of X by c is 
the vector (cx, cy). Thus, the scalar multiple cX of X by c is obtained by multiplying each compo- 
nent of X by c. 

It must be noted here that if we write the vectors X and Y above as 2 X | matrices, then the oper- 
ations of addition and scalar multiplication defined on R? above are exactly the same as addition 
and scalar multiplication for matrices. 


ag x X2 
That is, if X = ‘ Y= 
JI 2 


+ 
then xX+Y= ke | and cX = | 


Vit y2 cyy 
We can interpret vector addition and scalar multiplication geometrically as follows: 


Let X = | and Y = | be two vectors represented by arrows (directed line segments) from 
y1 2 
the origin (0, 0) to the points (x), y,) and (x2, v2) respectively. We represent the sum of X and Y by 


the arrow from (0, 0) to the point (x, + x2,, + yz) as illustrated in Fig. 2.5. 
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(X41 +X, ¥1 + Ya) 


(x1, 1) 





Fig. 2.5 


In fact X + Y is an arrow along the diagonal of the parallelogram with sides X and Y. 
Scalar multiplication can also be interpreted geometrically. Let c be a real number and let the vec- 
tor X = . be represented by the arrow from the origin (0, 0) to the point (x, y). We represent 
y 


the vector cX = bee by the arrow from (0, 0) to (cx, cy). Note that if c > 0, cX points in the same 
cy 


direction as X but has length c times that of X and if c < 0, cX points in the direction opposite to X 
and has length |c| times that of X. See Fig. 2.6. 











(c > 0) (c <0) Fig. 2.6 


We shall write (-1)K = —X and X + (-1I)Y=X— Y. 


1 2 1+ 2 3 
EXAMPLE 2.4 Let X = |. and Y = |_|. then x +Y= = 


I=3 i 
2ox=2[>|=[4) 
a 2 4 


If 3, CX 31 | 
=S_=_ Cc = = 
C2 SQ 2 6 


The vectors X + Y, c,X and c>X are represented in Fig. 2.7 (a), (b) and (c) respectively. 


If cy 


EXAMPLE 2.5 Two or more forces acting simultaneously on a body are equivalent to a single 


force called the resultant force. If the forces lie in a plane, they can be represented by vectors in R?. 
The resultant force is represented by the sum of these vectors. This law is called the parallelogram 
of forces. 
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SL a is 








(2, —3) (—3, —6) —6 








Fr Prt bi prl eer crt 


(a) (b) Fig. 2.7 


Let a body be located at origin O of a rectangular coordinate system. Two forces (1, 3) and (2, 1) 
act on the body. In Fig. 2.8 we have represented the vectors by OA and OB respectively. The resultant 
force is the vector OC = OA + OB = (1,3) + (2,1) = (3,4). 

The magnitude of the resultant force is the length of the vector (3, 4), given by 


|OC] = V3? + 44 = V25 = 5 


So the magnitude of the resultant force is 5 and the direction is as indicated in Fig. 2.8. 


— 
a 


C(3, 4) 


Ly» X 








Fig. 2.8 


EXAMPLE 2.6 A ship is being pushed by a tugboat with a force of 300 pounds along the negative 
y-axis while another tugboat is pushing the negative x-axis with a force of 400 pounds. Find the 
magnitude and sketch the direction of the resultant force. 

[DU, B.Sc.(Phy. Sc.), 2006]. 


SOLUTION 
Let us represent the force along the negative y-axis by OA and the force along the negative x-axis by 
OB. Thus OA = (0, —300) and OB = (—400, 0). The resultant force is the vector OC = OA + OB= 
(—400, —300) which acts along the diagonal of the parallelogram formed by the vector OA and OB. 
See Fig. 2.9. 
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B 400 pounds 


poritiiiitiiiitiiiifiiiiiiy y 


+ 300 pounds 


seeueeceseece gael 





oO 





Fig. 2.9 
The magnitude of the resultant force OC is the length of the vector OC, given by 


\OC|| = V/(400)2 + (300)? = 500 


Thus, the magnitude of the resultant force is 500 pounds and the direction is as indicated in Fig. 2.9. 


Similarly we may define addition and scalar multiplication in R? as follows: 


x] x2 
If X=], | and Y =| y |, then 
Z| 22 
x1 + X2 CX] 


X+Y=]y, +2 and cX = | cy, | for any scalar c. 
Z1 + 2 CZ] 


We can now generalize R* and R? to define R" to be the set of all n X 1 matrices 


x1 
XxX 
xs 
Xn 
where x, x2, ... ,X, are real numbers, which are called the components of X, and X is called an 
n-vector. 
We can define addition in R” by the equation 
x Yi xy + yy 
x XQ + 
214 v2 |e y2 
Xn Yn Xn + Vn 
Similarly, scalar multiplication can be defined by the equation 
x] CX] 
x2 Cx2 
ce] SJ = 
Xn CXp 


Since, an -vector is an n X | matrix and operations of addition and scalar multiplication in R” 
are merely addition and multiplication of a matrix by a real number, it can be easily shown that the 
operations of vector addition and scalar multiplication satisfy the following properties: 
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yy NOTE: As in the case of R* and R°, we shall identify the vector 


with the 


Xn 
point (x1, X2, ... , Xn) so that points and vectors can be used interchangeably. Thus, 
we may view R” as consisting of vectors or of points, and we write (x1, Xo, ..., Xn). The 
important point here is that no matter how we view R”—as n vectors, points, or 
n X 1 matrices—its algebraic behaviour is always the same. 


2 DEFINITION: A ‘real vector space’ is a set V of elements called vectors together 
with two operations 


(i) addition: to each pair X, Y of vectors, there is a vector X + Y in V. 


(ii) scalar multiplication: to each pair c and X, where c is a real number and X is a vec- 


tor in V, there is a vector cX in V such that for any X, Y, Z « V andc, d € R the prop- 
erties (a)—(h) of Theorem 1 are satisfied. 


NOTE: A real vector space is also called a vector space over R. By a vector 
space we shall always mean a real vector space. 





EXAMPLE 2.7 From Theorem 1, it is clear that R” is a vector space over R. Let us verify in detail 
that R? is a vector space over R, that is, we prove Theorem | for the case n = 2. 


Let X = (x), x2), Y = (1,2) andZ = (z1, z2) be any vectors in R? and c and d be any real numbers. 
(a) X + ¥ = (x1,%2) + (92) = (41 + YW. %2 + y2) 
= (y+ x1, ¥2 + x) 


= (ido) (ts) 
=Y+X 
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(b) X + (Y + Z) = (x1, x2) + [CV 92) + (21 22)] 

= (x1,%2) + (1 + 21,2 + 22) 

= (x) + (1 + 21), 92 + G2 + 2)) 

= ((x1 + 91) + 24, (%2 + y2) + 22) 

= (x) + yy, x2 + yo) + (21, 22) 

=(X+Y)+Z 
(c) X + O = (x1, x2) + (0,0) = (x, + 0, x2 + 0) = (x1,x2) = X 

Similarly O+ X= X 
()X ? (xX) = (5) + Ha) KO Ht ee) KH 0) = O 
(e) c(dX) = o(d(x1,x2)) = o(dxy, dx2) = (c(dx1), c(dx2)) 
= ((ed)x1, (ed)x2) = (cd) (x1, x2) = (ed)X 


(f) c(X + Y) = c((x, 2) + (¥1,92)) = c(e + 1, x2 + y2) 
= (c(x, + yi), c(x2 + yo)) 
= (cx) + cy, cx, + cy2) 
(cx1, x2) + (cy, Cy2) 
C(x, X2) + c(, 72) 
=cX+cY 
(g) (c + d)X = (c + d)(x1, x2) = ((c + d)xy,(¢ + d)x2) 
= (cx, + dx, ex, + dx) 
= (x1, ex2) + (dx), dx2) 
(x1, X%2) + d(xy, x2) = cX + dX 


(h) 1X = 1(x1, x2) = (1x), 1x) = (x1, x2) = X 


ll 


ll 


Thus, R? is a real vector space. 


NOTE: In the following sections, we shall denote a vector space by V. Though 
the definitions and results are true for a general vector space, we shall assume 


that V is R” for some value of n. In particular, we may take n to be 2 or 3, that is, 
V to be R? or R® as is done in examples and most of the exercises. 





2.2.1 Standard Basis for R? and R® 

We have already discussed in previous section that for a vector X = | in R’, |X| = Vaxq + x3 
2 

gives the length of vector X. 


A unit vector is a vector whose length is 1. 
If X is any non-zero vector then the vector 


1 
U= ix|* is a unit vector in the direction of X. 
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—3 
For example, if X = a then 








. Tha roma il - sl a - 


is a unit vector, since ||U]| = 1. 

There are two vectors in R? that are of special importance. They are 7 = (1,0) and j = (0, 1), 
the unit vectors along the positive x- and y-axis respectively. 7 

If X = (x;,y)) is any vector in R’, then we can write X in terms of 7 and j as 

X= xi + Vi i F 

For example, if X = (2,3) then X = 27 + 3/. 
We may note that 7 - 7 = 0. Therefore 7 and / are orthogonal vectors. 

We also denote 7 and 7 by e, and e; respectively. 


1 0 
In fact, in matrix form, e; = 3 and e, = B and for any X = *| we have 
v 


Pl -elal oft] 


or x = xe] + yer 


Thus, every vector in R? can be expressed in terms of e; and >. The set {e1, eo} of orthogonal 
vectors e, and é; is called standard basis of R?. 


1 0 0 x 
Similarly, ife, = | 0 |,e. =| 1 | ande; = | 0 |, then for any vector X = | y | in R’, 
0 0 1 Zz 
we have 
x 1 0 0 
yl} =x} O}+y} 1] +2) 0 
Zz 0 0 1 
or X = xe; + yer + 2e3 


The set {e1, e2, e3} is called standard basis of R?. As in case of R?, we may also denote e}, 7, €3 


by 7, j,k respectively. 


4 -1 
Let X = 3 and Y = a Find X + Y, 3X, 2X + 4Y, 3X — Y, Y + (—Y). Show each 


—_ 


combination graphically. 


2. Find X + Y, X — Y, 2X and 3X — 2Yif 
@x=—(.). Y = (-2,5) (b) X = (-1,3), Y= (2,4) 
() X = (1,2,-3), Y=(0,1,-2) (@ X= (2,0,-4), Y= (3,2,1) 
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3. Let X = (-1,3) and Y = (4,9). Find 
(a) |X|] + [YI (b) |-2X|| + 2|X|| (c) |X + Y| (d) |X — Y| 


1 3 -1 
4. Verify (a)-(h) of Theorem | for the vectors X = 3) Y= |_?| Z= | and scalars 
c=2,d=3. 


5. As done for R’, verify that R? is a vector space over R. 
6. Show that the set consisting of the single vector O is a vector space. 
7. Let X, Y and Z be three vectors in R*. Show graphically that (X + Y) +Z=X+(Y+Z). 
8. Show that the following sets together with the given operations is a vector space. 
(a) The set of all pairs of real numbers of the form | with the operations | + | 
xX] + x2 az xy CX] 0 0 0 
= an = 
0 0 0 
+ 
(b) The set of all pairs of real numbers *| with the operations | + | = ie | 
x Ox vy V1 y2 Vi + ¥2 
and c = 
y y 


(c) The set of all pairs of real numbers of the form 5 with the standard operations defined on R’. 
x 


(d) The set of all ordered triples of real numbers of the form (x,y, 0) with the operations 
(x1, ¥1,0) + (%2,2,0) = (x1 + 2, 1 + V2, 0) 
c(x, y, 0) = (ex, cy, 0). 
9. A boat is travelling east across a river at the rate of 4 miles per hour while the river’s current is 
flowing south at a rate of 3 miles per hour. Find the resultant velocity of the boat. 


10. A force of 12 pounds is applied to an object along the negative x-axis and a force of 5 pounds 
is applied to the object along the positive y-axis. Find the magnitude and direction of the result- 
ant force. 


11. Find the resultant of the force (0, 3) and (3, 1). How can the resultant be doubled in magnitude 
by changing (0, 3) but keeping (3, 1) unchanged ? 
12. Show that?» 7 = j + 7 = 1 but? + 7 = 0 where 7 and / are unit vectors of R°. 
13. If X, Y and Z are vectors in R’ and c is a scalar, then prove that 
(a)X-Y=Y-X 
(b) (X+Y)-Z=X-Z+Y-Z 
(c) (cX) - Y=c(X+ Y)=X- (cY) 
(d) X - X= 0. Further X - X = 0 if and only if X= O. 
14. Repeat question 13, by taking vectors X, Y and Z in R°. 


@ 2.3 LINEAR COMBINATION OF VECTORS 


DEFINITION: Let V be any vector space. Let X;, Xz, ... ,X, be vectors from V 
and let C1, Co, ... ,c, be a system of scalars (real numbers). Then the vector 


X = €4X1 + CoXp + ---+C,Xp 


is called a ‘linear combination’ of the vectors Xj, Xo, ... ,X,. We also say that 


vector X is generated by the vectors X4,Xo, ... ,Xpy 
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1 1 
EXAMPLE 2.8 The vector 2] is a linear combination of the vector H of R? with cy = 2. 


Here n = | since only one vector is involved. 


1 2 1 2 
EXAMPLE 2.9 The vector 2 + 3 1 is a linear combination of the vectors H and 1 of 


1 2 
R? with cj = 2, ¢ = 3, X= H and X, = i Note that by applying addition and scalar 


“ll-L 


multiplication defined on R? we get 


Thus, we may also say that the vector 


HAE 


1 2 
is a linear combination of the vectors 3 and 


1 


exist c, = 2 and cy = 3 such that 
EXAMPLE 2.10 Show that the vector 


of R?. 


SOLUTION 


We must show that there exist scalars c,, cp such that 
Geel) -[ 
Aa Lg 7 

. 1 2 Cy 2 E + ml 
S + = + = 

as af | alt] a | C2 2c; + Cp 
we get the vector equation 

E + | = |] 
2c, + cp 7 


Equating corresponding components , we get the system of equations 





cy + 2cp = 8 
2c) +c) = 7 


the solution of which is given by cj = 2 and cp = 3. Thus, we may write 
a}=2l2] afi] 
7 2 1 
x 
EXAMPLE 2.11 From the Sec. 2.2.1, we note that every vector X = of R’ can be expressed 


1 0 
as X = xe, + yey where e; = i and e, = Fl 


Thus, we can say that every vector X of R? can be expressed as a linear combination of vectors 
e, and e, of R’. In other words, every vector in R* can be generated by vectors e; and e) of R?. 
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Me 
Similarly every vector X = | y | of R® can be expressed as a linear combination of vectors 
Zz 
1 0 0 
ey = |0],e =| 1] andes =] 0 of R’. 
0 0 1 


DEFINITION: The vectors X,, Xo, ..., X, in a vector space V are said to ‘span’ V 
if every vector in V is a linear combinaton of Xj, Xz, ..., Xp. lf S= {Xy, Xo, ..., Xp}, 


then we say that S spans V, or that V is spanned by §S, if vectors X1, Xo, ..., Xp 
span V. We write it as span S = V. 








EXAMPLE 2.12, Let V be the vector space R? and let S= {X 1, Xo, X3} where X; = (1, 2, 1), Xo 
= (1, 0, 2) and X3 = (1, 1, 0). To find out whether S spans R°, we pick any vector X = (x, y, Z) in 
R? (x, y and z are arbitrary real numbers) and must find out whether there are constants c), cy and 
c3 such that 


CyXy + CoM + €3X3 = X 
That is, 
c1(1, 2, 1) + co(1, 0,2) + 3(1, 1,0) = (x,y, z) 
This leads to the linear system, 


Cy + G+c3 =x 





2c} +O =y 
cy + 2c, =2Z 
Solving them we get a solution as 
=2x + 2y +z x-ytz 4x —y— 2z 
cy. = 3 ,c2 = 3 ,c3 = 3 


Thus, we have obtained a solution for every choice of x, y and z. 


5 2 4 
For example, if X = (1, 2, 3) thence, = 3" C= . and c3 = a 


5 2 4 
So, X= ~X + =X) = — X3. 
3 3 3 


Hence, X,, Xo, X3 span R*. 
EXAMPLE 2:13 From Example 1.11, itis clear that the vectors e; = 7 = (1,0) ande, =f = (0, 1) 
span R* and the vector e; = 7 = (1,0,0),e. = / = (0,1, 0) and e; = & = (0,0, 1) span R’. 


Similarly, the vectors e, = (1,0,0,...,0), e2 = (0,1,0,...,0),..., e, = (0,0,...,1) span 
R", since any vector X = (x1, %2,...,X,) in R” can be written as 


X = xyey + Xen +++ +xXy_ep. 
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1] [0 
EXAMPLE 2.14 Does the set {| 0 |,| 1 | ) span R°? 
0} Lo 


SOLUTION 


x 
In order to answer this question, we take an arbitrary vector | y | in R° and try to determine if some 


1 0 x 
linear combination of | 0 | and | 1 | will generate the vector | y |. Thus, we write 
0 0 Zz 
1 0 x 
cy} O] +o} 1} =fy 
0 0 Zz 


and try to determine c, and cp (in terms of x, y, z) such that the equation above is satisfied. Performing 
the operations on the left-hand side of the equation yields 


Cy x 

C2) = )y 

0 Zz 
1 0 x 

The conclusion is, therefore, that if z # 0 then the equation c,] 0 | + co] 1 | = | y | cannot be 
0 0 Zz 
satisfied by any scalars c, and cp. 
x 1 


Thus, none of the vectors | y | in R® with z # 0 can be generated by linear combination of | 0 


0 
0 1 0 
and | 1 |. We conclude that R® is not spanned by the vectors | 0 | and | 1 
0 0 0 


3 1 0 
1. Show that the vector |; is a linear combination of the vectors i and i of R?. 


2. Show that the vector (5, 4, 2) is a linear combination of vectors (1, 2, 0), (3, 1, 4) and (1, 0, 3). 

3. Show that the vector (3, —4, —-6) cannot be expressed as a linear combination of the vectors 
(1, 2, 3), (-1, -1, -2) and (1, 4, 5). 

4. In the following sets of vectors, determine whether the first vector is a linear combination of 
the other vectors. 


(a) (7, 5); C1, —1), (5.1) (b) (—1, 15); (-1, 4), (2, -8) 

(c) (4, 3, 8); (-1, 0, 1), (2, 1, 3), (0, 1, 5) (d) (0, 10, 8); (-1, 2, 3), (1, 3, 1), C1, 8, 5) 
5. Which of the following sets of vectors span R?? 

(a) (1, 2), (1, 1) (b) (1,1), (1, =1), (1,3) 

(c) (-3, 1), (6, -2) (d) (0,0), (1, 1), (-3, -3) 
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6. Which of the following sets of vectors span R?? 
(a) (1, -1, 2), (0, 2, 2) 
(b) (1, -1, 1), (1, 1,-1), C1, 1, 1) 
(c) (1, 2, 1), (1, 3, 0), (0, 5, 1) 
(d) (1, -1, 1), (1, 2, -1), (2, 1, 0) 


1 
7. Show that the following sets of vectors span R*. Express the vector : in terms of each 
2 


spanning set. 


1) [=1] [2 S| [2] [=2 
(a) | 2},; —-1],} 5 (b) | 1 J.) 9),) -3 
3 0} L4 ah ts) Ld 


@ 2.4 LINEAR INDEPENDENCE 


DEFINITION: Let S = {Xj, Xo,..., X,} be a set of vectors in a vector space V. We 
say that the vectors X, Xo... , X, are ‘linearly dependent; or that the set of vectors S 
is a linearly dependent set, if there exist scalars cy, Co, . . . , Cx, not all zero, such that 


C4X1 + CoXo + °°: +0,X, =O (1) 


Otherwise, the vectors X1, Xo,..., X, (or the set S) are called ‘linearly independent’. 





In other words, the vectors X,, X>,..., X, are linearly independent if whenever 
CyXy + CoM + °° +0, Ky = O 
then Cjp=CQ =" =Cx=0 


It must be noted that equation (1) holds if we choose all the scalars c), co, ... , cx equal to zero. 
In fact, the above definitions imply the following: 


The set S= {Xj, Xo,..., Xx} is linearly independent if and only if equation (1) has the unique 
solution c; = cy =:-:= cy = 0; and S is linearly dependent if equation (1) has at least two different 
solutions for c), C2, ..., Cx (Obviously, one solution is always c) = c2 =::-= c,h =0). 


1 2 
EXAMPLE 2.15, Prove that the vectors |, and 1 of R’ are linearly independent. 


SOLUTION 


We examine the equation 
: 2 1 0 


The above equation reduces to the system of equations 


for all possible solutions c; and cp. 


c; + 2cp = 0 
2c} + co = 0 
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Using matrix notation, we may write the system as 


be illS}-Le] 


1 2 
The matrix ; | is invertible and 


1 2 
to)7 Ss: & 
E | “to 2 4 
5. 3 
1 2 

ae "3 3 o) 

| | 2 4 i 
3°93 


" [eI [o} 


1} |2 
Hence, E 5 1 is linearly independent. 


1 0 
Thus, the equation a | + «| = A has the unique solution cj = 0 and cy = 0. 


1 2. 8 1 2 8 
EXAMPLE 2.16 Consider the vectors EI 1 and 3 in R’. Show that the set sh 1 | B 
is not linearly independent. 


SOLUTION 


Consider the equation 


ob} eelt}+eb]= [0 


Performing the operations of addition and scalar multiplication indicated on the left-hand side of the 
equation, we get 
Cy + 2c) ar | _ H 
2c, + C2 + 7c3 0 


Cy 2¢9 8c3 5 
2c C2 7¢3 =0 





This is equivalent to the system 











(1) 





This is a homogeneous system of linear equations with more unknowns than equations. As we know 
that a homogeneous system AX = O with more unknowns than the equations has infinitely many 
solutions, there exists a non-trivial solution for system (1). 

In fact, c; = 2,c2 = 3 and cz = —1 is one such solution (see Example 2.10). 


1 2 8 
Thus, the vectors eh | and |] are not linearly independent. 


on 
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1 0 
EXAMPLE 2.17 The set {e1, e2} where e; = H and e) = |? is a linearly independent set of 


vectors of R? because the equation a | + o] | = H implies c; = 0 and cz = 0. 
1 0 0 0 
Similarly, the equation c,;| 0 | + co} 1 | + c3} 0 | = | O| implies that c) = co = c3 = 0. 
0 0 1 0 
1 0 0 
Therefore, the vectors e; = | 0 |, e) = | 1 | and e; = | 0 | of R’ are linearly independent. 
0 0 1 


EXAMPLE 2.18 The vectors (1, 2, 3), (0, 1, 2) and (0, 0, 1) in R° are linearly independent. 

For, c,(1, 2,3) + c(0, 1,2) + c3(0, 0, 1) = (0, 0, 0) 

> (cy, 2c, + Co, 3c] + 2c) + c3) a (0, 0, 0) 

= cy = 0,2c, + cp = 0,3c; + 2c) + 03 = O 

=> Cy = =c3 = 0 
EXAMPLE 2.19 Are the vectors X; = (1, 0, 1, 2), X» = (0, 1, 1, 2) and X3 =(1, 1, 1, 3) in R‘* 
linearly dependent or linearly independent? 
SOLUTION 

We solve equation 
cy Xy ig Cy Xp + C3X3 =O 


for cy, cy and c3. 
The resulting linear system is 














cy + c =0 
(2 + & =0 

Cc] C2 c3 = 0 
2c; + 2c) + 3c3 = 0 


which has as its only solution c; = cy = c3 = 0 (verify) showing that the given vectors are linearly 

independent. 
EXAMPLE 2.20 Consider the vectors X; = (1, 2, -1), X) = (1, —2, 1), X3 = (-3, 2, -1) and 
X4= (2, 0, 0) in R®. Is S= {Xj, X, X3, X4} linearly dependent or linearly independent? 
SOLUTION 

Consider the equation 

CyX, + coX>) + €3X3 + cyX4 = O 
This leads to the system 


Cy + Cy — 3c3 + 2c4 = 0 
2c; ~ 2c9 a 2¢3 =0 
—Cy TF Co C3 =0 
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which is a homogeneous system of three equations in four unknowns. Thus, we are sure of existence 
of a non-trivial solution. In fact, two of the infinitely many solutions are 
cy=1, Co = 2, c3= 1, c4=0 
and c=, c= 1, c3 = 0, c4=—1 
Hence S is linearly dependent. 
EXAMPLE 2.21 Prove that the set {X} consisting of a non-zero vector X of R” is a linearly inde- 
pendent set. 


SOLUTION 


For all possible solutions for c. 


cX=O 
If c # 0, then multiplying both sides of the equation by scalar ow get 
1 1 
—(cX) =—-O 
c em) c 


which leads to X = O, a contradiction. Hence, we must have c = 0. Thus, the only solution for cX = O, 
when X # O is c= 0. Therefore, every non-zero vector constitutes a linearly independent set. 

It is also obvious from this argument that the equation cX = O has infinitely many solutions 
when X = O or cO= O's satisfied for non-zero values of c. Thus, the set consisting of the zero vec- 
tor of any vector space is not linearly independent. 

We can go one step further with zero vector in following example. 


EXAMPLE 2.22 Prove that any set of vectors containing the zero vector is linearly dependent. 
SOLUTION 


Consider the set {O, X>,... , X,,} which contains the zero vector. Let us examine the equation 
c,O ae CoX Sete ae C,Xp =O 


If we choose cy = c3 = **: = Cy = Oandc, = | (orany non-zero number), then the equation is sat- 
isfied. Thus, we get scalars c1,C2,...,C, not all zero such that c}O + coX) +--+ c,X, = O. 
Thus {O, X», ...,X,,} is linearly dependent. 


From Example 2.21, it is clear that the set {X} is linearly dependent if and only if X = O. 
In following examples we discuss the linear dependence of set consisting of two and three vectors. 


EXAMPLE 2.23 Prove that the set {X,, X.} of vectors in R” is linearly dependent if X, and X, 
are collinear, that is, one of them is a scalar multiple of the other. 


SOLUTION 


Suppose that X; and X> are linearly dependent. Then there exist scalars c, and cz, not both zero, 
such that 


cy Xy + CoX =O 


If cj #0, then X, = 


| 

| 
ele 
Wie al 

B 


If cy #0, then X= 


| 

| 
a 
i ed 

ms 
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Thus one of the vectors is a scalar multiple of the other. 
Conversely, suppose that X; = cX). Then 


1X, oad cX) =O 


and since for both X; and Xp) the coefficients are not zero, it follows that X; and Xp) are linearly 
dependent. Fig. 2.10 (a) and (b) clarify this when X, and X, are vectors in R?. 








y y 
Xo X4 
XQ 
x4 
> xX > X 
(a) {X1, X2} linearly dependent: vectors (b) {X1, Xo} linearly independent: vectors 
lie on a line do not lie on a line. 
Fig. 2.10 


EXAMPLE 2.24 As in Example 2.23, it can similarly be proved that the set {X,, X2, X3} of three 
vectors is linearly dependent if X,, X, and X; are coplanar, that is, one of them is a linear combi- 
nation of the other two. 

More generally, we have the following result for a set of more than three vectors. 

The set S= {Xj, Xo, ... , X,,} of non-zero vectors is linearly dependent if and only if S contains 
at least one vector which is a linear combination of the remaining vectors of S. 

We state one more result to determine linear dependence in R”. 






>» THEOREM1 4 


Let S= {x;, Xo, we 





. ,X;} be a set of vectors in R”. If r>n, then S is linearly dependent. 





In particular, this theorem tells us that a set in R? with more than two vectors is linearly depend- 
ent, and a set in R° with more than three vectors is linearly dependent. 


1. By inspection only, explain why the following are linearly dependent set of vectors. 
(a) X = (1,3) and Y = (—2,—6) in R? 
(b) X = (1,2), ¥Y = (4,5), Z = (2,3) in R® 
(c) X = (-1,2,5) and Y = (—3, 6, 15) in R® 


2. Decide whether each of the following sets of vectors is linearly dependent or linearly independent. 
@ {| 1} ink? ow {f% 5 |} ink? 
a rPl—i{ 3P|—9|/ 
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1 3 
‘hl LL oe |} in R? d) ¢| 2 1 |} in R3 
(©) }| 5) all 16 if ™ (d) , in 
3 0 
1 
1 1 1 1 : 
(e){|1],]-1 || 1]? inR? | 4 in R* 
1 1 =] 
0 0 
3. Express vector X = (3,1,—4) as a linear combination of the vectors X, = (1, 1,1), 
X>) = (0, 1,1), X3; = (0,0, 1). Is the set S = {X, Xj, Xz, X3} linearly dependent or linearly 
independent? 
1 1 0 1 0 
4. Express | 2 | as a linear combination of vectors of the set S = 0},) 1 |,| 0 },] 0 Cc R 
0 0 
in two ways. Show that S is linearly dependent set. 
5. Find the values of c for which the following sets of vectors in R” are linearly dependent. 
(a) {(1,—2), (c, 4) } (b) {(2,—c), (2c + 6, 4c) } 
6. For what real values of A do the following sets of vectors form a linearly dependent set in R*? 


% 


9. 
10. 


11. 


(a) X; = (-1,0,-1), X2 = (2, 1,2), X; = (1,1, A) 


wx = (2-42) n=(batae (44a) 
1 2? JPA a7 nf “3 on 2’ 





.(a) Let the set {X,Y} be linearly independent in a vector space V. Prove that 


{X + Y, X — Y} is also linearly independent. 

(b) Let the set {X, Y} be linearly dependent in a vector space V. Prove that {X + Y, X — Y} 
is also linearly dependent. 

Prove that for any vectors X, Y and Z, the vectors X — Y, Y — Z and Z — X form a linearly 

dependent set. 

Prove that any subset of a linearly independent set of vectors is linearly independent. 

(a) If {X,, Xo, X3} is a linearly dependent set of vectors in R", show that {X,, X, X3, X4} is 
also linearly dependent, where X4 is any other vector in R”. 

(b) Prove that any set which contains a linearly dependent set is linearly dependent. 

(a) Show that any set of three vectors from R? is linearly dependent. 


(b) Let S = {Xj, Xo,..., X,,} be a set of vectors in R”. Show that if m > n then S is lin- 
early dependent. 


@ 2.5 BASIS AND DIMENSION 


DEFINITION: Let V be a vector space. Let S = {X4, Xo, ..., X,} be a finite sub- 
set of V. Then S is called a ‘basis’ of V if 


(i) S spans V 
(ii) S is linearly independent. 








Basic Applied Mathematics for the Physical Sciences 


We have already discussed standard basis for R? and R®. The following example clarifies why 
we call them ‘basis’. 


1 0 
EXAMPLE 2.25 Let e; = H and e) = Hi Then 
(i) {e1, eo} spans R?. (proved in Example 2.13) 
(ii) {e1, ep} is linearly independent. (proved in Example 2.17) 
. The set {e, e)} is a basis for R’. 
Similarly, {e1, e2, e3} is a basis for R° and in general {e), e), ..., @,} isa basis for R”. As already 


noted, each of these is called the standard basis or the natural basis for R’, R® and R" respectively. 
A vector space may have more than one basis. Following are examples of distinct bases for R? and R°. 


1 1 
EXAMPLE 2.26 The set 1 | 


,| is a basis for R?. 


Consider the equation 


This reduces to the system 
cj +o =0 
Cy + 2c) = 0 


which has the unique solution c; = 0 and cy = 0. 


1] /1 
s 1 | |. is linearly independent. 


1 1 
To prove that 1 | |; spans R?, we let | to be an arbitrary vector in R? and write 
y 


ol }+eL}- [I 


This leads to the system of equations 
a+ a= 
a, + 2a, = y 
Solving for a; and a, we get 


a, =2x—-—y and a=y-x 


1 1 
which shows that 1 | |. | span R’. Hence, it is a basis for R’. 


1 1 
EXAMPLE 2.27 Verify that the set {{ 1] [_ 1 }} is linearly independent in R? and spans R’. 
Thus it is a basis of R?. 


SOLUTION 


In fact, it can be shown that any two vectors H and A in R? will form a basis for R? provided 


that neither of the two is a scalar multiple of the other vector. 
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EXAMPLE 2.28 The set of vectors 





0 1 1 
S= 1},/0},] 1 
constitutes a basis for R°. : : i 
(i) Prove that S is linearly independent. 
SOLUTION 
If cy,¢2,c3 © R= and 
0 1 j 0 
cy] 1 | + co] Of] +3) 1} = | 0 
0 1 0 0 
Co +c3 = 0 
then cy +o =0 
) =0 
or cj =%=c3 = 0 
0 1 1 
so that the set 1],) 0],) 1 is linearly independent. 
0 1 0 
(ii) Prove that S spans R°. 
SOLUTION 
x 


Let | y | be an arbitrary vector of R®. We have to find real numbers ay, a), a3 such that 


Z 








0 1 1 x 
a;| 1} +a} 0} + a3} 1} = ]y 
0 1 0 Zz 
a2 + a3 = 
or ay +a,;=y 
ay = 2 
or a= x t+yt za = 2,a3;—x- Zz 


.. S spans R?. 
Hence, S is a basis of R°. 


EXAMPLE 2.29 Show that the set {(1, 0,—1), (1, 1, 1), (1, 2, 4)} is a basis for R°. 


SOLUTION 
We first show that the set spans R*. Let (x, y, z) be an arbitrary element of R®. We try to find scalars 
1, 42, a3 such that 
(x,y,z) = ay(1,0,—-1) + ao(1, 1,1) + a3(1, 2, 4). 


This identity leads to the system of equations 














a, a2 az =X 
av 2a, =y (1) 
a, a2 4a3 =z. 
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111 ay x 
That is, 0 12)/)a)= /y 
—-1 1 4) La Zz 
111 
Since | 0 1 2} = 1 # 0, therefore for all values of x, y, z, the system of equations (1) has a 
-114 


unique solution. 
In fact, the solution is given by 


a, =2x-3y+2z, adg =—2x + 5y- 2z, aa=x-—2y+zZ 


Thus, the set spans R’. 
We now show the set is linearly independent. Consider the equation 


by(1,0,—-1) + b2(1, 1,1) + 63(1, 2, 4) = (0, 0, 0) 


This equation leads to the system of equations 





by by b3 =0 
by ‘alg 2b3 = 0 
by by 4b3 = 0 











This system has the unique solution b; = 0,b2 = 0 and b3 = 0. Thus, the set is linearly independent. 
We have shown that the set {(1, 0,—1),(1, 1, 1), (1, 2, 4)} spans R? and is linearly independent. 
It, thus, forms a basis of R?. 


EXAMPLE 2.30 Show that the set S= {Xj, Xo, X3, X4} where X; = (1, 0, 1, 0), X. = (0, 1, -1, 2), 
X3 = (0, 2, 2, 1) and X4=(1, 0, 0, 1) is a basis for R’. 


SOLUTION 
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To show that S is linearly independent, we consider the equation 


cyX, + coXy + €3K3 + cyXy = O 











or c1(1, 0, 1,0) + c2(0, 1,—1, 2) + 03(0, 2,2, 1) + c4(1, 0, 0, 1) = (0,0, 0, 0) 
Cy TT C4 = 0 
C2 1 2c3 = 0 
or 
Cy — Cg Tr 2¢3 =0 
2c) C3 C4 = 0 


This system has the unique solution 
Cy = Co = 63 = C4 = 0 (verify) 
To show that S spans R*, we let X = (a, b, c, d) be any vector in R*. We now seek constants ky, ko, ky 
and k4 such that 
kyXy + kX + k3X3 + ka X4 =X 


Substituting for X;, X», X3, X4 and X, we find a solution (verify) for ky, ky, k3 and kz, to the result- 
ing linear system for any a, b, c and d. 
Hence, S$ spans R* and is a basis for R*. 
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The above examples show that a vector space may not have a unique basis. We also note that the 


me SHED me ET oc ram 25 20 2 


respectively have two vectors each. Again the bases for R? in Examples 2.25, 2.28 and 2.29 have three 
vectors each. In Example 2.30, the basis of R* contains four vectors. Can we thus conclude: A basis 
of R” must contain n vectors? In fact, this is true. The following is a more general result: 


» THEOREM1 4 





In other words, if S; = {X1, Xo,..., X,} and So= {Y, Yo,..., Y,,} are two bases for a vec- 
tor space, thenn = m. 

Thus, the number of vectors in a basis is uniquely determined and this number is given a spe- 
cial name. 


DEFINITION: The ‘dimension’ of a non-zero vector space V is the number of 


vectors in a basis for V. We often write dim V for the dimension of V. If dimV = n, 
we say that V is an n-dimensional vector space. 





We define dimension of the zero vector space to be 0. It is in agreement with the fact that zero 
vector space has no basis as the set {O} is linearly dependent. 

In order to determine the dimension of a non-zero vector space V, we need to find only one basis 
and then count the number of vectors in it. 


1] | 0 
EXAMPLE 2.31. The dimension of R? is 2 since Ba 1 is a basis for R’. 


1 0 0 
The set 4 | 0 |,} 1 },] 0 is a basis for R°, therefore dim R? = 3. In general, dim R” = n. 
0 0 1 


EXAMPLE 2.32, Let R! be the vector space of all real numbers under standard addition and scalar 
multiplication. In this case, the numbers play the dual roles of vectors and scalars. It can be shown 
that the set {b} where d is a non-zero real number is a basis for R!. In particular, {1} is standard 
basis for R!. Therefore, 

dimR' = 1. 


It may be noted here that the definition of dimension is compatible with our intuitive ideas when 
we talk of line as a one-dimensional object and plane as a two-dimensional object and so on. 

From the definition of a basis, a set of vectors in a vector space V is a basis for V if it spans V 
and is linearly independent. However, if we are given the additional information that the dimension 
of V is n, we need only verify one of the two conditions. We state this result in the following theo- 
rem called the basis theorem. 
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= 


aw 


\So 
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. Explain, by inspection only, why the following sets of vectors are not bases for the indicated 


vector spaces 

(a) X; = (1,2), X» = (0,3), X3 = (2,7) for R? 
(b) X; = (1, 1), X2 = (—2,—2) for R? 

(c) X; = (—1,3,2), X2 = (6, 1, 1) for R? 


. Which of the following sets of vectors are bases for R7? 


obi] oo fbb) @ haa] 
OE) ebb eo fhabtl 


. Which of the following sets of vectors are bases for R*? 
1 0 1 2 -1 3 
(a)}2}],)1],)}0] @ ]1],} 14] 3 (c) (1, 2, 1), (2, 1, 0), (1, -1, 2) 
3 1 0 0 1 1 


(d) (1, 2, 1),(1, 0, —1),(0, —3, 2) 


Let * and | be two vectors in R*. Show that if neither of the two is a scalar multiple of 


a||e 
the other, then th t 
e other, then the se {{<].|§ 


Prove that any non-zero real number is a basis for R. 


is a basis for R2. 


. Let {Xj, Xo,..., X,} be a basis for a vector space V. Let c be a non-zero scalar. Show that the 


set {cX), CXo,..., CX,} is also a basis for V. 


. Let {X1, Xo, X3} be a basis for a vector space V. Show that {Y,, Y2, Y3} is also a basis, where 


Y, =X, Yo= X, + X), Y3 =X, + Xp + X3. 


. Examine whether there exists areal number A for which the set {(1 + A, 1, 1),(2 + A,2 + A, 2), 


(3 + A,3 + A,3 + A)} forms a basis for R°. 


. State (with a brief explanation) whether the following statements are true or false. 


(i) The set {(—1, 2), (3, —6)} is a basis for R’. 

(ii) Since dim R? = 2, therefore {(1, 2), (—1, 3), (5, 2)} are linearly dependent in R?. 
(iii) The maximum number of linearly dependent vectors in R’ is two. 
(iv) A single vector can be added to any two vectors in R° to get a basis for R°. 
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(v) A basis for a vector space V can include the zero vector. 
(vi) If there are three linearly independent vectors in a vector space, the dimension must be 
greater than or equal to three. 
(vii) There exists a set that spans V but that is not linearly independent. 
(viii) There exists a set that is linearly independent but does not span V. 
(ix) If dim V > 1, there is more than one basis for V. 
(x) If dim V = 7 and if S spans V, then S is a basis for V. 
10. Let {X,, Xo, ..., X,,} be a basis for a vector space V. Then each vector in V can be expressed 
uniquely as a linear combination of these vectors. 
11. Prove that any two basis of a finitely generated vector space V contain the same number of vectors. 


12. Prove the Basis Theorem. 


H 2.6 SUBSPACES 


2 DEFINITION: Let V be a vector space and W a non-empty subset of V. If Wis a 


vector space with respect to the operations in V, then W is called a ‘subspace’ of V. 








If V is a vector space, then V is a subspace of itself. Also, it can easily be seen 
that the set {O} consisting of zero vector of V is a subspace of V. Thus, every vector space V has 
at least two subspaces: V itself and the subspace consisting of the zero vector of V. 

Before giving some more examples, let us note the following simple observation. 





Thus this theorem tells us that all subspaces of a vector space contain the zero vector. 


EXAMPLE 2.34, Let W = | : xisareal number} Then W is a subset of R?. We show that 


W is a subspace of R?. 


. : 0 . : 
It is clear that W contains | which serves as the zero vector. Also W is closed under 


addition and scalar multiplication. To see this let X = | and Y = > be vectors in W. 


+ 
thenx +v=[*] + [2] =[* | is in W. 
0 0 0 
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And for any real number c, 


cX = e|° | = | is also in W. 


For every vector * € W, we also have | € W. All other properties of being a vector 


space are satisfied automatically for W because they hold for R? (which includes W) [In fact, we can 
easily verify them also]. Hence, W is a subspace of R?. 

Geometrically, W is the set of vectors that lie on the x-axis. Note that the sum of two such vec- 
tors lies on the x-axis and so does the scalar multiple of any such vector. Thus, x-axis is a subspace 
of plane (R7). It is a one-dimensional subspace of R’. 


ae 0 ; 
We can similarly show that the subset U = ye R| is also a subspace of R’. Clearly 
J 


U represents y-axis on the plane. In general, it can be shown that any line passing through origin is 
a subspace of R?. 
All possible subspaces of R? are listed below: 


(1) Origin is a subspace of R’. The dimension of this subspace is zero. 
(2) The one-dimensional subspaces of R? are lines through origin. 
(3) The two-dimensional subspace of R? is the whole space R? itself. 


Statements (1) and (3) are obvious while a proof of (2) will be given later. 

At this point, we wish to answer the following question: Given a non-empty subset W of a vec- 
tor space V, how can one determine in the most efficient way whether or not W is a subspace of V? 

The answer is that it is enough merely to check that W is closed under addition and scalar mul- 
tiplication. Thus, we have following: 
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Let W be a subset of R”. Then W is a subspace of R” if and only if the following 
conditions hold: 

(a) If X and Y are any vectors in W, then X +Y is in W. 

(b) If c is a real number and X is a vector in W then cX is in W. 





xX 
EXAMPLE 2.35 Let W = 0 |:x € R} bea subset of R®. Then W is closed under addition 
0 
and scalar multiplication as can be seen from the equations 
x1 x2 Xx, + X x cx 
O;+)]0]= 0 and c}/0|]=] 0 
0 0 0 0 0 
Thus, W is a subspace of R’. 
0 0 
Similarly, the subsets {| y |}: y © R? and {| 0 |:z © R} are subspaces of R°. 
0 
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xX 
EXAMPLE 2.36 Let W = {| y | : x,y © R?. Show that W is a subspace of R?. 
0 [D.U. B.Sc. (Ph.Sc) 2008] 
SOLUTION 
alls 
Let X = | y; | and Y = | yy | be two vectors in W. Then 
0 0 








xX] X2 xX, T XQ 
X+Y= JI t y2 = y2 is in W. 
0 0 0 


.. W is closed under addition. 
Let c be any real number. Then 


xX] CX] 
cX = c] yy | = | cy, | is also in W. 
0 0 


So W is closed under scalar multiplication. Thus, W is a subspace of R’. 


0 
Note that W of Example 2.35 represents x-axis geometrically and the subspaces {| y |: y © R 
0 


and {| 0 |: z © R} represent y- and z-axes respectively. These are one dimensional subspaces of R°. 


Xx 
The subspace W = y |:x,yv © R? of Example 2.36 represents xy-plane geometrically. 
0 
This is a 2-dimensional subspace of R?. 


0 x 
Similarly the yz-plane y|:y,z © R? and xz-plane 0 |:x,z © R? are also 
Zz 


2-dimenasional subspaces of R? (verify). 
All subspaces of R° are listed below: 


(1) The origin is subspace of R*. The dimension of this subspace is defined to be zero. 
(2) The one-dimensional subspaces of R? are lines through the origin. 

(3) The two-dimensional subspaces of R° are planes through the origin. 

(4) The whole space R? is three-dimensional subspace of itself. 


Statements (1) and (4) are obvious. We come to statement (2). We first prove using Theorem 2 
that any line passing through origin is a subspace of R? (and also of R? as we have noted already). 
Let / be a line passing through origin in R*. Then, the sum of any two vectors on this line also lies 
on the line / and that the scalar multiple of any vector on line / lies on /. Therefore, / is closed with 
respect to addition and scalar multiplication and so it is a subspace of R°. 
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Moreover, the lines through origin are the only one-dimensional subspaces of R®. The proof 
is simple: 

Let S be a one-dimensional subspace of R°. Since dim S = 1, any basis of S must contain only 
one linearly independent vector. Let {X} where X # O be a basis of S. Then, any vector in S must 
be of the form cX for some scalar c. Clearly, these vectors form a line through the origin. 

We can now similarly prove statement (3), that is, the two-dimensional subspaces of R? are the 
planes through origin. 


EXAMPLE 2.37 Let V be a subset of R° consisting of vectors of the form (a, a, b). V consist of 
all the elements of R? that have the first two components same. Show that V is a subspace of R?. 


SOLUTION 


Let (a, a, b) and (c, c, d) be two elements of V and let & be a scalar (real number). 
Then (a,a,b) + (c,c,d) =(atcatecbt+d Ev 
and. k(a, a,b) = (ka, ka,b) © V 


So V is closed under operations of addition and scalar multiplication. 
Thus, V is a subspace of R?. 
Note that geometrically V is a plane perpendicular to the xy-plane, through the line y= x, z=0. 


x 


EXAMPLE 2.38 LetS = {| y | :x + y =z, and x,y,z © R). Show that S isa subspace of R?. 


Z 


SOLUTION 
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We must show that S$ is closed under addition and scalar multiplication defined on R?. 
x] x2 
Let | y, | and] y> | be elements of S. 





Z| 22 
x) x2 x) T X2 
Then, Yl tf yo} =) yr ty 
Z| 22 Z1 T 22 


which will belong to S if 
(31 + 2) + (1 + 2) = 21 + 22 
Since Xp yi = 2 and X2 + y2 = 22, 


(xy + x2) + G1 +92) = (1 + y1) + G2 + ¥2) 


= Z) a Z2 
Thus, S is closed under addition. 
x 
Let c be a scalar (real number) and | y | be any vector in S. 
Zz 
x cx 
Then cl y |=] ey 
Zz cz 
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Now ex + cy = c(x + y) = cz 
x 
c| y | belongs to S. 
Zz 
Thus S is closed under scalar multiplication. We conclude that § is a subspace of R?. 


EXAMPLE 2.39 Determine which of the following subsets of R* are subspaces. 


y y y 
(a) (b) (c) Fig. 2.11 


SOLUTION 


Clearly only (a) is a subspace of R? being a line through origin. (b) cannot be a subspace as it is 
not a line. In fact, if we take any two points on this parabola, their sum may not lie on the parabola. 
(c) is not a line through origin and therefore does not contain the zero vector and, hence, by 
Theorem 1, it cannot be a subspace. 


1 ; 
EXAMPLE 2.40 Show that W = : yisareal number} is not a subspace of R?. 


y 
SOLUTION 


1 1 
Let and be two elements of W. Then 
y1 v2 


EP liga 


But € W from defintion of W. 


Yi t+ y2 
Thus, W is not a subspace of R?. 


EXAMPLE 2.41 Let W be the subset of R’ consisting of all vectors of the form (a, b, 1), where 
a and b are real numbers. We show that W is not a subspace of R?. 


Let (a1, b;, 1) and (a, by, 1) be two elements of R*. Then 
(ay, by, 1) + (ao, bo, 1) = (ay + ay, by + by, 2) is not an element of W. 
Hence, W is not a subspace of R°. 


In the above two examples, we could also have used Theorem 1. If a given subset does not contain 
; 1 ; 
the zero vector, it cannot be a subspace. W = ye R| cannot contain the zero vector as the 
y 


first component is always | and similarly W of Example 2.41 cannot contain zero vector. Therefore, 
they are not subspaces of R? and R? respectively. The following example also illustrates this approach. 


EXAMPLE 2.42 Let W be the set of vectors of the form (a, a, a + 2). Show that W is not a sub- 
space of R°. 
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SOLUTION 
We check to see if (0, 0, 0) is in W. Suppose there is some a for which 
(a,a,a + 2) = (0,0, 0) 
Equating corresponding components, we get 
a=0 anda+2=0 


But this system of equation has no solution. Thus, no such a exists. So (0, 0, 0) is not an element of W. 
Hence, W is not a subspace of R°. 


In Section 2.4, we have introduced the concept of span. We have defined that a set S spans 
a vector space V if every vector in V is a linear combination of elements in S. For example, 
{(1, 0, 0), (0, 1, 0), (0, 0, 1)} spans R°. If V is spanned by S, then V is in fact the set of all lin- 
ear combinations of elements of S. 

We have also seen certain subsets of V which do not span V. For example, {(1, 0, 0), (0, 1, 0)} 
does not span R?. In other words, the set of all linear combinations of {(1, 0, 0), (0, 1, 0)} is not 
equal to R*. But such a set clearly is a subset of R°. In fact, it is also a subspace of R*. Such sub- 
spaces which are generated by a subset S are called (linear) span of S. 


2 DEFINITION: Let S be a non-empty subset of a vector space V. Then the set of 
all linear combinations of elements of S is called the ‘span’ of S denoted by span S. 
If S = d, we define the span S to be {O}. 
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It must be noted that span S contains the set S. Moreover, it is the smallest subspace of V con- 
taining S. 


EXAMPLE 2.43 Let X be a non-zero vector in R*. The set {X} is not a subspace of R. Span of {X} 
is the set of all scalar multiples of X, i.c., {¢X :¢ € R}. It contains X and is a subspace of R”. In fact, 
the set is the smallest subspace of R* which contains X. Geometrically, the set is a line through the 
origin O in the direction of the vector X. It is also clear that {X} acts as a basis for the subspace and 
that its dimension is 1. 


1 
EXAMPLE 2.44 IfS = H \, then spanS = | xe Rr}. Clearly it is the one dimensional 
subspace x-axis of R?. 


EXAMPLE 2.45 If X and Y are two non collinear vectors in R’, then span {X, Y} = R’. Thus, 
the smallest subspace of R* containing both X and Y is R? itself. 


1 
1. Prove that the subset W of all vectors in R’ of the form | ,| for c € R is a subspace of R’. 


[Geometrically it is a line through the origin and the point (1, 2)] 
2. Examine which of the following is a subspace of R’. If it is a subsapce, give its geometrical 
interpretations. 


(a) all vectors of the form | where x € R. 
x 
2 
(b) all vectors of the form > where x © R 
xX 
(c) all vectors of the form *| wherex + y=0,x,v ER 
y 


(d) all vectors of the form | where xe R 


3. Examine whether V is a subspace of R’. 
(a) V = {(a, 2a):a © R} 
(b) V = {(0,4):k © R} 

(c) V = ae 1,3k + 1):k © R} 

(d) V = {(a,b?):a,b € R} 

(e) V = {(a,b):a> 0, a,b © R} 

(f) V = {(a, 5°): a,b € R} 

(g) V = {(4,b):a+b=1,a,b © R} 

Give the geometrical interpretation of each subspace V. 


4. Let V be the first quadrant in the xy-plane, that is, let V = *| Oy 0} 
y 


(a) If X and Y are in V, is X + Y in V? Why? 
(b) Find a specific vector X in V and a specific scalar c such that cX is not in V. 


Is (b) enough to conclude that V is not a subspace of R?? 


iS 
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5. Let W be the set of all points inside and on the unit circle in the xy-plane, that is, let 
w= {|*| oe = i} Is W a subsapce of xy-plane (that is, R*)? 
y 


6. (a) Let W, be the subset of R° consisting of all vectors of the form (a, 0, 0). Show that W, is 
a subspace of R?. Describe it geometrically. 
(b) Let W> be the set of vectors of the form (a, a”, b). Show that W> is not a subspace of R?. 
7. Determine which of the following are subspaces of R°. If it is a subspace, describe it geometrically. 
x 


(a) all vectors | 2x | wherex © R 
3x 


(b) all vectors where x © R 


ores 


bs 


(c) all vectors | y | wherex +y=0;x,y,z © R 


Se 


(d) all vectors | y | wherex +y=1;x,y,z © R 


Me 


(e) all vectors | x | wherex € R. 


x 


8. Examine which of the following subsets of R* are subspaces of R°. If it is a subspace, give its 
geometrical interpretation. 


[DU, B.Sc. (Ph. Sc.), 2006] 


(a) W, = {(a,b,2): a,b € R} 

(b) W2 = {(a,b,c):c =a+b;a,b,c € R} 
(c) W3 = {(a, 2a,b): a,b € R} 

(d) Wy = {(a,b,c):b = 2a + ls a,b,c € R} 
(e) Ws = {(a,b,c):¢ > 0,c € R} 

(f) We = {(a, b,c) :a =—c; a,b,c € R} 
(g) W7 = {(a,a + b,3a):a,b € R} 

(h) Wg = {(a, a’, 5a): a © R} 


9. Show that the set W = {(a,b,c):a+b+c=0; a,b,c € R} is a subspace of RR? 
Describe it geometrically. Also give dimension of W. 


10. Draw the graphs of following equations. Hence, find whether they are subspaces of R? or not. 


(ayx+y=1 
(b) xr +y=1 
(c) x — 2v=0 
(d) y = 4x. 
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12. 


13. 


14. 


15. 


16. 
17. 
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. Let H and K be subspaces of a vector space V. The intersection of H and K, written as HM K, 


is the set of all vectors X in V that belong to both H and K. Show that H M K is a subspace of V. 
Give an example in R? to show that the union of two subspaces is not, in general, a subspace. 


If W, is the line y = x and W) is the line y = —x, then W, and W,j are subspaces of R’. Is the 
union W, U W> a subspace of R?? 


1 
Let W be the set whose only element is the vector BI Define addition ® and scalar 


1 1 1 1 1 
multiplication © by |. | = ] neo |. = | to allc € R. Prove that W is a 


2 2 2 
vector space and that W is not a subspace of R’. 
1 0 
Find the span of the vectors | 0 | and | 1 
0 1 


Let S be the subset of R” consisting of all unit vectors: § = {X € R?: | X|| = 1}. Find the 
span of S. 


Let S be a subset of a vector space V. Prove that span S is the smallest subspace of V containing S. 


We know that a line is one-dimensional and a plane is two-dimensional. Find the dimension of 
subspaces of R? in problems 2 and 3, and the subspaces of R? in problems 7 and 8. 


mo 
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CHAPTER THREE 


Linear Transformations 





@ 3.1 INTRODUCTION 


The reader must be familiar with the concept of a function. 

A function f from a set U (called domain) into a set V (called co-domain) is a rule which asso- 
ciates, to each member u of U, a unique member of V, denoted by f(w). 

In this chapter, we shall study vector-valued functions, whose domain (and co-domain) are vec- 
tor spaces. Thus, if we write Y = T(X), we mean that T is a function which assigns, to each vector 
X in a vector space V, a unique vector Y in a vector space W. T(X) is called image of X under T. 

We shall take V and W to be the vector spaces R” and R” for some values of n and m. It is cus- 
tomary to refer to the function T as a transformation. We now define a special class of transforma- 
tions called linear transformations. 

Linear transformations have many applications in physics, engineering, social sciences, eco- 
nomics and various branches of mathematics. Linear transformations play a fundamental role in 
computer graphics, image processing and manipulation, harvesting of animal population, genetics 
and other areas. 


DEFINITION: A function T:R” — R” is called a ‘linear transformation’ from R” 
into R” if the following conditions hold: 


(a) T(X + Y) = T(X) + T(Y) for all vectors X and Y in R”. 
(b) T(cX) = cT(X) for all vectors X in R” and all real numbers c. 





If T satisfies the above two properties, we say that T preserves addition and multiplication by scalars. 
The two properties can be combined together to get one formula, T(cX + dY) = cT(X)+dT(Y). 


EXAMPLE 3.1 Let T: R? > R? be defined by 
(U8) - 0] 
x2 0 


Then T is a linear transformation. To verify this, let 


xX = | and Y= fal 
x2 y2 
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shes rox y= 1([%] + (2) 


ca 


Also, if c is a real number, then 


Hence, T is a linear transformation. 


EXAMPLE 3.2 Let T: R° — R’ be defined by 


{(:))-0] 


To verify that T is a linear transformation, we let 


xy x2 
xX = A and Y= = 
21 22 
x] x2 xX] 1 X2 
Then T(X + Y) = ( b: + =] i ( ; + a} 
Z| 22 ZT 22 
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Also, if c is a real number 


rl CX] xX] 
T(cX) = T| | cy, = =c = cT(X) 
cy] JI 
CZ) 


Hence, T is a linear transformation. 
T in the above two examples is called a projection. 

Geometrically, projections are very important. We shall study their geometrical significance in 
the next section. 


EXAMPLE 3.3 Let T: R? — R’ be defined by 


x 


x+y 
12 > * + | 
Z 
Let us now show that T is a linear transformation. 
x} X> 
Let X = | y; | and Y = | yy |. Then 
Z| 22 
xy + xX 
T(X + Y) = ( yy t+ "J 
Z} + 22 


| 


Z| 22 
= T(X) + T(Y) 
Also, let c be a real number. Then 
Cx} 
T(cX) = T] | cy 
CZ] 


_ 2 + | 
CX) + CZ] 
= * + _ 
=c 
xX + Z1 
x] 


Z| 
Thus, we conclude that T is a linear transformation. 
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EXAMPLE 3.4 Let T: R” — R" be defined by 
T(X) = X, for every X in R". 
Then, T(X + Y) = X + Y=T(X) + T(Y) 
and T(cX) = cX = cT(X) 
Thus, T is a linear transformation and is called the identity transformation on R”. 


Before discussing some properties of linear transformations, we give some examples of 
transformations which are not linear. Such transformations are called non-linear transformations. 


EXAMPLE 3.5 Let a transformation T from R? into R® be defined by the formula 

T(x, y) = (x,y, 1) 
Show that T is not linear. [D.U. B.Sc. (Ph. Sc.) 2008] 
SOLUTION 


Let (x1, 1) and (x, y2) be vectors in R?. Then, we have 


T[(x1, 91) + (2, ¥2)] = Tey + 22,1 + ya) 











(x1 + X2,¥1 + yo, 1) 

and T(x, 91) + Tt2,¥2) = M11) + (2,92, 1) 
= (x, + x2,41 + 2, 2) 
Since (x1 + 2,1 + yo, 1) # (x1 + X2,¥1 + Y2, 2) 











it follows that 


T[(x1,¥1) + (%2,.2)] # TO.) + T(%2, ¥2) 


and T is not linear. 


EXAMPLE 3.6 Let T: R° — R’ be defined by 


x} 
| * + 1 
T x2 = 
x2 ~ X3 
X3 [D.U. B.Sc. (Ph. Sc.) 2008] 
Determine whether T is a linear transformation, let 
SOLUTION x1 yi 
Let x = x2 and Y= 2 
x3 V3 
Then, 
xy + yy 
T(X + Y) =Tl | m+ 
x3 + y3 


|, (ap ty) +1 


x2 + yo) — (x3 + ys) 
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On the other hand, 
+1 +1 
T(X) + T(Y) = be + he 
x 


2 3 V2 ~ Y3 
_ (x) + yj) + 2 
(x2 — 3) + (v2 — y3) 
Clearly, T(X + Y) # T(X) + T(Y). 
We conclude that T is non-linear transformation. 
We now state following two important properties of linear transformations. 
Under a linear transformation, 
1. zero vector goes to zero vector 
2. lines are mapped to lines 
Let us discuss them one by one. 
If T: R” — R” is a linear transformation, then T takes the zero vector of R” to zero vector of 
R”. The proof is simple. 
If Og: is the zero vector of R” and Og” denotes the zero vector of R”, then 
Og + T(X) = T(X) = T(X + Og:) = T(X) + T(Op”) 


whence T(Og) = Opn. 
It may well happen that T(X) = O even when X # O. In fact, T: R” — R” defined by 
T(X) = O for every X in R” is a linear transformation, called the zero transformation. 





REMARK: It is also clear from the above property that if T does not map the zero 


vector to zero vector, then T cannot be linear. 





EXAMPLE 3.7 The transformation T: R” — R" defined by 
T(x,y) = (x + Ly) 
is not linear, because 
T(O) = T(0,0) = (1,0) #O 
This example clearly shows that the above property is sometimes very effective in proving a 
transformation to be non-linear. 


The second property that lines are mapped to lines is even more important. We state this prop- 
erty more precisely in the following theorem. 


>» THEOREM 4 
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We prove part (i). 

Let / be a line through origin. Let X be a non-zero vector on /. Then all other vectors on / are of 
the form cX, that is, scalar multiple of X. 

Since T is linear T(cX) = cT(X). 

So, the image of / under T is the set {cT(X) : c& R} which is the set of all scalar multiples of 
vector T(X). Clearly, it is a line passing through origin and the vector T(X). Note that if T(X) = O, 
the image set is trivially the single point origin, which we regard as a degenerate line through origin. 


It is clear from above theorem that if the image of a line under a transformation T is neither a 
line nor a single point, it cannot be linear. 


EXAMPLE 3.8 Let T: R? — R? be defined by T(x, y) = (x,y). Prove that T is not linear. 


SOLUTION 


Note that T(O) = O, so we cannot use the method of Example 3.7. 
Consider the subset U = {(x,x):x © R} of R’. 

Geometrically it is the line y = x through origin. Also, T(U) = {(x,x°) :x © R} or, the image 
T(U) of line U under T is the set of all points of the from (x, x”). Clearly all these points lie on the 
parabola y = x. Thus, the image of line y = x under T is the parabola y = x”, which is neither a 
line nor a point, and hence T is not linear (See Fig. 3.1). 


3 , i \ 


We conclude this section by noting the following remarks. 


ll 
x 
4 














Fig. 3.1 


REMARK 1: If T: R° > R? is linear, then planes through origin are mapped to 
planes through origin. 


« REMARK 2: From above properties and the Remark 1, we can observe the following. 


If T: R” — R’ is linear and U is a subspace of R”, then T(U) is a subspace of R”. 





—_ 


nN 


oe) 


> 
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2 
. Prove that the transformation T: R? — R? defined by 1( *| = : is linear. Find the 
y xy 


1 —1 
images of the elements il and 1 under this transformation. 


. Which of the following functions T: R? — R? are linear transformations? 


oD 
oll), 
oll) 
ov(()-4 


- Which of the following transformations are linear? 


(a) T:R? > R?; T(x, y,z) = (x + y,x + z,x) 

(b) T: R? > R?; T(x, y) =(0,x —y,x + y) 

(c) T: R? > R?; T(x, x9, x3) = (x1 — x3,.X1 + xp) 
(d) T:R? > R; T(x, y)=x4+ y 

(e) T:R > R’; T(x) = (x, x’) 

(f) T: R? > R’; T(xy, x2) = (x1 + x2 + 1, xy — x2) 
(g) T: R? > R’; T(x, y) = (x y, xy) 


. Which of the following transformations T: R? — R are linear transformations? 


(a) T(x,y) = x 
(b) T(x, y) = 0 
(c) T(x, y) = 9” 
(d) T(x, y) = 2x — y 


. Prove that the following are not linear transformations. 


(a) T: R’ > R’; T(x, y) = (1, 2) 

(b) T: R > R; T(x) = ax? 

(c) T:R > R; T(x) = 

(d) T: R? — R’; T(x, y,z) = (x + 2, 4y) 

Suppose that T: R? — R? maps lines through the origin to lines through the origin. Must f be 
linear? Justify your answer. 


. Let T: R? > R’ bea linear transformation for which T(1, 0,0) = (2, —1),T(0, 1, 0) = (3, 1) 


and T(0, 0, 1) = (—1, 2). Find T(—3, 4, 2). 


. Let T: R? > R’ bea linear transformation such that T(1, 0, 1) = (2, -1),T(0, 1, 1) = (1, 1) 


and T(1, 1, 0) = (—1, 4). Find 
(a) T(2, —1, 1) 

(b) T(1, 1, 1) 

(c) T(1, 2, 3) 
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9. Let T: R" — R” be a transformation. Prove that T is a linear transformation if and only if 
T(cX + dY) = cT(X) + dT(Y) for all X,Y © R"” and scalars c, d. 


10. Prove that T: R’ — R” defined by T(X) = O is a linear transformation. 
11. If T: R’ — R” is such that T(O) # O, then T is not linear. 


@ 3.2 SOME SPECIAL TRANSFORMATIONS 


In this section, we give a variety of examples of linear and non-linear transformations of geometric 
importance. 


3.2.1 Projection 


EXAMPLE 3.9 In Examples 3.1 and 3.2 we have considered two transformations: 
(1) T: R? > R’ defined by T(x, vy) = (x, 0) 
(2) T: R’ — R’ defined by T(x, y, z) = (x, y) 

We have shown that these transformations are linear and are called projections. 

It is simple and helpful to describe geometrically the effect of T in (1) and (2) above: 

In (1), T transforms each vector (x, y) in the plane to the nearest point (x, 0) on the horizontal 
axis. So the transformation projects points of plane on the x-axis (See Fig. 3.2(a)). 

In (2), the image of a point (x, y, z) in R? under T is the point (x, y) in R? which is obtained by 
drawing perpendicular from (x, y, z) onto xy-plane (See Fig. 3.2(b)). 





Fig. 3.2 


Note that the transformation in (2) is equivalent to the transformation T: R? — R° given by 
T(x, y, z) = (x, y, 0). Both have same geometrical effect and are called projection on xy-plane. 


3.2.2 Dilation and Contraction 
EXAMPLE 3.10 Let T,: R’ — R° be defined by T,(X) = rX where r is a real number. Then T, 
is a linear transformation for every real number r. 


In fact, T(X + Y) =7(X + X) =rX + rY = T(X) + T(Y) 
and T(cX) = r(cX) = c(rX) = cT(X). 


Ifr > 1, T, is called dilation and if 0 < r < 1, T,.is called a contraction. If r = 1, T,. is just 
an identity transformation. In Fig. 3.3(a) we show the vector T,(X) = 2X and in Fig. 3.3(b), the 


1 
vector T1(X) = =X. 
z 2 
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Fig. 3.3 


The transformation T) stretches everything by a factor of 2. Note, that the square region ABCD 
in R* is transformed into the square region T(A)T(B)T(C)T(D) by the transformation 


T(X) = 2X. (See Fig. 3.4). 


Dilation T> 


i, is 








> X 


With the transformation T1(X) 
q 


See Fig. 3.5 below. 


A 





2 


Contraction Ty 


1(B) 


> X 





T(D) 


Dp -e- 


T(C) 





Fig. 3.4 


1 
= >X, the circle of radius 2 will contract to a circle of radius 1. 


A 





Fig. 3.5 
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3.2.3 Reflection 


EXAMPLE 3.11 Let T: R* — R’ be defined by 


(GIL 


T is a linear transformation as can be seen from the following: 
ee eae ae 
x1 J Yi t y2 —("1 + y2) “Yi ye 
(DD) «(GED 
J y2 


(3) = (5) -Lel-dol-e(0) 


This linear transformation is called a reflection with respect to the x-axis, and is shown in Fig. 3.6. 


and 


6 y) 


> X 





T(X) 


(x, -y) 
Fig. 3.6 


Similarly, the transformation T: R? — R? given by T Wee) maps each point in the 
o y y 


plane into its reflection about the y-axis (See Fig. 3.7). 


(x, ~y) (x Y) 


T(X) X 





Fig. 3.7 
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EXAMPLE 3.12 Let T: R? — R° be defined by T(x, y, z) = (-x, y, z). Then T is a linear trans- 
formation. (Verify). 

This transformation sends each point (x, y, z) to its mirror image (—x, y, z) with respect to 
yz-plane. It is called reflection with respect to yz-plane. 

Similarly, we can define reflections about xy-plane and xz-plane, and with respect to coordinate axes. 


EXAMPLE 3.13 Consider the following transformation from R? into R?: 
T (x, ¥,2) = (~x,—y, —2) 


This is a linear transformation (verify) known as reflection in origin. 
The Fig. 3.8 shows reflection in origin in R*: 





Fig. 3.8 
3.2.4 Rotation 


EXAMPLE 3.14 In this example we show that rotation of the plane about the origin is a linear 
transformation. Suppose that we rotate every vector in R? counterclockwise through an angle 0 
about the origin of a Cartesian coordinate system. Let P(x, y) be any point on the plane. After 
rotating, it is mapped to the point P’ with coordinates (x’, y’). Let OP makes an angle ¢ with the 
x-axis. See Fig. 3.9. 





Fig. 3.9 


If r denotes the length of vector OP, we see from Fig. 3.9 that 


a 
| 


= rcosd, y=rsing (1) 
and x. =rcos(¢6+ 0), y' =rsin(d + 0) (2) 
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Then 
x’ = rcos(¢ + 6) 
= r(cos¢ cos@ — sing sin@) 
= rcos¢@cosé — rsing sind 
= xcosé — ysind [using (1)] 
and vy =rsin(d + 0) 


ll 


r[sind cos@ + cos¢ sin6] 
= rsind cos@ + rcos¢ sind 


= xsin@ + ycosé [using (1)] 
Thus, the counterclockwise rotation by an angle 6 maps each point (x, y) on the plane onto its image 
point (x cos@ — ysin@, x sind + ycos@). 
We may also perform this change of coordinates by considering the transformation 


Tg: R’ > R° defined by 
x xcosé — ysind 
1G) |= Lesne + pone] 
y xsin@ + ycosé 
Then Tg is a linear transformation (verify). The linear transformation Tg is called a rotation 
through the angle 0. 


NOTE: To see that T, is linear we may also note that rotation preserves the length 
of each vector and also the angle between any two vectors. See Fig 3.10(a) & 


3.10(b). 








T(X = T(cX) 


ag XtY 


T(X) as 


>X >X 








(a) (b) 
Fig. 3.10 


The linear transformation Ty in Equation (3) can also be written as 


1([)) : ey +L (4) 
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oe beige asc . |cosé —sind 
which suggests that rotation is a matrix multiplication. The matrix : 
S 


ind ee is called a rota- 


tion matrix. 


3 
The image of a point | under a rotation of 90° about the origin is given by 
1( 3) _ ee —sin 90° 3) 
2 sin 90° cos 90° |. 2 
“[F L}- (3) 
1 0}L2 3 


3 —2 
Thus a vector B in R’ is transformed to the vector | under rotation of 90°. (See Fig. 3.11 (a)) 


3V3 -2 
Th t [>] ist formed to th t - See Fig. 3.11 (b)) und 
e same vector 2 1s transrorme O e vector 3423 (See 1p. ) under a 
a 


rotation of 30° as can be seen from the equation 


1([3]) _ i. | 
2 sin30° — cos 30° ||. 2 


V3 1 3V3 -2 
| 2 2 3]- ~ 2 
| 1 V3 4h2] | 34+2Vv3 

x  o _s 


3V3-2 34+ 2V3 
y y ee 
A A 2 2 
ar a ~ (1.5981, 3.232) 











Fig. 3.11 


EXAMPLE 3.15 Determine the equation satisfied by the set of image points of the locus of 
x= y under a rotation of the plane about the origin through an angle of 90°. 
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SOLUTION 


Since the angle of rotation 9 = 90°, cos@ = 0 and sin@ = 1. The image point (x’, y’) of each point 
(x, y) is given by the matrix equation 


* _ ieee = a 
y’ x sind + ycosé 


aia 
x-lt+y-0 


orx = y’ andy = —x’. 


Hence, replacing x by y’ and y by —x' in x = y*, we find that the equation satisfied by the set of 
image points becomes 
y= (cx? 
or y' = x? 
That is, y = x° since (x’, y’) are the coordinate of each image point with reference to xy-axes. 
x= y is a parabola on x-axis and y = x isa parabola on y-axis. See Fig. 3.12. 


mm < 


—»> X 





ee ee : 


Rotation through 90° 





Fig. 3.12 


In equation (4) of Example 3.14, we see that Tg(X) is a matrix multiplication of 2 X 2 matrix 
cos@ —sin@ 
sin cos 0 
We now show that matrix-vector multiplication of such kind is, in general, a linear transformation. 


and the 2 X | matrix [*]. 
y 


EXAMPLE 3.16 Let T: R” — R” be defined by 

T(X) = AX (1) 
for all X in R”, where A is a fixed m X n matrix. For each n X 1 matrix X € R", T associates an 
m X 1 matrix AX € R”. From the properties of matrix multiplication, we note that 


A(X + Y) = AX + AY (2) 
and A(cX) = c(AX) (3) 
From Equations (1), (2) and (3) it follows that 
T(X + Y) = T(X) + T(Y) 
and T(cX) = cT(X) 
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Thus, T is a linear transformation. This transformation is sometimes referred to as a matrix 
transformation. 


3.2.5 Shear 
. 2 2 ; x xt+ky|. . 
EXAMPLE 3.17 The transformation T:R“ — R* defined by T = is a linear 
y. y 


transformation (verify) called shear in the x-direction with factor k. We discuss its geometrical effect 
using the unit square (See Fig. 3.13 (a)). The square OABC with vertices O(0, 0), A(1, 0), B(1, 1) 
and C(0, 1) is called the unit square. Under shear in the x-direction with factor k = 2, the square 
OABC will transform to the parallelogram T(O)T(A)T(B)T(C) where 


ror=x(())-[2 











Fig. 3.13 


Note that the points on x-axis remain fixed, and as we move away from the x-axis, the points 
further from the x-axis move a greater distance than those closer. 
The effect of shear in the x-direction with factor A = —2 on the unit square is shown in Fig. 3.13 (c). 
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EXAMPLE 3.18 A shear in the y-direction with factor k is defined by the linear transformation 


1( *]) = . | When k = 2, the image of unit square under T is shown in Fig. 3.14. 
y yt kx 








Fig. 3.14 


Upto now we have discussed examples of linear transformations. Some more linear transfor- 
mations will be discussed in the next section and the exercises that follow. We now give examples 
of two non-linear transformations of geometric importance. 


3.2.6 Translation 


EXAMPLE 3.19 Let T: R’ — R’ be defined by T(X) = X + B, where Bisa fixed vector in R’. 
We call this a translation by vector B (or just translation) and use the notation trang or Tx, that is, 
Tg(X) =X +B. 

We note that Tg(O) = B. If B # O, then Tg(O) # O and thus by the remark provided before 
Example 3.7 of the previous section, translation by a non-zero vector is not a linear transformation. 


Fig. 3.15 shows the translation by vector B = “| in R?. 


(x+a, y+b) 
(a, 6) 


(x, Y) 
Fig. 3.15 


Geometric importance of translation can be explained using the following particular case. 
Let T: R? > R’ be defined by 
lb 
T = 
y yt 


1 
Then T is essentially the translation by vector Hi This is the familiar translation of axes 


where the origin is moved to Q : (1, 1) and the point P : (—1, —1) in the domain becomes the origin 
O' : (0, 0) in the range. See Fig. 3.16. 
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a 


a =2 =F ¢ 
Se 
—1 O'- 


Fig. 3.16 














It must be noted that under a translation, distance between two points remains the same, only the 
position of points is changed. Thus, line segments are mapped to line segments and a triangle remains 
the same triangle but shifts its position. For example the triangle with vertices A(0, 0), B(2, 0) and 
C(1, 2) under the above translation by vector (1, 1) is mapped to a triangle with vertices A’(1, 1), 
B’(3, 1) and C’(2, 3) (See Fig. 3.17). 











y y 

A A 

4¢ yo 4r 

t [ C'(2, 3 

aI : (2, 3) 

Es GC, 2) 

25 20 

'F TEA‘, 1) B'(3, 1) 
Oo. 1 2° 3 42° oOo £ 2 6 a 








Fig. 3.17 


EXAMPLE 3.20 An affine transformation is a transformation 


T: R" — R’, defined by 
T(X) = AX +B 
where A is an n X n matrix and B is a fixed vector in R”. 

It is clear, that for B 4 O affine transformation T is non-linear. 

An affine transformation can be interpreted as a matrix transformation followed by a transla- 
tion. Affine transformations are very important in computer graphics. Note that all linear transfor- 
mations and translations are particular cases of affine transformations. 

As an example, consider the following affine transformation on R’. 


(ED - [ETE 


93 


Basic Applied Mathematics for the Physical Sciences 
Let us find the image of the unit square OPQR, of Fig 3.18. 


Here, P’=T(P) = ( 


Q 
T 
ves 
eS 
T 


(Lo) - [2 


Also, it must be noted that under an affine transformation line segments are mapped into line 
segments. Thus, we get OP — O'P’, PQ — P’Q’, QR — Q’'R’, OR — O'R’ 





Fig. 3.18 


The square OPQR is transformed into the parallelogram O'P’Q’R’ (See Fig. 3.19). 








Fig. 3.19 





1. Construct a transformation that projects R’, that is, plane on y-axis. Show that it is linear. 


2. Construct a transformation that projects R? on (a) z-axis (b) yz-plane. In each case, show 
that the transformation is linear. 


2. 
3. Prove that T: R? — R? defined by 1( *| = | is a linear transformation. Describe the 
y Y 
effect of this transformation on a triangle ABC with vertices A(0, 0), B(2, 0) and C(1, 2). 
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10. 


11. 


12. 
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. Show that the following transformations T: R? — R?’ are linear. Describe them geometrically. 


(a) T(x, y) = (9, x) (b) T(x,y) = (~y, x) 

(c) T(x, y) = (~y, x) (d) T(x, y) = (—x, -y) 

. Describe the geometrical effects of following transformations from R° into R?. 
(a) T(x, y,z) = (x,y, 2) (b) T(x, y,2) = (x, y,—2) 

(c) T(x, yz) = (x,y, —2) (d) T(x, y,2) = (—x,—y, z) 


. Determine the image point of the point P under a rotation of the plane about the origin through 


the angle 6 where 
(a) P: (5, V3); @ = 30° (b) P: (2,—3); 6 = 90° 
(c) P: (1,2); @ = 45° (d) P: (V3, 1); @ = —60° 


Use Equation (4) of Example 3.14 to find the matrix of a counterclockwise rotation of R? 
through the angle 0 if 6 is given by 


7 7 7 7 21 
al OF OF OF OF 7 


Let T:R* — R?’ be the counterclockwise rotation through @. Find @ if T is given by 


of) = EF (= (5) 


. LetT be the rotation through 60°. If ABC is a triangle with vertices A(1, 1), B(—3, 3) and C(2,—1), 


find and sketch the image of ABC under T. 


Find and sketch the image of the unit square with vertices (0, 0), (0, 1), (1, 1), (1, 0) under the 
following transformations of the plane: 


(a) a reflection about x-axis (b) a reflection about y-axis 

(c) a dilation of factor 3 (d) acontraction of factor 1/2 

(e) a counterclockwise rotation through 7/2 (f) a counterclockwise rotation through 7/4 
(g) a translation by vector (1, 1) (h) a reflection about origin 


(i) a shear of factor 2 in x-direction (j) ashear of factor 0.5 in y-direction 


Let T: R? > R? be given by 
y cx + dy 


where a, b, c and d are real numbers. 
(a) Prove that T is a linear transformation. 


(b) This transformation is of special importance for various values of a, b, c and d. For exam- 


ple, when a = 1, b = 0,c = 0 andd = —1, it represents reflection with respect to x-axis. 
Identify the transformation when 

@a=1b=c=d=0 Gi) a=—-1b=c=0,d=1 

(ii) a= b= c=0,d=1 (iv) a=0,b=c=1,d=0 


(Va=-lb=c=0,d=-1 i)a=0,b=-l1,c=1d=0 
Interpret geometrically the transformation of square ABCD, A: (0,0), B: (2,0), C: (0, 2), 
D: (2,2) under T(x, y) = (x + l,y + 2). 
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13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


Find the image of the triangle having vertices (1, 2), (3, 4) and (4, 6) under the translation that 


takes the point (1, 2) to (2, —3). 
2 2 


Find the equation of the image of the ellipse a + =] = | under a rotation through an angle of = 


Find the equation of the image of the unit circle x + y* = 1 under a dilation of factor 3. 
Find the equation of the image of the line y = 2x under 

(a) a reflection about the y-axis 

(b) a reflection about y = x 

(c) a rotation of 60° about the origin 

(d) a contraction of factor 1/2 


Find the image of the line y = 3x + 1| under the translation 1( *}) = | + * where 
y y 


(a)a=2,b=5 (b)a=—1,b=1. 

Let R be the rectangle with vertices (1, 1), (1, 4), (3, 1) and (3, 4). Determine and sketch the 
image of R under 

(a) shear in the x-direction with k = 3 

(b) shear in the y-direction with k = 2 

(c) dilation with r = 3 

Let T: R? — R’ bea transformation. A point (x, y) is called a fixed point under T if it remains 
same under T, that is, T(x, v) = (x,y). State which of the following statements are true. 

(a) Every point on x-axis is a fixed point under reflection about x-axis. 

(b) Every point on x-axis is a fixed point under reflection about y-axis. 

(c) Origin is the only fixed point under rotation of 77/2. 

(d) No point can be a fixed point under translation by a non-zero vector. 

(e) All points inside the unit square are fixed points under dilation of factor 2. 

A geometric property that is unchanged under a given transformation is called an invariant 


under that transformation. Under which of the following transformations is the distance between 
two points on a plane invariant? 


(a) reflection about x-axis 

(b) rotation through an angle 0 

(c) dilation of factor 2 

(d) contraction of factor 1/3 

(e) translation by a non-zero vector 

(f) reflection about the line x = y 

(g) projection on x-axis. 

Under which of the above transformations is the area of a triangle invariant? 
Let T: R? > R? be defined by 


Prove that T is linear. 
Let A bea 7X5 matrix. IfT: R” — R" be such that T(X) = AX, what are the values of m and n? 
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1 2 
23. Consider the linear transformation T : R* — R? defined by T(X) =AX where A = | —1 3 
1 


—1 2 
Determine the images of the vectors X = i Y= |?) Z= >]. 
@ 3.3 MATRIX REPRESENTATION OF A LINEAR TRANSFORMATION 
In Example 3.16 we have shown that if A is an m X n matrix, then the transformation T : R’ > R” 
given by 
T(X) = AX (1) 


is a linear transformation. We now investigate whether the converse of the statement is true. 
Therefore, we raise the following question. 


Question Suppose T isa linear transformation from R” into R”. Can T be represented by an equa- 
tion like Equation (1) with a properly chosen matrix A? 
The answer to this question is in the affirmative and is stated in the following theorem. 
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In the following examples we find matrix representation for some of the transformations dis- 
cussed in the previous section. The above theorem says that the matrix representation of a given 
transformation T: R” — R” is the matrix A = [T(e;) : T(e2) :...: T(e,)] whose columns are 
the vectors T(e;) where e; is a standard basis vector. The matrix A is called standard matrix 
representing T. 


EXAMPLE 3.21. Let T be the transformation given by 


T . _|xtry 1 
y lx +z ()) 


It was shown in Example 3.3 that T is a linear transformation from R* to R’. Find a matrix repre- 
sentation for T. 


SOLUTION 
Let A be the matrix such that 
x x x 
Tl | y = Aly for all | y | in R?. 
Zz Zz Z 
The columns of A are given by the vectors 
1 0 0 


Tl} 0] ],T| | 1] | and Tl} 0 
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Using (1) we get, 


1 
1 | 0 -(7| 
1 
0 
0 
1 
a} = 5 
0 
0 
0 
1 | 0 -|°| 
1 
1 
Thus the matrix A has the form 
1 1 0 
heel 
1 0 1 
It can easily be checked that 
. 1 1 ov” 
T = 
. | 0 i - 
Zz Zz 


EXAMPLE 3.22 Obtain the matrix representation for the projection T : R* — R? defined by 
(GD) -b0] 
y Oy 


0 . ‘ 
The standard basis of R? is {e,, e2} where e) = i and e) = 1 | If A is the matrix representa- 
T( 


SOLUTION 


tion of T, then the columns of A are the vectors T(e,) and T(e). 


= *([0]) = Lo 
=T 
0 
0 
“ ao iN) =o 
oo] 
0 oO} 
EXAMPLE 3.23 Find a matrix representation for the reflection about x-axis in R?. 


SOLUTION 


If T: R? — R?’ is the reflection about x-axis then 


(GDL 


Let A be the matrix representation of T. Then, the columns of A are given by 


([o)) = Lo 


A 
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lt) = [a] 
ani 1 = 1 
=[) 
0 -!i1 
EXAMPLE 3.24 Let T: R? — R?’ be defined by 


(i) 


Show that T is a linear transformation known as reflection with respect to the line y= —x. Also find 
the standard matrix representing T. 


SOLUTION 


T is a linear transformation follows from the following equations 
alg) le Lae 
J y2 Va 2 ~X1 ~ XQ 
all? lee bn) 8) 
7X] ~xX2 YI y2 


Cs a al 


1 
Let A be the standard matrix representing T. The standard basis of R? is {e), e2} where e, = K 
| : | 
and ey = il" 


Now Tiq)= a( 





and 


and T(e) = 1( 


EXAMPLE 3.25 Find a matrix representation for counterclockwise rotation of the plane about 
origin through 90°. 


SOLUTION 


Let T: R? — R’ be the linear transformation denoting rotation through 90°. 
b 
Let A= |< A be a2 X 2 matrix such that T(X) = AX (1) 
c 


for every vector X in R’. 
1 0 
It is clear that the rotation through 90° will transform the vector on the x-axis to 1 i and sends 


0 =I 
H on the y-axis to i} See Fig. 3.20. 
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(1, 0) 





Rotation through 90° 
Fig. 3.20 


me MUN) = Lr) om UD) 1] 


Using in Equation (1) 


EXAMPLE 3.26 Let T be a counterclockwise rotation of vectors in R? through the angle 0. Find 
a matrix representation for the rotation T. 


SOLUTION 
Let A be the 2 X 2 matrix such that 


(GT) ab f 


1 0 
In order to determine the columns of A, we must determine 1( a) and 1( 1 }). Using 


x}. 15 
for all X = in R’. 


y 


elementary trigonometry (See Fig. 3.21), we obtain 


feck ot) -f03 


Pale) 
© ol) E] (8) Fea 


YS 
a 
I 
or 
Cel 
Sa 
ll 
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Fig. 3.21 
Thus, matrix A of Equation (1) has the form 


i bees ie 
sin@ cos 6 
Note that for this A, equation (1) becomes 
1([*]} _ fee a 
y sin@ cosé |Ly 
which is same as Equation (4) of Example 3.19. 


EXAMPLE 3.27 Let / be the line in the xy plane that passes through the origin and makes an angle 0 


with the positive x-axis where 0 = 0 = 7. Let T: R? — R’ be the linear transformation that 
reflects each vector about /. (See Fig. 3.22). Find the standard matrix of T. 


y 
A 











Fig. 3.22 
SOLUTION 


If A is the standard matrix of T, then A = [T(e,), T(e2)], where e1, e2 are standard basis vectors 
of T. It is clear from Fig. 3.23(a), that 


T(e) = ey | = eal 


|| T(e1)|| sin 26 sin 20 
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Fig. 3.23(a) 


It can also be easily seen that T(e)) makes an angle (20 — 4) with the x-axis. 


Ca 
nee 2 | 


T = 7 
(e2) ; 7 —cos 20 
sin| 20 — > 


7 fe 20 sin e | 


1 
sin20 —cos20 (1) 








Fig. 3.23(b) 


Thus, the reflection about any line / that passes through the origin and makes an angle 6 with x-axis 
is given by T(X) = AX where A is given by Equation (1). 


EXAMPLE 3.28 Find a matrix representation for T : R? > R given by 


x Tx 
Tr |v] Jal oy 
Z. Zz 


Note that T is a linear transformation called reflection in yz-plane. 
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SOLUTION 


1 0 0 
Standard basis for R? is f° | ° | If A is a matrix such that 
0 0 1 


T(X) = AX 


1 0 0 
for every X in R°, then the columns of A are given by ( ° } | 1 \ and ( 1 | } 
0 0 0 


1 
0 
0 
0 
1 
0 
0 
and |" 
1 


2x 


| We find the 
2y 


EXAMPLE 3.29 Consider the dilation T: R? — R? defined by 1( [*}) = 
y 
standard matrix representation of T. 


0 0 
Note that 1( |, = A and 1( 1 = 8 which give columns of A, the standrad matrix 


representation of T. 


Th ee 
us, 0 2 


In general, it can be shown that for the transformation T,.: R* — R? given by T,.(X) = rX, the 
matrix representation is given by 
0 
A= " i 
0 +r 


EXAMPLE 3.30 Consider the transformation T : R? — R? defined by 


er 


where k is a positive constant. Since the x-coordinate of every vector is multiplied by a positive 
constant k, the effect of T is to expand or compress each plane figure in the x-direction. This 
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transformation is therefore called dilation in the x-direction if k > 1 and called a contraction in the 


1 k 
x-direction if0 < k < 1. We can easily verify that T is linear. Also since T(e,) = 1( a) = if 
0 0 k 0 
and T(e.) = 1( 1 )) = ? the standard matrix of T is ‘ s 


1 
The Fig. 3.24 shows the effect of T on the unit square with factor k= 2 and k = > 





(a) Unit square (b) Dilation (kK = 2) in the x-direction 





c) Compression (k = - in the x-direction 
2 


Fig. 3.24 


We can similarly define dilation or compression in the y-direction (See Example 3.29) 


1 
In fact, 


0 "| is the standard matrix for dilation or compression in the y-direction. 


3.3.1. Composition of Two Transformations 

Let T; : R? > R’ be the reflection with respect to the y-axis and T, : R? — R’ be the reflection 
with respect to the x-axis. Let X = (x, y) be a vector in R’. If we apply T, on X followed by T>, we 
get the vector (—x, —y). See Fig. 3.25 below. 
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Fig. 3.25 


Thus, the two transformations together produce the effect of the single transformation ‘reflection 
about origin’. We say that reflection about origin is a composite transformation of transformation 
T, followed by T>. In general, application of a transformation T; followed by another transforma- 
tion T, produces a transformation called the composition of Tz with T, and is denoted by T, 0 T). 

If A is the standard matrix of T, and B is the standard matrix of T2, then the standard matrix of 
the transformation T, 0 T is the product BA of the two matrices. Let us verify this result for the 
above example of reflections. 


-1 0 
The standard matrix of reflection about y-axis is 01 and that of reflection about x-axis is 
1 0 —-1 Oj}; 1 O -!l 0 
| 4 i and hence the standard matrix of their composition is 01 | 4 = (1 
which is clearly the standard matrix of reflection about origin. 


1 0O};-1 O —1 0 
Also note that F a I 0 i = 0 = that is, the composition of reflection about 


x-axis followed by reflection about y-axis is also reflection about origin. See Fig. 3.26. 





Fig. 3.26 


In other words, T; 0 T2 = Tz 0 Tj. 

But, in general, the composition of two transformations is not commutative because matrix mul- 
tiplication is not commutative. Thus, the order in which the linear transformations are composed 
makes a difference. 


EXAMPLE 3.31 Let T: : R° — R° be reflection about the line y = x and T2: R” > R’ be the 
projection on x-axis. Find the standard matrix of T2 0 Ty. Is this matrix same as the standard matrix 
of T, o T,? Illustrate your result graphically. 
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SOLUTION 
: 0 1 . 1 0 
Standard matrix of T; = ° | and standard matrix of T,; = . | 
1 O70 1 0 1 
t trix of T20 T; = = 
standard matrix of T, 0 Ty |) all 0 F | 
0 1}}1 0 0 0 
d t trix of T}0 T7 = = 
an standard matrix of T; 0 T> i alle | fe | 
Clearly, the two matrices are different and 
hence T,0T, # T,0T). 


This fact is also clear from Fig. 3.27 (a) and (b). 








T2 (T4(X)) 








(a) T20T, (a) T1;0T2 
Fig. 3.27 


3.3.2. Geometric Effect of Multiplication by a Matrix 
We have shown that every linear transformation from R” — R” has a matrix representation and 
conversely, every matrix represents a linear transformation. In most cases, we can easily describe 
the linear transformations geometrically from their matrix representation. In the following examples, 
we discuss the geometric effect of multiplication by a matrix. 


1 0 
EXAMPLE 3.32 Consider the matrix | al If we multiply this matrix with the vector [*], we 
y 


x : : : x 
get the vector 7]. Thus, the matrix represents a transformation which maps the vector onto 


J 


x : ae, : 
the vector "|. Clearly, the matrix represents the projection on the x-axis. 
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EXAMPLE 3.33 Find the geometric description of the linear transformation with matrix 


=1 0 0 
io | 0 
0 0 -i1 
SOLUTION 
=1 0 0 
If T : R’ > R? is the transformation whose matrix representation is] 0 —1 0 |, then 
0 oO -1 
x =] 0 Of; x 
Ti | y = 0-1 O 
Zz 0 0 -lJLz 
=x 
= |7-y 
=2. 


Thus, under the transformation, each point (x, y, z) of R? is mapped onto the point with co- 
ordinates (—x, —y, —z). Therefore, the matrix represents reflection in origin. 


1 0 
EXAMPLE 3.34 Determine the effect of the transformation of the plane represented by ( 1 Hl 


SOLUTION 


Under this transformation of the plane, each point (x, y) on the plane is mapped onto a point with 
coordinates (x, x). The matrix represents a projection of the plane onto the line y = x. 


EXAMPLE 3.35 Describe the geometrical effect of multiplication by a 2 X 2 diagonal matrix. 


SOLUTION 
A 2 X 2 diagonal matrix is of the form 


k 
a= [0 a 
0 ky 
where é and ky are constants. 
If T: R* — R? be the transformation such that 


T(X) = AX 


: EN -[o alot te 
en = = 
y 0 Ag tLy hoy 
Thus, under this transformation x-coordinate is multiplied by k, and y-coordinate by ky. If k, and 


ky are both positive, the transformation will expand or contract a vector in the x-direction by a fac- 
tor k, and in the y-direction by a factor k,. This fact is more clear if we consider composition of trans- 


formations. In fact, we Can write 
| | | 
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k, 0 
If k, > 0, i | represents dilation or contraction in the x-direction with factor k, (see 


1 0 
Example 3.30). Similarly, ke k is the dilation or contraction in the y-direction with factor ky if 


2 


ky 


: : 0 es 
ky > 0. Thus the diagonal matrix 0 where k, and kp are positive constants represents the 


hy 
composition of a dilation or contraction in the x-direction by a factor k,, followed by a dilation or 
contraction in the y-direction by a factor ky. 


ky 0 
It is clear that if k, = ky, | ; k | will be a scalar matrix and represents simply a dilation or 
2 


: : kh OO]. 
contraction of the plane. If k; # k, then the transformation represented by ‘ k is called a 
2 
magnification or scaling. Since x and y do not change in the same manner, so a magnification usually 


2 0 
distorts a plane figure. Note the effect of the magnification Fe | on the unit square in Fig. 3.28. 





Fig. 3.28 


e REMARK: If k, < 0, that is, k; = —k for some k > 0, then 


i | - Ee AG i 

0 1 Oe Ot iO | 

which represents the composition of a dilation or contraction in the x-direction with 
factor k, followed by a reflection about y-axis. Based on this, one can easily deduce 


k, O 
d if either k, or kp is negative. 


the geometric effect of the diagonal matrix On ke 
Dy 





Upto now, we have seen that the matrix representation of a linear transformation can be easily 
obtained if we know its action on the standard basis vectors. What if we know its action only on 
some other basis? The following example shows that we can still find the transformation. 


1 3 
EXAMPLE 3.36, Let T: R* — R? be a linear transformation such that 1( 1 }) = and 


2 
1 4 
1( |; = * . Find a matrix representation for T. 
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SOLUTION 


1 1 1 
It can be easily verified that HW and | form a basis of R?. Thus, we can write vectors A 


2 


sin a-)-( 
‘ S-LJ-L) oo 


Since T is linear, 


1 1 
and Hl as linear combination of the vectors i and | | 


and HB ( 
Using T ( 


we of) -Ep e 


We conclude this chapter by observing the following remark based on the above example. 


REMARK: If T : R? — R? is linear, then T can be uniquely described by its action 
on any basis of R?. 





1. Find a matrix representing the transformation of the plane that maps the points (1, 0) and (0, 1) 
onto (2, 1) and (3, 2) respectively. 
2. Find the standard matrix for each of the following linear transformations from R? into R? 


of )-E2] (i) =F 
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emi) - Eta) @lb)-b] 
of) [5] oly) E97] 


3. Find the standard matrix for each of the following linear transformations of the plane: 
(a) projection onto y-axis 
(b) reflection with respect to y-axis 
(c) reflection with respect to the line y = x 
(d) rotation through the angle 7/3 
(e) rotation through the angle 7/4 
(f) dilation of factor 3 
(g) contraction of factor 1/3 
(h) reflection about origin 
4, Let T: R’ — R’ be a linear transformation. Find a matrix representation for T where T is 
(a) a counterclockwise rotation through 77/6 
(b) a shear along the x-direction with k = 2 
(c) a dilation in the x-direction with a factor 5 
(d) a shear of factor 3 in the y-direction 


5. Find the standard matrix for the linear transformation T: R? — R? defined by 


x x x 2x 
(a) T) |» | | =|] -y (b) T) | y | | = | 3y 

Z 0 Zz 4z 

x x—y x my 
() Ti | y}|=lyrz @) Ti | y)Ja[xtz 

Zz Z—xXx Zz yr eg 

x p= x x y 
(e) Ty} y]}=] 0 eT he = | 2 

Zz zZ—xXx Zz x 


6. Find the standard matrix representation for the following linear transformations on R?. 
(a) a dilation of factor 4. 
(b) a projection onto the xy-plane 
(c) a projection onto the z-axis 
(d) a reflection about the xy-plane 
(e) a reflection about the xz-plane 
(f) a reflection about the x-axis 
(g) a reflection about the origin. 
7. Find the matrix of each of the following linear transformations 
(a) T:R? > R°, T(x, y) = (x, x + y, y) 
(b)T:R? > R*, Tix, y) =(et+yy,x-y) 
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10. 


1 


—_ 


12. 


13. 


14. 


15. 


16. 


(c) T:R? > R’, T ) 
(d) T:R? —> R’, T(x, y, z) = 
(e) T:R27>R, T ) 
(f) T:R > RB’, T(x) = (x, - 
(g) T:R? — R’, T(x, y) = (ax + by, cx + dz) 


. Determine the matrix of each of the following transformations from R” into R”: 


(a) the identity transformation 
(b) the zero transformation 


. Let T: R’ > R? be defined by 


1( *| = * where k is a positive constant. 
y ky 


T is called a dilation in the y-direction if k > 1, and called a contraction in the y-direction if0 <k< 1. 
(a) Prove that T is a linear transformation. 

(b) Determine the standard matrix representing T. 

(c) Find and sketch the image of the unit square under T with 4 = 2 and k= 1/2. 


1 
on the square 


3 
Illustrate geometrically the effect of the linear transformation A = ; 5 


whose vertices are (0, 0), (1, 0), (1, 1) and (0, 1). 


. Determine the geometric effect of multiplication by the matrix 


0 1 11 0 0 
@|' | (b) F | (©) ? | 


2 0 -1 0 05 0 
@|? | © | 0 i | a 


Consider the transformation on R? defined by each of the following matrices. Find the image 
of the unit square under each transformation. 


i 7 i F | k "| 
M11 9 ]o 2 Oli 4 

2 -3 0 -2 1 0 
@| 0 4 (9 |’ | ( F | 


Determine a rotation matrix that maps the points (3, 4) and (1, —2) onto the points (—4, 3) and 
(2, 1) respectively. 


4 0 
Determine the effect of the dilation of the plane represented by ( 0 : upon the 


(a) line y = 3x + 2 
(b) triangle with vertices (0, 0), (1, 2) and (3, 1). Illustrate graphically. 
Find the image of the triangle with vertices (5, 0), (0, 3) and (—2, 1) under the linear transformation 


=2 | 
T:R’ — R?’ defined by T(X) = AX, where A = ; 7 


1 0 
Derermine the effect of the magnification of the plane represented by i ’) upon the ellipse 


ee 
e + [ 1. Illustrate graphically. 
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17. Find a single matrix that defines each of the following transformations on R’. 


18. 


19. 


20. 


2 


— 


(a) a counterclockwise rotation through 77/2, followed by a dilation of factor 2. 
(b) a dilation of factor 3, followed by a reflection in the x-axis. 

(c) a rotation of 77/2, followed by a reflection about the line y = x. 

(d) a projection onto the x-axis, followed by a reflection about y-axis. 

(e) a projection onto the y-axis, followed by a contraction with factor 1/2. 


Construct single 2 X 2 matrices that define the following transformations on R*. Find the 
: é 1 ‘ 
image of the point > under each transformation. 


(a) a reflection about the line y = x, then a rotation through 7, then a dilation of factor 2. 

(b) a dilation of factor 3, then a shear of factor 2 in the x-direction. 

(c) acontraction by a factor of 1/2 in the x-direction, then a dilation by a factor 5 in the y-direction. 

(d) dilation by a factor of 5 in the y-direction, then a shear by a factor of 2 in the y-direction. 

(e) reflection about the y-axis, the a dilation by a factor of 5 in the x-direction, and then a reflec- 
tion about the line y = x. 

Find the standard matrix for the stated composition of linear transformations on R?: 

(a) a reflection about the yz-plane, followed by a projection on the xz-plane. 

(b) a projection on the xy-plane, followed by a reflection about the yz-plane. 

(c) a reflection about the xz-plane, followed by a contraction by a factor of 1/5. 

(d) a reflection about the xy-plane, then a reflection about the xz-plane, and then a reflection about 
the yz-plane. 

Determine whether T,; 0 T, = T20 Tj. 

(a) T,:R* > R’ is the projection on the x-axis and T): R? > R’ is the projection on the 
y-axis. 

(b) T,: R’ => R’ is the rotation through an angle 6, and T>: R’ > R’ is the projection on the 
X-axis. 

(c) T,: R? > R?’ is the dilation in the x-direction with factor 2 and To: R? => R’ is the 
dilation in the y-direction with factor 3. 


(d) Ty: R? > R’ be reflection with respect to the x-axis and T): R? => R’ be reflection with 
respect to the line y = x. 


(e) T,: R® > R’ be dilation of factor &, and To: R?® — R’ be the reflection about origin. 


. Discuss the geometric effect of multiplication by the following matrices. Find the image of the 


1 
vector X = | 2 Junder the transformation using matrix multiplication. Check the geometric 


3 
effect by plotting the vector X and its image. 


1 0 0 3 0 0 

(a)}0 1 0 (b) |0 3 0 
O O- '4 0 0 3 
1 0 0 -1 0 0 

(c)|0 -1 0 (d)| 0 -1 0 
0 01 0 01 
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1 3 1 4 
22. Let T: R* — R?’ bea linear transformation such that 1( 1 = and 1( = | 


Find a matrix representation for T. 


23. Let T: R’ — R’ be translation by vector *| that is, 1( *| = | 7 gl If 
oe 


(CE 


| (1) 


y=ytb 


Equation (1) can be written in matrix form as 


x! 1 0 a\/x 

y}]= {0 1 bly 

1 0 0 1/\1 
1 0 a 

The matrix} 0 1 5b | is called the translation matrix. 
0 0 1 


(a) Use the translation matrix to find the image of the point (3, —4) under a translation of the 
plane that maps the origin onto (5, 2). 


(b) Find the image of P(3, 2) under a translation that maps the origin onto (4, —1). 
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CHAPTER FOUR 


Eigenvalues and 
Eigenvectors 





@ 4.1 EIGENVALUES AND EIGENVECTORS 


Consider a linear transformation T: R”’ — R” that maps the vector space R” onto itself. Such 
transformations are usually known as Linear Operators. The simplest such linear operators are 
the maps T, : R” — R” that multiply each vector X € R” by some real number A. If A > 1, 
then T, is a dilation and if 0 < A < 1, T, is a contraction. If A < 0, T) reverses the direction 
of X. Note that if A = 1, T, is identity operator and if A = —1, T) is reflection in origin. 
If A < 0, T, can be viewed as a composition, T, = T-)0T\,| of a dilation or contraction of 
factor |\| followed by a reflection in origin. However, most linear operators are not so simple. 
But sometimes, it is possible to find certain vectors on which a given linear operator acts like 
T, for some A. 

In this section, we discuss the problem of finding scalars (real numbers) \ for which there exist 
non-zero vectors X such that 


T(x) = Ax (1) 


for a given linear operator T. Such a real number A is called an eigenvalue of T and the associated 
vector X satisfying Equation (1) is called an eigenvector of T. 

It must be noted that X = O is always a solution of (1) for any \. But we do not refer to it as 
an eigenvector of T, since we are interested only in non-zero vectors satisfying Equation (1). We 
again insist that \ is a real number to exclude the possibility of complex eigenvalues. 

It is important to realize that there exist linear operators having no eigenvectors at all. The fol- 
lowing example provides such a linear operator. 


EXAMPLE 4.1 Find a linear operator T: R? —> R? such that T has no eigenvectors. 
SOLUTION 


Let T be the counterclockwise rotation of vectors of R* through 30°. Then, it is clear from the geo- 
metrical nature of T that the vector T(X) cannot be a scalar multiple of X unless X is a zero vector 
of R?. Thus, T has no eigenvectors. 
In the previous chapter we proved that every linear transformation can be represented by 
a matrix. Thus, if T:R” — R” is a linear operator we get n Xn square matrix A such 
that T(X) = AX for every X € R". We can thus define eigenvalue and eigenvector for a general 
square matrix. 
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DEFINITION: Let A be an n X n matrix. A scalar (real number) ) is called an 
‘eigenvalue’ of A if there exists a non-zero vector X in R” such that 


AX = dX 
The vector X is called an ‘eigenvector corresponding to X. 





Eigenvalues are also called characteristic values, proper values, or latent values, and eigenvec- 
tors are also called characteristic vectors, proper vectors, or latent vectors. 

It must be noted here that the eigenvalues of a linear operator T are precisely the eigenvalues of 
its standard matrix and if X is an eigenvector of T corresponding to \, then X is an eigienvector of 
A corresponding to d, and vice-versa. 

Let us look at the geometrical significance of an eigenvector that corresponds to a non-zero 
eigenvalue. The vector AX = AX is a vector parallel to the vector X. It is in the same or opposite 
direction as X, depending on the sign of \. An eigenvector of A is thus a vector whose direction is 
unchanged or reversed when multiplied by A. 


=] 


—2 1 
EXAMPHEYS Lo a = | : 5 | anaxi=|_}]. Then 


mF SlLal- Le} la) -™ 


1 
Thus, A = 3 is an eigenvalue of A and X; = 3 is an eigenvector corresponding to A = 3. 


1 
Let X, = et Then 


w-[) IG Fe]--Li]--- co 


1 
Thus, A = —1 is an eigenvalue of A and X> = | is the corresponding eigenvector. Fig. 4.1 


shows that X; and AX, are parallel to each other and are in the same direction while Xy and AX) 
are in the opposite direction. 





Fig. 4.1 


a REMARK: There is exactly one eigenvalue corresponding to a given eigenvector 
X. In fact, if we have T(X) = AX and T(X) = pX for some X # O, then AX = pX, so 
\ = pw. Corresponding to a given eigenvalue, there can be many eigenvectors. 
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EXAMPLE 4.3 Let A be the identity matrix I,,. Then 
AX = I,,X = 1X, for every non-zero vector X. 


Thus, the only eigenvalue is A = 1 and every non-zero vector in R” is an eigenvector of A associated 
with eigenvalue A = 1. 

In the following example we develop a general technique of finding eigenvalues and associated 
eigenvectors of any given n X n matrix. 


1 2 
EXAMPLE 4.4 Let A = b 4 h Find the eigenvalues of A and their associated eigenvectors. 


SOLUTION 


We wish to find all real numbers ) and all non-zero vectors X = ie 


satisfying the equation 
x2 


AX = AX 
Lee . 
= 4 3 x2 7 X92 ( ) 


1 0 
Using A il = 2 | we rewrite Equation (1) in the form 
x2 0 x2 


pelle etl 


Using the distribution property of matrix multiplication, we have 


([4 lls DLE] = Lo] (2) 


Equation (2) represents a linear system with a matrix of coefficients given by 


F | I) 7 we 2 
A-AL= —A 7 
4 3 0 1 4 3-A 


Also, Equation (2) may be written as 
(1 = A)x1 ar 2x> 
4x1 ate (3 = A)x2 


0 
0 


This is a homogeneous system and has a non-trivial solution if and only if the matrix of coefficients 
A — ALis singular. 


That is, |A — AI|= 0 


Poe 2 
me 4 3-A 


|= 0 
This means that 
(3 -A)(1-A)-4-2=0 
or W-44-5=0 (3) 


The solutions of Equation (3) are given by 


ry = —1 and Ad = a) 
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1 2 
We now have two different eigenvalues of the matrix 43 given by A = —landA = 5S. Inorder 


to determine the associated eigenvectors, we use Equation (1) first with A = —1 and then with A = 5. 
For A = —1, we obtain the system 
Le sdk} =e) 
4 3] Lx Xp 

This gives 

xy + 2x, = —x, 

4x, + 3x2 = —x2 
or 

2x; + 2x, = 0 

4x, + 4x. = 0 (4) 





x] 


1 1 
A non-trivial solution of this system is | = | 1 | Thus, the vector |] is an eigenvector of 


x2 


1 2 
matrix | corresponding to the eigenvalue A = —1. 


4 
Substituting A = 5 into Equation (1), we obtain 


Pelee 


xy 2x9 = 5x, 


which gives 


4x, 3x9 = 5x2 


or 





—4x, sr 2x9 = °} 


4x} = 2x7 = 0 (5) 


; i a x 1 1]. : 
A non-zero solution of this last system is given by : = ; | Thus, the vector 3 is an eigenvector 
x2 


12 
of the matrix | 4 | corresponding to the eigenvalue A = 5. 


1 
« REMARK: It must be noted that the vector A = ] is not a unique solution 
5 = 


i 
of system (4). It can be easily seen that all the vectors having the form ce are 


| where k # O, can serve 


1 
also solutions of system (4). Thus all the vectors ce 


i 


y 
associated with the eigenvalue A = —1. 


1 
as eigenvectors of the matrix 5 , 





Eigenvalues and Eigenvectors 


1 
A similar remark holds for the vector |. in the example above. 


Guided by the above example, we shall now derive a general procedure for finding the eigenvalues 
and their associated eigenvectors for n X n matrices. 

Let A be ann X n matrix. A non zero vector X is an eigenvector of A corresponding to the 
eigenvalue 2 if it satisfies the equation 


AX = AX 
or AX — AX = 0 (1) 


We can write X = I,,X where I, is the identity matrix of order n. 
So Equation (1) gives us 


(A — AI,)X = 0 


This matrix equation represents a system of homogeneous linear equations having matrix of coefficient 
A — AI,. This system has non-zero solution if and only if A — AI,, is singular, that is, 


det(A — AI,,) = 0 
or |A — AI,| = 0 


The expansion of this determinant results in a polynomial f(A) of degree n in \. The zeros of the 
polynomial are the eigenvalues of the matrix A. This leads to the following definition. 


DEFINITION: Let A be an n x rn matrix. The determinant |A — Al,| is called the 


‘characteristic polynomial’ of the matrix A, and the equation |A — dI,,| = 0 is called 
the ‘characteristic equation’ of the matrix A. 





The equation f(A) =|A — AI,| = 0 is an n™ degree equation and, thus, from Fundamental 
Theorem of algebra, it has n roots. The roots may be real or complex and also not all these roots 
may be different. It is clear that the eigenvalues of A are the real roots of characteristic equation 
(A) = 0. Therefore, the eigenvalues are sometimes also known as characteristic roots. 

In the following, we shall write I in place of lh, Is, or I, for our convenience. 


EXAMPLE 4.5 Find the characteristic polynomial of a 2 X 2 matrix. 


SOLUTION 
Let A = eo ie be any 2 X 2 matrix. 
421 422 
f(A) =|A — All 
Here 
A-AI= bes | - aj | 
a2\ a2 0 1 
_ . -A ap 
a} ay7 — A 
—xX 
So |A — ar = |“! me | 
a1 ay2 — A 
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Expanding the determinant, we get 
F(A) = A? = (ayy + aay)A + (ay1a22 — a12421) (1) 


Note that the constant term in Equation (1) is exactly |Al. 


1 2 0 
EXAMPLE 4.6 Find the characteristic equation of the matrix] 2 2 2 
0 2 3 
SOLUTION 
1-A 2 0 
f(A) = |A— All = 2, 2 =X 2: 
0 2 3-2 








(1 — A)(A? — 5A + 2) — 2(6 — 2A) 
= 3 - 6\7 + 3A + 10 


So, the characteristic equation is 


f(A) = 0 
or Me - 6A? + 3A + 10=0 
1 2 3 
EXAMPLE 4.7 Find the characteristic roots of the matrix A where A =| 0 —4 2 
0 0 7 
SOLUTION 
1-2 2 3 
|A-AN =| 0 -4-AaA_ 2 
0 0 7—-x2X 


= (1 — A)(-4— A)(7 — A) 
Characteristic equation is |A — AI] = 0 
(1 — A)(-4-—A)(7- A) = 0 
which gives 
A=1 or A=-4 or A=7 
Thus the characteristic roots of the matrix A are 1, —4 and 7. 


The discussion before example 4.5 leads to the following general method of finding eigenvalus 
and their associated eigenvectors for a given n X n matrix. 


Step 1. Construct the characteristic equation of A, namely,|A — AI,| = 0. 


Step 2. Find all the roots of the equation |A — AI,,| = 0. The roots obtained are the eigenvalues 
of the matrix A. 


Step 3. For each eigenvalue \ found in Step 2, solve the system AX = AX to obtain the eigen- 
vectors X corresponding to X. 
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1 2 -1 
EXAMPLE 4.8 Let A = | 1 0 1 |. Find the eigenvalues and the corresponding eigenvec- 
4 —-4 5 


tors of the matrix A. 


SOLUTION 


The characteristic equation of A is given by 


|A — Al] = 0 
1-A 2 -1 
or 1 —A 1 |=0 
4 -4 5-2 
or MB - 627 + 11A- 6 =0 
or (A — 1)(A2 — 5A + 6) = 0 
or (A — 1)(A- 2) (A - 3) = 0 


A = 1,2,3 


The eigenvalues of A are then 
A; = 1, Ay = 2, A3 = 3. 


Eigenvectors corresponding to A; = 1 


To find the eigenvectors corresponding to A = 1, we have to solve the system of linear equations 


AX = AX corresponding to A = 1. 


Le). 2 = x 

A — AI)X = 1 ll 1 y 
J 

4 -4 5-1/\z 


ooo 


0 2 -l|{|-x 0 
or 1 = lJ|y] = | (1) 
4 —-4 4\Lz 0 
0 2. 1 
Here 1 =] 1] =0 
4 -4 4 


So the homogeneous system (1) has infinity many solutions. Taking z = 4, matrix Equation (1) 
reduces to the system of equations. 


2y-—k=0 
x-ytk=0 


1 1 
Solving them we get x = ah y= 5 * 


1 
—3xk 
2 
Thus, a solution of Equation (1) is 5k | for any real number k. 


k 
In particular, for k = 2, 
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=] 
xX, = 


is an eigenvector of A associated with A; = 1 


Eigenvectors corresponding to 4, = 2 
To find the eigenvectors associated with Ay = 2, we form the system 


(A — 21)X =0 
—1 2 =| x 0 
or 1 =2 lijy]=]0 (2) 
4 -4 3)Lz 0 
—} k 
A solution is | 4 | for any real number k. (verify) 
k 
—2 
Thus, for k = 4, X) = 1 | is an eigenvector of A associated with Ay = 2. 
4 
Eigenvectors corresponding to 43 = 3 
-j k 
We can similarly verify that a solution of the system (A — 31)X = Ois| {x | for any real 
number k. k 
= 
Thus, for k = 4, X3 = 1 | is an eigenvector of A associated with A3 = 3. 


—tk a 

a 

a REMARK: In above example, any vector of the form 4k] or k| 11 where 
Ke V2 


k #0,k ©€ Ris an eigenvector corresponding to A; = 1. A similar remark can be 
made for Az = 2 and A3 = 3. 





For & = 0, the solution corresponds to the zero vector which we do not regard as an eigenvec- 
tor. It must be noted, however, that the number zero can be an eigenvalue. 


0 0 1 
For example, consider the matrix A = : 1 and vector X = }. 


oman [2 IE] -[3]-fe] =e 
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1 
Thus, A = 0 is an eigenvalue of A and X = I, is an eigenvector of A associated with A = 0. 


In fact, zero will be an eigenvalue of a matrix A if and only if the equation AX = OX has a nontrivial 


solution. But this equation is same as AX = 0, which has a nontrivial solution if and only if A is not 
invertible, that is, it is singular. Thus, we observe the following. 


‘0 is an eigenvalue of A if and only if A is singular’. 


In the following examples, we find the eigenvalues and the corresponding eigenvectors for some 
of the transformations discussed earlier and try to interpret them geometrically. 


EXAMPLE 4.9 Let T: R* — R’ be the projection onto the x-axis. Find the eigenvalues and the 
corresponding eigenvectors for T. Interpret them geometrically. 


SOLUTION 


It is clear that the eigenvalues of T are the roots of the characteristic equation of the standard matrix 
representation of T. 
ps ty x x . Me 1 0 
The projection T is given by T = 0 and its standard matrix is A = 0 of 
y 
The characteristic equation of A is given by 


|A — Al] = 0 

1-A2A 0 
or | 0 S|=0 
or A(1 — A) = 0 
> A=OorrdA = 1. 


Thus the two eigenvectors of A are A; = Oand A> = 1. 
The eigenvectors corresponding to A; = 0 are the solutions of the equation 


0 
That is, AX = 0 
(so) G) = Go) 
or = 
0 O/ \y 0 


which gives 


0 
| where k is a real number. 


Solution of this system is k 


: ; 0 
Thus, the eigenvectors corresponding to A; = 0 are the vectors of the form ‘| where k # 0. 


It can similarly be seen that the eigenvectors corresponding to A2 = | are the vectors of the form 


, Where k is a non-zero real number. 


k 
0 
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Geometrical interpretation 


If X is a vector along x-axis, it is of the form for some real number k. And 


0 


*([]) = Lo) = Lol 


Geometrically, the projection of any vector along x-axis is the vector itself. Thus, | is an eigen- 
value of T and the corresponding eigenvectors are the non-zero vectors along x-axis. 


If X is a vector along y-axis, it is of the form ‘ I for some real number k. And 


“(Le]) [ol = Leh 


In other words, T projects the vectors along y-axis onto the zero vector. It is clear that 0 is an 
eigenvalue and the non-zero vectors along y-axis are the corresponding eigenvectors. 

If X is any other vector, that is, X is neither parallel to x-axis nor parallel to y-axis, then the pro- 
jection T(X) of X on x-axis is not a scalar multiple of the given vector. Thus, such a vector’s pro- 
jection is neither zero nor parallel to x-axis. So it cannot be an eigenvector of T. See Fig. 4.2. 





| (0, k) vector along 
- y-axis 





vector 


vector along x-axis 
and its projcetion 


we _ 
(0, 0) zero vector 
as projection 





projection 





Fig. 4.2 


EXAMPLE 4.10 Find the eigenvalues and eigenvectors of the reflection about x-axis in R?. 
SOLUTION 


We try to find the eigenvalues and eigenvectors directly from the geometry of the situation. If 
T: R? > R’ is the reflection along x-axis, then it is given by 


(GL 


Geometrically, we can see that the points on x-axis do not move under the action of T. In other 
words, the vectors along x-axis are reflected onto themselves. It is also clear from the equation 


a( |; = "| as the vectors along x-axis are of the form Fe Thus, 1 is an eigenvalue of T and 


the non-zero vectors along x-axis are the corresponding eigenvectors. 
If X is a vector along y-axis, under reflection about x-axis, its direction is reversed. See Fig. 4.3. 
This fact is also clear from the equation 


rw -o(9)-L]--E)-- 
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x 
> 
T(x)=—x 
Reflection about x-axis Fig. 4.3 Reflection about x-axis 


0 ; 
as vector X along y-axis is of the form | Thus —1 is an eigenvector of T and the corresponding 
y 


eigenvectos are the non-zero vectors along y-axis. 
It can be verified that 1 and —1 are indeed the roots of the characteristic equation of the standard 
matrix of T. 


y 
x 


EXAMPLE 4.11 Let T: R? — R’ be the transformation given by 1( [*}) = i Find the 
Jy 


eigenvalues and eigenvectors of T without finding the standard matrix of T. 


SOLUTION 


It is clear that T is reflection through the line y = x. It is also clear that the points on this line do not 
move under the action of T. That is, if X is a non-zero vector along the line y = x, then T(X) = X. 
Then X is an eigenvector and 1 is an eigenvalue. If X is a vector perpendicular to the line y = x, we 
have T(X ) = —X and X is an eigenvector corresponding to the eigenvalue A = —1. No other vec- 
tor can be an eigenvector. 

You can easily check these results using the standard matrix of T. 


EXAMPLE 4.12 Find the eigenvalues and eigenvectors for the transformation T : R’ — R? given by 
(b)- [3] 
y 3y 
SOLUTION 


Note that T is dilation by a factor 3. It is clear that if X is any vector, then T(X) = 3X. 
Thus, every non-zero vector R’ isan eigenvector of T corresponding to the eigenvalue A = 3. This 


3. 0 
fact is also clear if we consider the standard matrix A of T. The standard matrix A is given by B 3 | 


The characteristic equation of A is 





|A — Al] = 0 
3-A 0 
= 0 
sm | 0 3-A 
or (3 — a)? =0 
=> A=3 


Thus 3 is an eigenvalue of A and since the equation (A — 31)X = O is satisfied by every vector X, 
any non-zero vector of R? is an eigenvector corresponding to A = 3. 
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We have seen in Example 4.1 that rotation about 30° in R’ has no eigenvector. Following exam- 
ple considers the case for 90° rotation. 


EXAMPLE 4.13 Let T be the counterclockwise rotation about 90° of R’. Find the eigenvalues and 
eigenvector of T. Give its geometrical interpretation. 


SOLUTION 


The standard matrix representation of rotation about 90° is given by 


“L 


Characteristic equation of A is given by 


|A — Al| = 0 
-A -l 
or E “| = 0 
or W7+1=0 


This equation has no real roots. 
Thus, A has no eigenvalues and hence no eigenvectors. 

Geometrically, if X is a non-zero vector, T(X) is orthogonal to X. In other words, T(X) can- 
not be parallel to X if X is non-zero. Thus T possesses no eigenvectors. 


The next example clarifies the situation for rotations in general. 


EXAMPLE 4.14 Find the eigenvalues and eigenvectors for the linear transformation Ty where Tg 
is the counterclockwise rotation of plane about the origin through an angle 0. 


SOLUTION 


To find the eigenvalues and eigenvectors we must look for the non-zero vectors X and real number 
d such that 


In other words, we must search for the non-zero vectors X such that X and Tp(X) are parallel. 
It is clear from the geometry of the situation that the vector X and the vector Tg(X) obtained after 
rotating X through an angle 0 are parallel only when @ is an integral multiple of 77. In fact, if 6 is 
an odd multiple of 77, then Ty(X) = —X and if 6 is an even multiple of 77, then Tg(X) = X. Thus, 
Ty has eigenvalues 1 or — | according as @ is even or odd multiple of 77. If 0 is not an integral mul- 
tiple of 77, Tg cannot have any eigenvalues and thus no eigenvectors. See Fig. 4.4. 


x 






rotation 


through 7 rotation 


through 
Qa x = T(x) 





T(x) 





Eigenvalue = —1 Eigenvalue = 1 No Eigenvalue Fig. 4.4 
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Every non-zero vector is an eigenvector corresponding to the eigenvalues | or —1. 
Let us now verify the above observations using the standard matrix A of rotation Ty. We 
know that 


ee @ —sin | 
A= . 
sin@ cos 0 


The characteristic equation of A is given by 





|A — Al] = 0 
cos? — —sind 
sa sind cos@ — 1 aw 
or (cos@ — A)? + sin?@ = 0 
or d? — 2cosOA + 1 = 0 (1) 
Now the eigenvalues of A are the real roots of characteristic Equation (1) which has real roots 
if and only if 
4cos?9 — 4=0 
or cos?9@ - 1=0 
or —sin?@ = 0 
or sin’@ = 0 
=> sin’ @ = 0 (-. sin?@ = 0) 
or sind = 0 
=> 0 = ki where k is an integer. 


Thus Equation (1) has real roots if and only if @ is an integral multiple of 7 and the real roots are 
given by Ay = Az = cos0 where 0 = ka, k € Z. 

Thus if 6 is an odd multiple of 7, Ay = Az = —1 and if @ is an even multiple of 7, Ay = Ap = 1. 
The corresponding eigenvectors are all non-zero vectors. 


REMARK: Note that 6 = 30° in Example 4.1 and 6 = 90° in Example 4.13, both 


are not integral multiples of m and thus the linear transformations have no 
eigenvectors. 





EXAMPLE 4.15 Find the eigenvalues and eigenvectors for reflection in the xy-plane in R?. 


SOLUTION 
It can easily be seen geometrically that every non-zero vector in the xy-plane is an eigenvector with 
0 
eigenvalue 1. The remaining eigenvectors are the vectors of the form | 0 |, z # 0, that is, non-zero 
Z 


vectors along z-axis. Each of them has eigenvalue —1. 
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EXERCISE 4.1 


3 


—] 
. What 
5 3 Wha 


1 1 
1. Show that the vectors | and ie are eigenvectors for the matrix A = 


1 
are the eigenvalues associated with each of these vectors? 


2. Find the characteristic equation, eigenvalues and corresponding eigenvectors for each of the 
following matrices: 


; ‘ i |: | E | i ] 
Ml, | M}o 9 Ol, 4 Mii 1 
0 0 3 0 1 -1 2 v2 
(e) f° | (f) |: | (g) [i H (h) ie al 
3. Show that the matrix E 7 7 has no eigenvalues. 


4. Find the characteristic equation, eigenvalues and corresponding eigenvectors for each of the 
following matrices: 


a | 2 1 0 -1 0 O 
(a)}1 3 1 (b)|0 2 1 (c)|-1 3 0 
1 2 2 0 0 21/DU, B.Sc(Ph.Sc), 2008] L 3 2 ~2 
8 -6 2 2 2 3 3 0 0 
(d)|-6 7 —4 (e) }1 2 1 (f) | 0 4 V3 
2 -4 3 2 -2 1 0 V3 6 


5. Find the eigenvalues and eigenvectors for the following transformations by first finding the 
characteristic equation from their standard matrix. Give a geometrical interpretation for the 
eigenvalues and eigenvectors. (Follow the type of arguments used in Example 4.9) 

(a) T:R*? — R?’ isa projection onto the y-axis. 

(b) T: R* > R’ isa reflection about the line y=-x. 
(c) T:R? > R’ is a rotation through 77/4. 

(d) T:R® — R? isa dilation of factor 3. 

(e) T:R? — R? isa reflection about the origin. 

6. Use the type of arguments used in Example 4.10, 4.11 and 4.12 to find the eigenvalues and 
corresponding eigenvectors of the following linear transformations T from the geometry of the 
situation only. Check your conclusions by calculating the eigenvalues and corresponding eigen- 
vectors from the standard matrix of T 
(a) T:R* — R?’ is the reflection about y-axis. 

(b) T: R? > R’ is a contraction by a factor of 1/2. 
(c) T: R? > R’ is a rotation through 7. 

(d) T:R? > Risa projection onto the xy-plane. 
(e) T:R® —> R’ isa reflection about yz-plane. 

7. Show that if A is a diagonal matrix or a triangular matrix, then the eigenvalues of A are the ele- 
ments on the main diagonal of A. 

8. Show that the square matrices A and A! have the same eigenvalues, However, the same is not 
true for the corresponding eigenvectors of A and A‘. Give an example of a2 X 2 matrix such 
that an eigenvector of A is not an eigenvector of Al. 


128 


Eigenvalues and Eigenvectors 


9. (a) If d is an eigenvalue of a matrix A corresponding to an eigenvector X, then prove that A? 
is an eigenvalue of A’ corresponding to the same eigenvector X. 
(b) If \ is an eigenvalue of A, then prove that A” is an eigenvalue of A” where m is a posi- 
tive integer. 


10. Prove that A = 0 is an eigenvalue of A if and only if A is singular. 

11. If the eigenvalues of a square matrix A are kA, kA, ..., kA, then prove that the eigenvalues 
of KA are kAy, kAg,... 5 KAn. 

12. Let T: R? — R? be the rotation through an angle of 7/2 radians. Although T has no eigenvectors, 
prove that every non-zero vector is an eigenvector of T”. [Hint: We define T? as the composi- 
tion T o T. Thus, if A is the standard matrix of T, then the standard matrix of T’ is A’. 

13. Show that it is impossible for any symmetric matrix of the form 


ek | (b # 0) 


to have two identical eigenvalues. 


Cc d 


15. The Cayley-Hamilton Theorem states that “Every square matrix satisfies its characteristic 
equation”. That is, if the characteristic equation of a matrix A is 


has two distinct (real) eigenvalues. 


M+ aA” 1 +--+ a,=0 then A? +a,A7!+---+a]=0 


Verify the Cayley-Hamilton theorem for the following matrices: 


1 2 3 

3 3 0 2 6 —8 
(a) F A (b) Ls | ©) E S| @ jo 2 2 
0 0 —3 


@ 4.2 EIGEN SPACE 


Let T: R’ — R" bea linear transformation and \ be any real number. Let S, be a subset of R” con- 
sisting of all vectors X such that 


T(X) = AX (1) 


Then S, is a subspace of R”. In order to prove it, we just need to show that S, is closed with respect 
to vector addition and scalar multiplication. Let X,Y © S). Then T(X) = AX and T(Y) = AY. 


T(X + Y) = T(X) + T(Y) = AX + AY = A(X + Y) 
Thus X+Y€ S). 
If c is a real number, then 
T(cX) = cT(X) = c(AX) = A(cX). 


Thus cX € S) 

Hence, S) is a subspace of R”. 

Clearly Equation (1) is satisfied by the zero vector of R”. And most of the time S, = {O}. 
(Indeed, if \ is not an eigenvalue of T). 
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If \ is an eigenvalue, then Equation (1) is satisfied by non-zero vectors (eigenvectors) also. 

In fact, the subspace S, consists of the zero vector and all the eigenvectors corresponding to 
dX. Thus, we have just proved that the set consisting of the eigenvectors of T with eigenvalue » 
together with the zero vector forms a subspace of R”. This subspace is called eigenspace of T cor- 
responding to X. 


REMARK: The set consisting of all eigenvectors corresponding to a given eigen- 


value cannot form a subspace as every subspace must contain the zero vector. 
Thus it is necessary to include the zero vector. 





Since a matrix represents a linear transformation, we define eigenspace for a matrix as follows: 


DEFINITION: Let A be an n X rn matrix and \ an eigenvalue of A. The set of all 


eigenvectors corresponding to \, together with the zero vector, is a subspace of 
R”. This subspace is called the ‘eigenspace’ of A corresponding to 2. 








: 3 0 
DENNINIIIN Find the eigenspaces of the matrix A = |; >| 


SOLUTION 


The characteristic equation of matrix A is given by 


re 0 


=0 
0 4 


which gives A = 2 and A = 3. 
Thus, the eigenvalues of A are A; = 3 and Ay = 2. The eigenvectors associated with A; = 3 are 


given by the equation 


A solution of this equation is x = & and y = 0 where k is any real number. 

Thus the eigenvectors of A corresponding to A; = 3 are the vectors of the form ia , where k is 
a non-zero real number. 

The eigenspace corresponding to A; = 3 is the set of vectors of the form fi where k is a real 
number. Notice that geometrically it represents x-axis . We can similarly show that the eigenvectors 


0 
corresponding to A, = 2 are the vectors of the form f where k # 0. Thus the eigenspace 


0 . : 
corresponding to A7 = 2 is the set of vectors of the form | "| where & is a real number. Again notice 


that any such vector lies along y-axis. 


k . . 
It must be noted that the vectors if] under the transformation represented by the matrix 


3. 0 3k 
A= f | is mapped to the vector 0 | In fact, 
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0 2/10 0 
3k}. : ‘ : 
The transformed vector 0 is also a vector lying along x-axis. Thus the vectors along the x-axis 


(that is, the vectors of the eigenspace corresponding to A; = 3) are mapped onto the x-axis itself. 
Similarly the vectors of the subspace y-axis (that is, the eigenspace corresponding to A, = 2) are mapped 
onto the y-axis itself. Such subspaces which, under the given transformation, are mapped onto them- 
selves are called invariant subsapces. We have thus shown that the eigenspaces of matrix A are invariant 
subspaces. This is an important property of eigenspaces which we shall discuss in Example 4.17 below. 


DEFINITION: A subspace U of R’” is called ‘invariant’ under a linear transforma- 


tion T if T maps each element of U onto an element of U. 
In other words, U is invariant under T if X € U = T(X) € U, that is, T(U) C U. 





EXAMPLE 4.17 Let T: R” — R’ be a linear transformation and \ be an eigenvalue of T. Then 


the eigenspace corresponding to A is an invariant subspace of R”. 
PROOF 


Let X be a vector in the eigenspace corresponding to \. Then T(X) = AX. If X is a zero 
vector, then T(X) = O and hence belongs to the eigenspace. If X # O, X is an eigen- 
vector of T. Then Y = AX is also an eigenvector of T because 


T(Y) = T(AX) = AT(X) = A(AX) = AY. 


Thus, AX = T(X) belongs to the eigenspace. Thus, eigenspace corresponding to ) is an 
invariant subsapce of R”. 


Alternately we can also use the following argument: 
Since eigenspace is a subspace of R”, it is closed with respect to scalar multiplication and thus 
if X is an element of eigenspace, XX is also an element of eigenspace. 


3 0 : : 
The matrix A = in Example 4.16 is a magnification of the plane and under this trans- 


0 2 


formation x-axis and y-axis are mapped onto themselves respectively. They are thus the invariant 
eigenspaces of R’. See Fig. 4.5 below. 





(k, 0) (3k, 0) Fig. 4.5 
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EXAMPLE 4.18 Determine the eigenspaces of the matrix 


Ss 
A= 
3 5 
SOLUTION 
The characteristic equation of A is given by 
VHA ABH H 


and the eigenvalues of A are A = 2 or —1 (verify). 
The corresponding eigenvectors are the non-zero solutions of the equation (A — AI)X = O for 
these values of A. For A = 2, we get 


6 6 Xx 0 
which gives x= 7y. 


The solution of this system of equations are x = —r, y = r where r is a scalar. Thus the eigen- 
vectors of A corresponding to A = 2 are non-zero vectors of the form 


a 
ji 
1 
The set of these eigenvectors together with the zero vector is the eigenspace corresponding to 
=4 é ae . 
A = 2. It is a one-dimensional subspace of R? with basis {| iI. Geometrically, it is a line 


through (—1, 1) and the origin. We can similarly show that the eigenspace corresponding to A = —1 


=2 
is the set of all multiples of ‘| which is a line through (—2, 1) and the origin. See Fig. 4.6. 


ow 
ae 









ea 


—1 E Eigenspace corresponding 
E toh=—1 

91 Eigenspace corresponding 
f ton =2 





Fig. 4.6 


EXAMPLE 4.19 Determine the invariant subspaces of the xy-plane (that is, R*) under a reflection 
with respect to x-axis represented by the matrix A, where 


a-[o 
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SOLUTION 


The eigenvalues of A are A, = 1 and A, = —1 corresponding to A; = 1, the eigenvectors are the 
non-zero solutions of the equation 
bo -lGI-L] 
0 -ljLy y 
which reduces to the system of equations 
“yy 


k 
A solution of this system is of the form f. where & is a real number. So the eigenspace corre- 


k 
sponding to A; = 1, is the set of vectors of the form fl where k is a real number. 


The eigenvectors associated with Az = —1 are given by the equation 
ene) 
0 -ljLy y 
which gives 
x=-x 
ay 


A solution of this system of equations is x = 0, y =k where k is a real number. So 
the eigenspace corresponding to Az = —1 is the set of vectors of the form HI where k is a 
real number. 

Thus the invariant subspaces of R? under a reflection about x-axis are the one dimensional vector 
spaces containing the sets of vectors of the form f | and 7 respectively. Geometrically, they repre- 


sent x- and y-axes respectively. 


2 1 1 
EXAMPLE 4.20 Find a basis for each eigenspace of the matrix A=|2 3 21], 
3 3 4 
2 -1 1 1 1 0 
B=] 0 3 lj,andC=]0 1 O 
2 1 3 1 2. 1 
SOLUTION 


The characteristic equation of A is given by 


|A — Al| = 0 
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which gives 
(A- 1)(A- 1)\(A- 7) =0 
That is, A = 1, 1,7. 


So, the two distinct eigenvalues of A are 1 and 7. When A = 7, the system (A — 71)X = O 
becomes 


—5x+y+z=0 
2x — 4y + 2z = 0 
3x + 3y — 3z =0 


The solution of this system is given by 
x = k,y = 2k, z = 3k where k is a real number. 


1 
So, the eigenvectors corresponding to A = 7 are the vectors of the form A] 2 | where k# 0. The 
3 
1 
eigenspace corresponding to \ = 7 is the set of all vectors of the form k} 2 | where is a real num- 


3 
1 


ber. So the set ) | 2 | 7 acts as a basis for this eigenspace and the dimensions of the eigenspace is 1. 
3 
For \ = 1, the system (A — I)X = O becomes 


xty+z=0 
2x + 2y + 2z = 0 
3x + 3y + 3z =0 














which gives a single equation 
xty+z=0 


To solve this equation we take x = p and y = q, where p and gq are arbitrary, and then take 
z =-—p — q. Thus every eigenvector corresponding to \ = | has the form 


Pp 1 0 
q =p) O;|+q) 1 (1) 
=p = ¢ = = 
P 
where p # Oandq # 0. The eigenspace corresponding to A = 1 is the set of all vectors q 
“P74 
where p,q © R. From (1) it is clear that every vector of such form is a linear combination of the 
1 0 1 0 
two linearly independent vectors} 0 and] 1 |. This means 0 |, 1 is a basis of this 
=i —1 —1 1 


eigenspace. Hence dimension of the eigenspace corresponding to A = | is 2. 


134 


Eigenvalues and Eigenvectors 


a REMARK: In a similar way, one may proceed for B and C. Note that the matrix 
2 =" 1 
3  -—1 | also admits two distinct eigenvalues \ = 2 and \ = 4. 
1 3 


The eigenvalue \ = 2 is repeated twice but the eigenspace corresponding to 
A = 2 is of dimension one. 


| 
The matrix C = | 0 


4 


corresponding eigenspaces are one-dimensional each. Verify these results for the 
matrices B and C yourself. 


1 0 
1 0 | has three distinct eigenvalues \ = 0, 1, 2 and the 
1 





1. Let Abe ann X n matrix. Prove that the set of all eigenvectors corresponding to an eigenvalue 
d of A forms a subspace of R”. What is this subspace called? 


2. Find the eigenspaces of the matrices: 
ae fe 3 (b) B b | 
2 i 
() C= i ;| (a) D B | 
1 2 2 1 


2 2 
p=|' | jr=|t | 
(e) E= 01 (f) F = 11 


3. Find the invariant vector subspaces (eigenspaces) under the following transformations of the plane 


ll 


ll 


1 2 
(a) shear parallel to x-axis represented by (5 1 ) 


1 0 
(b) shear parallel to y-axis represented by (; 1 


0 1 
(c) reflection about the line y = x represented by ( 1 : 


1 0 
(d) projection onto the x-axis represented by ( 0 | 


1 0 
(e) projection onto the line y = x represented by ( 1 | 


2 0 
(f) dilation of factor 2 represented by (° : 


4. Prove that, in general, no invariant subspaces exists under a rotation of the xy- plane (that is, R’) 
about the origin. [Hint. The invariant subspaces exist only when @ is an integral multiple of 7.] 
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5. Find a basis and dimension for each eigenspace of the following matrices: 


2 1 1 5 4 2 
(a) |} 2 3 4 (b) |}4 5 2 
af 25 12 943 
2 -1 0 0 0 -2 
(c)|/-1 2 0 (d)}1 2 1 
0 0 3 10 3 


@ 4.3 DIAGONALIZATION 


We begin this section by stating the eigenvector problem: Given ann X n matrix A, does there exist 
a basis for R” consisting of eigenvectors of A? If such a basis exists, then many numerical compu- 
tations involving A can be simplified. Moreover, such basis have numerous applications in various 
branches of mathematics. 

Our main aim in this section will be to discuss the following equivalent form of the eigenvector 
problem, called the matrix diagonalization problem and try to establish their equivalence. 

The Diagonalization Problem: Given an X n matrix A, does there exist an invertible matrix P 
such that P-'AP is a diagonal matrix? 


The above problem suggests the following definitions. 


DEFINITION: A square matrix A is called ‘diagonalizable’ if there exists an 
invertible matrix P such that P-'AP is a diagonal matrix. The matrix P is said to 
‘diagonalize’ A. 


DEFINITION: A matrix B is said to be similar to a matrix A if there exists an 
invertible matrix P such that B= P~ ‘AP. 





The two definitions together imply the following: 

A square matrix A is diagonalizable if it is similar to a diagonal matrix. 

It must be noted that not every square matrix can be diagonalized. In other words, the statement 
that every square matrix is similar to a diagonal matrix is not true. Our aim therefore is to find the 
condition under which a nonsingular matrix P exists such that P~'AP is diagonal. Moreover if such 
a matrix P exists, then how does one find it. Before answering this, we state the following two 
important results. 


> THEOREM1 4 









>) THEOREM2 4 
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We prove Theorem 2 for a 2 X 2 matrix having two distinct eigenvalues. 

Let A be a2 X 2 matrix and Aj, A> be the two distinct eigenvalues of A. Let X, and X> be the 
eigenvectors corresponding to the eigenvalues A, and A, respectively. We have to show that {X,, X2} 
is linearly independent. 


Consider cyX, + %X, =O (1) 
Premultiplying both sides of (1) by A. 

c,AX, + cAX, = O (2) 
Since Xj is an eigenvector of A corresponding to the eigenvalue A,, we have 

AX, = A,X}. 

Similarly AX) = AyX) 
“. (2) becomes 

cyA,Xy + coA2Ky = O (3) 


Multiplying equation (1) by A, and subtracting from (3), we get 
C2(Az — Aj)X2 = O 
Since X) is an eigenvector, it cannot be zero. 
Co(Az — Ay) = 0 


But \, and Az are distinct, .. Cc = 0. Similarly cy = 0. 


.. X, and X, are linearly independent vectors. Proceeding on the same lines, we can prove that 
if X,, X>,..., X,, are eigenvectors corresponding to the distinct eigenvalues Aj, Az,..., A, of an 
n X n matrix A, then {Xj, Xo,..., X,} is linearly independent. 

The following theorem now answers the diagonalization problem. 
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Combining Theorem 2 and Theorem 3, we get 


While Theorem 3 gives a necessary and sufficient condition for a square matrix to be similar to 
a diagonal matrix, Theorem 4 gives a sufficient but not necessary condition. This does not mean 
that if a square matrix A has repeated eigenvalues, it cannot be diagonalized. The identity matrix 
has same eigenvalues (all equal to 1), but it is already a diagonal matrix. In fact, if the eigenvalues 
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of a square matrix A are not distinct, then A may or may not be similar to a diagonal matrix. For 
example, consider the matrices 


A= EF: | and B= fe | 
0 2 0 2 
Both matrices have repeated eigenvalues A; = Ay = 2. Any non-zero vector of the form *| 
is an eigenvector of A for A, and A». Hence, it is possible to choose any two linearly independent 
vectors, such as H and ? 


1 
A is diagonalizable. In fact, it is already in diagonal form. However, only a vector of the form 


| as eigenvectors of A corresponding to A, and A. By Theorem 3, 


E , x # Ois an eigenvector of B for A; and A. Any two vectors of this form are linearly depend- 


ent. Since B does not admit any set of two linearly independent vectors, B cannot be diagonalized. 
The proof of Theorem 3 also provides a general procedure for diagonalizing a given n X n 
matrix A. Following steps describe the method of diagonalizing A. 


Step 1. Find the eigenvalues as real roots of the characteristic equation |A — AI| = 0. 
Step 2. Find the eigenvectors and basis for the eigenspace corresponding to each eigenvalue. 


Step 3. Compute whether there are n linearly independent vectors or not. If not, matrix A cannot be 
diagonalized. 


Step 4. If answer to step 3 is yes, then form the matrix P whose columns are the n linearly inde- 
pendent vectors. 


Step 5. The matrix P~!AP will then be a diagonal matrix whose diagonal elements are the eigen- 
values of A corresponding to the column of P. 


—4 a 
EXAMPLE 4.21 Diagonalize the matrix 3 5 


SOLUTION 


=I 
In Example 4.18 we have proved that this matrix has two eigenvalues A; = 2 and Az = —1. 1 


: ; : : =2,\\'l 4 : 5 
is a basis for the eigenspace corresponding to \; = 2 and 1 }} is a basis for the eigenspace cor- 


—1 2 

responding to Ay = —1. Since | and | are eigenvectors corresponding to distinct eigen- 
values, they are linearly independent. So the matrix can be diagonalized. 
=1 =2 |e “Ol. o2 : sez 0 

1 a Then, the matrix 3 | is similar to the diagonal matrix E _ | 
whose diagonal elements are the eigenvalues corresponding to the column vectors of P. We can 
verify this by actual computation. 

=| gE =| 
5 1 1 


Li lls 
“Lt ll i] 


Let P = 


P'AP = 


| 

| 
ee 

| 
= bw 
ee 
"1 

| 
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REMARKS: It must be noted that the order in which the eigenvectors are taken 
as columns of the matrix P does not matter for a matrix A to be diagonalizable. In 


= =| 
the above example, we could also have taken P to be the matrix , a OS 


= yA 
still diagonalizable, but the diagonal matrix is now ny >| instead of F os 


Oy 


In general we must note that the order in which the eigenvalues are taken as 
diagonal elements in the diagonal matrix P-'AP is the same in which the corre- 
sponding eigenvectors are taken as the column vectors of P. 


i i 


oi a | if a= | | 








ps — 
EXAMPERMDD 1A = |; | oe 


(i) the eigenvalues of A 
(11) the corresponding eigenvectors of A 


(iii) a non-singular matrix P such that P~'AP is diagonal. 


[DU, B.Sc.(Ph.Sc.), 2006] 


SOLUTION 
(i) The characteristic equation of A is given by 
|A — Al|=0 
That is oe — =0 
2 2 5 =". 
or W+3A-4=0 
or (A+ 4)(A- 1) =0 
=> A= -4,1 


Thus, the eigenvalues of A are —4 and 1. 


(ii) For A = —4, the system of equations (A + 4I)X = O becomes 


GG) =() 
2 —-l/\y 0 
That is, 6x — 3y = 0 
2x -y=0 
which is same as the single equation 2x = y. A solution is therefore x = k, y = 2k for some scalar k. 


1 
The eigenvectors corresponding to A = —4 are therefore vectors of the form k 3 where k # 0. For 


A = 1, the system of equations (A — I)X = O becomes 





Eigenvalues and Eigenvectors 


G2 =3)0)=() 
2 —-6/ \y 0 
or x—-3y=0 
2x — by =0 
A solution of this system of equations is x = 3k, y = k, where k is a real number. 


3 
The eigenvectors corresponding to A = 1 are the vectors of the form ‘| | where k # 0. 


(111) Since the 2 X 2 matrix A has two distinct eigenvalues, by Theorem 4, A is diagonalizable. 


1 3 
Let P = : 
‘ E i 


By Theorem 1, P is non-singular and invertible. We have 


pai} 7 
52 


rarsst lk SIb a 
onl a 
“0 5 
alee 


which is a diagonal matrix. 


EXAMPLE 4.23 Let T:R® — R’ be the reflection about the line y = x. Can the standard matrix 
of T be similar to a diagonal matrix? 


SOLUTION 
We know that the standard matrix A of T is given by 


0 1 
ee 
1 0 
Its characteristic equation is A7 — 1 = 0 and the eigenvalues are A, = 1 and A, = —1. Since the 
two eigenvalues of A are distinct, A is diagonalizable. The eigenspace corresponding to A = 1 has 


1 1 
basis 1 }} and the eigenspace corresponding to A = —1 has basis fe 1 \. 


Ler =|) : 
7 i = 


i Thus P is a non-singular matrix such that P-'AP is diagonal. 
1 
2 ? | E ‘| 
—1yLi Ojll 1 
2 
_ E "| 
0 -=1 


PAP = 


Nie Ni| 
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EXAMPLE 4.24 Diagonalize, if possible, the matrix 


8 -12 5 
A=,15 —-25 11 
24 -42 19 


SOLUTION 
The reader may verify that the characteristic equation of A is 
M-2a7-A+2=0 
or (A- 1)(A + 1)(A- 2) =0 
So, the eigenvalues of A are Ay = 1, Ay = —1 and A3 = 2. 


Since A has three distinct eigenvalues, A can be diagonalized. 
The eigenvectors of A are the solutions of the system 


(A — AI)X = 
8-A 12 5 x 0 
or 15 -25-A 11 y|=|0 (1) 
24 -42 19-aAlLz 0 


For A; = 1, the system (1) becomes 
Ix — 12y + 5z = 0 
15x — 26y + llz=0 
24x — 42y + 18z = 0 





Solving them we get, x = y = z. 
1 


The eigenvectors of A corresponding to A; = | are the vectors k| 1 | where k # 0. 
1 
For Ay = —1, system (1) can be written as 
9x — 12y + 5z = 0 
15x — 24y + 1lz=0 
24x — 42y + 20z = 0 





A solution of this system is x = k, y = 2k and z = 3k. 
1 
k| 2 | when k ¥ 0 are the eigenvectors of A corresponding to Ay = —1. 
3 


For A3 = 2, the system (1) becomes 
6x — 12y + 5z = 0 
15x = 27y + I1z = 0 
24x — 42y + 17z = 0 





which gives 
x = k,y = 3k and z = 6k as solution. 
1 
a basis for the eigenspace corresponding to A3 = 2 is 3 
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1 1 1 
It is clear that | 2 and Hl are three linearly independent vectors of R°. 
1 3 6 


1 1 1 
LettP=]1 2 3). 
1 3 6 


Then P is non-singular and PAP is diagonal. 
ta i) Se Se Si 2-1 1 0 0 
P'AP=/1 2 3 15 -25 I1}]}/1 2 3}/=]/0 -1 0 
1 3 6 24 -42 19|L1 3 6 0 oO 2 


EXAMPLE 4.25 Consider the following three matrices discussed in Example 4.20. 


2 1 1 2; = 1 1 1 0 
A=]}2 3 2], B=]0 3 -1], C= ]0 1 0O 
3 3 4 2 1 3 1 2 1 
The matrix C has distinct eigenvalues A; = 0,A2 = | and A3 = 2. Therefore, by Theorem 4, C can 
0 0 0 
be diagonalized to get the diagonal matrix] 0 1 0 
0 0 2 


We now consider the matrix A. 
The results obtained for A in Example 4.20 is summarized below. 


Dimension 
Eigenvalue Eigenvectors of Eigenspace 
1 
Ay =7 kK} 2|),k #0 1 
3 
1 0 
A.=Az3=1 pl O}| +g) 1Lispq#O0 2 
=] —1 


Since A has only two distinct eigenvalues (eigenvalue | is repeated twice), Theorem 4 cannot be 


used to check whether A is diagonalizable or not. Now { | 2 | 7 acts as a basis for the one-dimensional 


3 
1 0 
eigenspace of A while 0 |,| 1 | ? is a basis for the two-dimensional eigenspace of A. The three 
-1 1 
1 1 0 
basis vectors | 2 },| 0 ],} 1 | can be easily shown to be linearly independent. 
3 —1 —1 
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Therefore, now by Theorem 3, A can be diagonalized. We can take 


1 0 7 0 0 
P=/2 0 1 |andget P'AP=|]0 1 OJ]. 
3 -1 -1 00 1 


Lastly, let us consider the case of matrix B. Matrix B also has repeated eigenvalues. In fact, we can 
verify the following for matrix B. 


Eigenvalue Eigenvectors Eigenspace 
= 1 
Ay =A. =2 &k 14,k 40 © one-dimensional 
1 


1 


A3 = 4 ki} -1],4#0 — one-dimensioanl 
1 
—1 1 
1],} -1 is linearly independent but any set of three eigenvectors is linearly dependent. 
1 1 


Thus, by Theorem 3, A cannot be diagonalized. 


a REMARK: The three matrices A, B, C in the above example lead us to a general 
rule for checking diagonalizibility of a matrix discussed below: 

Theorem 4 says that if ann X n matrix has rn distinct roots, then it is diagonal- 
izable. Matrix A in Example 4.23 and matrix C in Example 4.24 satisfy this crite- 
rion. But what if a matrix has repeated eigenvalues? We have already discussed 
that such a matrix may or may not be diagonalized. Asobserved in the above 


example, we have following general rule for such cases: 

Ann X n matrix A is diagonalizable if and only if the sum of the dimensions of 
the distinct eigenspaces equals n. 

It is clear from this rule that if an eigenvalue \ of a matrix A is repeated k times 
and the eigenspace corresponding to X is of dimension less than k, then A cannot 
be diagonalized. 





In Example 4.24, C has three distinct eigenspaces of dimension one each and C is diagonal- 
izable. The matrices A and B both have repeated eigenvalues. A has two eigenspaces correspon- 
ding to \ = | and \ = 7 of dimensions 2 and | respectively so that the sum of dimensions is 3. 
Hence, A is diagonalizable. On the other hand, B has only two eigenspaces of dimension one each 
so that the sum of dimensions is not three and therefore B is not diagonalizable. 





Eigenvalues and Eigenvectors 


aes =1 
. Let Abea2 X 2 matrix whose eigenvalues are 3 and 4, and associatied eigenvectors are 1 


2 
and respectively. Without computation, find a diagonal matrix D and a non-singular matrix 
P such that P-'AP = D. 
. Aisa3 X 3 matrix with two eigenvalues. Each eigenspace is one-dimensional. Is A diagonal- 
izable? Why? 
. Let Abea4 X 4 matrix with eigenvalues 5, 3 and —2 and suppose that the eigenspace for A = 3 
is two-dimensional. Do we have enough information to determine if A is diagonalizable? 


. For the following 2 < 2 matrices A, find a non-singular matrix P and a diagonal matrix D such 
that P-'AP = D. 


1 1 
ie i =i i <o me 8 | 
(a) |! 1 (b) |_| ql (c) i | (d) Py a 


. Determine whether the following matrices are diagonalizable. If possible, also diagonalize the 
matrix. 


a. <i a =3 4 -1 2 4 
(a) F 1 (6) E 7 © E | @ k | 


. For each of the following matrices, find a non-singular matrix P such that P-!AP is diagonal. 


0 0 -2 5 -6 —6 
(a) A=|]1 2 1 (b) | -1 4 2 
1 0 3 3-6 —-4 
-3 0 6 0 0 0 
(c) A= 0 3 6 (d) A=]0 1 O 
6 6 0 1 0 1 
. Diagonalize the following matrices, if possible 

0 0 1 1 3 3 
(a) |0O 1 2 (b) |-3 -5 -3 
0 0 1 3 3 1 

2 4 3 0 1 0 

(c) |-4 -6 -3 (d) | 0 0 1 

3 3 1 4 -17 8 


. Let A be a 2 X 2 matrix such that Ae; = e, and Aey = O where ej, e> are standard basis 
vectors of R?. Find the eigenvalues and the corresponding eigenvectors of A. Is the matrix 
A diagonalizable? 

. Let T:R? — R’ be the following transformations. Find whether the standard matrix represen- 
tation of T is diagonalizable. 

(a) T is a reflection about x-axis. 

(b) T is a dilation of factor 2. 


(c) T is anticlockwise rotation through = 
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10. Let T: R? — R’ be reflection about the line / that passes through origin and makes an angle @ 


11. 


12. 


13. 


14. 


with x-axis. We have found the standard matrix representation A of T in Example 4.27. Find 
whether A is diagonalizable. If so, also find P and P'AP. 


Show that every 2 X 2 matrix A of the form A = i 


b 
is diagonalizable [See Problem 13, 
Cc 


Exercise 4.1]. 


b 
Let A = k Zl Find the necessary and sufficient conditions for A to be diagonalizable. 
c 


Show that if A is diagonalizable, then 
(a) A’ is diagonalizable 

(b) A‘ is diagonalizable, where k is a positive integer. 
Recall the definition of similar matrices given in the text. 
(a) Prove that A is similar to A. 

(b) If B is similar to A, then show that A is similar to B. 
1 


1 1 
(c) Prove that the matrices k 1 and b 


0 ; oe 
1 have the same eigenvalues but are not similar. 
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CHAPTER FIVE 


Sequences 





@ 5.1 WHAT IS A SEQUENCE? 


Informally, a sequence is an ordered list of things. In everyday usage, the word ‘sequence’ is used 
to suggest a succession of things or events arranged in some order such as chronological order, size 
order and so on. It is quite common in many disciplines of applied sciences like physics, biology, 
medicine and such others in which a variable value or quantity is measured at fixed time intervals 
and the results are recorded in the form of a list. For example, the pulse rate of a patient, measured 
on an hourly basis in an observation period of eight hours, is as follows: 


Pulse per min. 82 81 80 79 76 77 76 76 15 


The maximum and minimum temperatures of Delhi in the week containing the second equinox 
day of the year 2005 are as follows: 





Max Temp. (°C) 34.6 36.0 33.8 34.1 27.6 29.8 32.5 






In this case, the collections 

82, 81, 80, 79, 76, 77, 76, 76, 75; 

34.6, 36.0, 33.8, 34.1, 27.6, 29.8, 32.5; and 
25.0, 26.0, 26.6, 26.1, 23.4, 21.5, 23.3 


are examples of finite sequences. It is clear that we are able to work, mostly with finitely many 
observations, but theoretically, the observed process could last infinitely. Therefore, we can talk of 
infinite sequences. The n' member of such a sequence may be denoted by a,. That is, if for every 
positive integer n, we are given a real number, which we write as a,, then the ordered set 


Qj, AQ, A3,...,Qy,..- 
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also written as {a,}, is said to define an infinite sequence. In fact, by a sequence, we shall mean an 
infinite sequence only, unless stated specially. The precise definition of a sequence is as follows: 


DEFINITION: A ‘sequence’ {a,} is a function a : D — R, where a(n) is denoted 
by a,, D is the set of integers greater than or equal to some integer no, and R is 


the set of real numbers. Usually ng= 1 so that D is the set of positive integers. 
However in some cases, Ng = 0 or some other integer. Unless stated otherwise, 
we shall take ng = 1. 








111 


: 1 : 
(i) The sequence {a,,}, where a, = - The terms of this sequence are 1, —, ya and so on. 


1 1111 
ii) The sequence { — ?. We can also write this sequences as —, =, =, —, ... 
( ) q {=} q oh 2?’ 23” ov 
(iii) The constant sequence {a,}, a, = c, where c is a fixed real number. 
(iv) The sequence {(—1)"}, that is, the sequence —1, 1,—1, 1,... 

(v) The sequence arising out of decimal representation of a number. For example, the sequence 0.3, 
0.33, 0.333, 0.3333, . . . arises from the decimal representation of 1/3 upto 1“, 2™4, 3" place and 
so on. 

Similarly, 


1.4, 1.41, 1.414, 1.412, 1.41421, 1.414213, 1.4142135,... 


is the sequence obtained from the decimal representation of V2. The number 2/5 generates 
the constant sequence 0.4, 0.4, 0.4, ... 
2n 


>: Here the formula makes sense only for n = 3. 
n —3n+2 


(vi) The sequence {a,}, where a, = 


Thus, 79 = 3 in this case. 
(vii) The sequence {A,,} arising out of the amounts compounded annually of rupees, P, at the rate 
r 


of r% per annum over n years. Here A, = P| 1 + 00) Thus, the sequence is given by 


Pia 4 ——) Pl 4 eB eS)... 
100 100 100 


r r 
by th ion fe la Ant, = A,| 1 + —~], Ay = PL 1 + —— }. 
or by the recursion formula A,,+ 1 ( =), 1 ( =) 


(viii) The sequence {a,,}, where a, is defined by the formula: ay,_; = 1, a2, = 2”. The sequence 
is then given by 1, 2, 1, 4, 1, 8, 1, 16,... 

(ix) In the nuclear fission reaction, when a slow moving neutron is bombarded on the enriched ura- 
nium U)35 one nucleus splits resulting in the release of energy, one krypton nucleus, one barium 
nucleus and three more neutrons. These three neutrons then make three other U 35 nuclei split, 
repeating the same in each nucleus. If it takes t seconds for a neutron for bombardment after its 
release then how many bombardments will take place after n seconds from the initial bombard- 
ment? It gives us the sequence 3, ae on ee 
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One word of caution here. For a given sequence {a,}, we can consider the set of values 
A = {a,:n © D}. Itis important to note that {a,} and A are not the same. The set A is sim- 
ply the range of the function a: D — R, whereas {a,} is the function itself. In case of the 
sequence {(—1)”}, we have, 


{(-1)"} = -1,1,-1,1,...; whereas here A = {-1, 1}. 


EXERCISE 5.1 


1. In each part, find a formula for the general term of the sequence starting with n = 1. 

















Lt 3 4:39 1 4 9 16 
a) 1,-.,—-— ... b —=>5-—--- ce) —, : . — 
(a) 3°9’ 27 O78 © Ve ave ave Ve 
(d) 0, 3, 8, 15, 24,... (e) 2,—6, 10,—14, 18,... (f) 1,0,1,0,1,... 
325476 2. & 
2,4, 2,45,.25.4, vx. h Eilers em aoe teper tapee pee i 0; > > 
(8) (b) 4a S67 0 eae We 
5 10 17 
j or re care 
D> 3°] 


2. In each part, find the two formulae for the general term of the seqeunce, one starting with 
n = 1 and the other with n = 0. 


2 3 2 23 4 
(a) l,-r,r*,—r,... (b) r,-r°,7°,-r',... 


m@ 5.2 RECURSION FORMULA FOR SEQUENCES 


Sometimes a sequence is constructed by using a recursion formula. A recursion formula is one where 
succeeding terms are calculated using the previous terms. The following examples will make it clear. 


EXAMPLE 5.2 


(i) a, = 1, a,4, = V2a,. Here the sequence is 1, V2, V2V2, V2V2V2..... 
(ii) For the sequence V6, V6 + V6, V6 + V6 + V6,..., the recursion formula is a; = V6, 


Gn+1 = V6 + ay. 


(iii) The ‘mechanic’s rule’ for approximating square roots states that Va © x,+ 1, where 


1 
Xnt1] = i(s F *), n= 1,2,3,... 
2 Xn 


and x, is any positive approximation to Va. 
The Table 5.1 shows the first five terms in an application of the mechanic’s rule to approximate V2. 


Table 5.1 
1 2 : ‘ 
n xX, =1 Xn41 = 3( x aa 2) Decimal representation 
n 

1 x, = 1 (starting value) 1.00000000000 
2 oo (1 + =) as 1.50000000000 

2 1 2 

1| 3 2 le 

==}-+ =—|=— 1.41 7 

3 X3 413 & 42 66666666 


(Continued) 
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Table 5.1 (Contd.) 








4 se iz + i | 2 aa 1.41421568627 
11577 2 665857 
2 i eo =. ~ 470832 ere 
A aa ess 2 
2| 470832  665857/470832 
886731088897 
= See aECeRG 1.41421356237 


; ; ‘ eee San ol 
(iv) Many calculators compute reciprocals using the approximation . * X,+1, where 
Xnt1 = Xn(2 — ax), n= 1,2,3,... 


and x, is an initial approximation to —. This formula makes it possible to perform division 
a 


using multiplications and subtractions, which is a faster procedure than dividing directly. 


5.2.1 Fibonacci Sequence 

One of the most well-known types of sequences to be expressed using recursion formula is the 
Fibonacci sequence, developed by Leonardo Fibonacci, also known as ‘Leonardo of Pisa’ (A.D. 1170— 
1250). We discuss below the Fibonacci sequence arising out of the breeding habit of rabbits. 


EXAMPLE 5.3, (Breeding habit of rabbits). Suppose that rabbits live forever and that every month 
each adult pair gives birth to a new pair which becomes adult within 2 months’ time and produces 
thereafter one pair of rabbits every month. If there is one pair of newborn rabbits now, how many 
pairs of rabbits will be there in the n™ month? 


SOLUTION 


If F,, denotes the number of pairs of rabbits in the n“ month, then we get 
Fy = 1, Fy = 1, Fy = Fy-1 + Fra 


In fact, this can be explained in the following way: during the first month, a pair of newborn rabbits 
is present. During the second month, this pair becomes adult. Next month, this pair produces one 
new pair so that one adult pair and one young pair are present in the third month and so on. 

Let us write Y,, for the total number of young pairs at the end of the n” month, A,, for the total 
number of adult pairs and F,, for the total number of pairs. Then, we have F, = A, + Y, forn = 1 
and for n = 2, A, = A,—-; + Y,—, and Y,, = A,— 1. Thus, we have Table 5.2: 


Table 5.2 
Month n 1 2 3 4 5 n 
Young pairs Nir 1 0 1 1 2 An1 
Adult pairs An 0 1 1 2 3 Greats Net 
Total ae 1 1 2 3 5 Nir, 
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Combining these results, we find that 
A, =F,-1 for n22 and Yn, = An-1 = Fh-2 for n=3. 
Therefore, for n = 3, F, = A, + Y, = F,-) + Fy—2. Thus, the conditions, F, = F,—,; + F,-2, 
F, = 1, F, = 1 define the famous Fibonacci sequence {F,,} and Fibonacci numbers F,,. 
EXAMPLE 5.4 Compute F, for n = 1,2,3,..., 15, 


SOLUTION 
Simply use the fact that F,) = 1, F) = 1, F, = F,-) + F,—2 (Hint: Fj5 = 610). 


EXAMPLE 5.5 For a Fibonacci sequence {F,,}, prove that 
nA 
(i) a = F,+2 — 4; 


n 
(ii) > Fe = Fy Ft 


Gii) Fri F,-1 — Fy = (-1)" forn = 2; 


n n 


a 

(iv) F, = ie where a, are roots of the quadratic equation x* — x — 1 = 0; 
aoe 

(v) a"? =F, S a"! forall n. 


SOLUTION 
(i) For a Fibonacci sequence, we have 


Fy = Fe+2 — Fy+, for all A = 1. Therefore, 





Fy fy Bye er Both Fy Py = Fo) te (Bg = Fa) eo (Pee = Dea) 
= Frt2 — Fo 
=Fi27 1 


(ii) We prove this result by using the principle of mathematical induction. For n = 1, L.H.S. = 
Sik? = Fi = 1,RHS.=F\F) = 1. Thus the result is true for n = 1. Assume that it is true for 
n = m. That is 


m 
> Fe = FnFin+1 (1) 
Adding F?,,1 to both sides of (1), we get 


m 

2 2 = 2 
oF + Fin+1 = FFint1 + Fin+1 
=] 


m+ 1 


= Fe = Fin+1(Fin + Fin+1) 


= Fn+1F in +2- 
Thus, the result is true forn = m + 1 also. Hence, by the principle of mathematical induction, it is 
true for all values of n. 


(iii) This result can also be proved by using the principle of mathematical induction. For n = 2, 
LHS. = F3F, — F3=2+1- 1% =1andRHS. = 1. So assume that it is true for n = m. 
That is 


Fint1F m1 Fi, = (=1)" (2) 
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Now, 


Fin +2F mn ~~ 


Fat = (Fin+1 ot Fin) Fin ~~ Fa 


os 2 2 
ie Fint1F in at Fin ~ Fint1 


= Fine LF mn > Fn + Fo 
= —FinttFim—-1 + Fin 
= [Fit tFn-1 = Fal 


—(-1)" = (-1)"*! 


Thus the result is true forn = m + 1. Hence it is true for all n = 2. 





(iv) Since a, B are roots of the quadratic equation x7 — x — 1 = 0, we have 
w=at1 and BP=B+1 (3) 
We shall show again by the principle of mathematical induction that 
a’ — B” 
F, = a (4) 
a—Bp 
(a+1)—- (B+ 1) 
Forn = 1,L.H.S. = R.H.S. Forn = 2,R.H.S. = ee =1=LAHS. 
aos 
Assume that (4) is true for m — 1 and m for some m = 2. Then, we have 
Fin+1 = Fn + Fin-1 
al” — Bm m-1 _ am-1 
ee dee een 
a— Bp a—B 
a a 1) = BY B + 1) 
= =a 
qt! : a _ pr} : B° 
= 7 (by (3)) 
a—B 
qintl _ p*} 
= ree 
Hence, the result follows. 
1+ V5 
(v) Here a = 1* V5, F, = F, = 1. Hence forn = 1,n = 2, 
aq’ 2 <F,< q’! (5) 


ll 


Assume that (5) holds for n 


and 


Adding the inequalities, we get 


mM, 


andn = m + 1. Then, 
ait <Fa ain! 


m—1 m 
a = Fin+1 =a 


a” 2 + 1 = BF, + Fyyy Sa” '(1 +a) 


=> 


m+1 


=> a" S Fyio Sa 


a” (1 +a) =Fryi2S a” "(1 + a) 


(a Fin ate Fin-+1 = Fin+2) 
(. lta= a’) 


Thus (5) holds form = m + 2. Hence, by the principle of mathematical induction (5) holds for all n. 
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EXAMPLE 5.6 (Arrangement of leaves). Fibonacci numbers are also observed when arrangement 
of leaves (phyllotaxis) is studied. We consider the case where leaves around a stem follow a helical 
pattern. Proceeding upwards, we mark consecutive leaves by L;, Lz, L3 and so on. Leaf L2 will be 
found standing at a certain angle away from L, around the stem and at a certain distance along the 
stem. In Fig. 5.1, a special case is depicted where the angle is 144°. 





Lo 
Ey Ky 
L3 
Left: view from the side Right: view from the top 


Fig. 5.1 


Helical arrangement of leaves on a stem. In the figure, it is assumed that the same pattern with 
five leaves is repeated after two full windings of the helix. This is the case in roses, some willows, 
and cherries. 


Leaf L3 is displaced from L, in much the same way as L2 from L;. We assume the same pattern 
for all the leaves that follow. In our example, it takes five angles of 144° to arrive at a leaf that has 
the same orientation as L; since 5 X 144° = 720° = 2 X 360°. Thus, we find a periodicity with 
a period consisting of two windings and five leaves. 

In general, we may introduce two numbers: 

(a) m = number of complete turns or windings in a period; 
(b) m = number of leaves in a period. 
In the above case m = 2,n = 5. 

Actual counting on numerous plants, has shown that m and n most frequently take values such 
as 1, 2,3, 5, 8, 13, 21, 34, . . . that is, numbers from the Fibonacci sequence. There are cases such as 
m= 1, n= 2 in the two row leaves of several bulbous plants as well as the horizontal twigs of elm. 

m=2,n=5: very frequent, in willows, roses, stone fruit trees, tulsi 

m = 3, n= 8: in cabbage, asters, and hawkweed 

m= 8, n= 21: scales of spruce and fir cones 

Biologists have tried to explain the peculiar prevalence of Fibonacci numbers in phyllotaxis. 
Symmetry may play a major role because symmetry maintains the mechanical equilibrium of a 
stem, gives the leaves the best exposure to light and supports regular flow of nutrients. However, 
science is still far away from a satisfactory explanation. 


EXAMPLE 5.7 (Branching habit of trees). Assume that a tree has branches that grow indefinitely 
and no branch produces a new branch at the end of the first year. Every branch produces a new 
branch at the end of the second year and each succeeding year of life. At the end of the 1“ year (or 
the beginning of the a year) there is only one branch OP, at the end of the Pa year (or the begin- 
ning of the 3rd year) this branch grows to OPQ and starts a new branch at Q. Effectively, there is only 
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one branch at this stage also. At the end of the 3 year the original branch grows to OPQR, and the 
new branch at Q grows to QR». Thus, there are two branches now with tips R, and Ro». At this point 
of time, QR> is only one year old and produces no new branch but OPQR, is three years old and pro- 
duces a new branch at its tip R;. At the end of the a year, the original branch grows to OPQR)S, 
the branch QR) grows to QR»S3 and the tip at R; grows to a new branch R,Sp. Thus, there are three 
branches now namely, OPQR|S;, QR2S3 and the newest branch R;S) with tips at S;, S» and S3. At this 
point of time, the three branches proceed in their original course but a new growth starts at the tips S; 
and S3. Consequently, at the end of the st year, there are five branches namely, OPQR,S,T; QR2S3Ts, 
R,S2T3, S}T2 and S3Ty with tips at T,, Tz, T3, Ty and Ts. Table 5.3 makes the picture clear. 


Table 5.3 
At the end of year Branches Number of Branches 
1 OP 1 
2 OPQ 1 
3 OPQR}, QR2 2 
4 OPQR )S1, QR2S3, R1S2 3 
5 OPQR S171, QR2S3Ts, R4S2T3, S1T2, S3 T4 5 


At the end of the 6" year, in addition to these five branches, there will be three new branches 
out of T,, T3 and Ts, giving a total of eight branches. 

Observe that the numbers at the end of successive years are 1, 1, 2, 3, 5, 8,.. . These numbers 
are consecutive terms of the Fibonacci sequence. 


5.2.2 Tower of Hanoi Game (Tower of Brahma) 

Another example where recursion formula is used to define the general term of a sequence is the 
Tower of Hanoi game. It consists of n circular rings of varying diameters and three pegs on which 
the rings fit. Initially the rings are placed on the first (left-most) peg in order of their diameters, that 
is, the largest ring at the bottom covered by successively smaller rings. 
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Fig. 5.3 


By transferring the rings among the pegs, one seeks to achieve a similarly tapered pile on the 
third (right-most) peg. The complication is that each time a ring is transferred to a new peg, the 
transferred ring must be smaller than any of the rings already piled on this new peg; equivalently, 
at every stage there must be a tapered pile (or no pile) on each peg. 

The problem is to find out a recursion formula (or in other words, recurrence relation) for the 
minimum number of moves required to play the Tower of Hanoi game with n rings. 

We observe that if four rings are on peg A (in order of their sizes, of course) and we want to move 
them to peg C, we must first play the three ring Tower of Hanoi game to get the first three rings from 
peg A to peg B (via peg C) then move the fourth remaining ring from peg A to peg C, and then again 
play the three ring game from peg B to peg C (via peg A). (Of course, to move the three rings from 
A to B, we must play first the two ring game from A to C via B and from C to B via A and so on). 

Thus to move the n™ ring from A to C, n— | smaller rings must be moved from A to B and later 
from B to C. 

If a,, is the number of moves needed to transfer a tapered pile of n rings from peg A to peg C, then 
An = Gg—-1 + 1 + a,-1 = 2a, + 1. The initial condition is a; = 1 and so a) = 2a, + 1 = 3, 
a3 = 2a) + 1 = 7, a4 = 2a3 + | = 15 and so on. 


1. In the following, the first term or two, alongwith a recursion formula for the remaining terms 
of a sequence are provided. Write down the first five terms of the sequence 








a a 
(a) a1 = 2, ay41 = (“1S (b) a) = 2, dng = 
a 1 
(©) ay = 2,42 =— 1, dye = @) a = 2, ust = tn — HH 
n 
an 
=-| =. 
(e) a >» An+1 wae | 


2. Define a Fibonacci sequence {F,,}. Compute Fo, F13, Fye. 
3. Describe the occurrence of Fibonacci numbers in the nature in 
(i) branching habit of trees 
(ii) arrangement of leaves (phyllotaxis) 
(iii) breeding habit of rabbits 
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(iv) petals of flowers 
(v) plant spirals (such as pine cones, pineapples, sunflowers) 
[Hint: In many plants, the number of petals of its flowers is a Fibonacci number. Some examples 
3 petals: Lily, iris (often lilies have 6 petals from 2 sets of 3 petals) 
5 petals: Buttercup, wild rose, pink and so on. 
8 petals: Delphinilims 
13 petals: Corn marigold, some varieties of daisy and so on.] 
Fibonacci numbers can also be seen in the arrangement of seeds on flower heads. Poppy seeds 
have 13 ridges on top. The number of clockwise spirals on the arrangement of sunflower seeds 
is 55 while number of anti-clockwise spirals is 89. 
Among the Indian herbs, the following phyllotaxis patterns are observed: (from a project 
carried out by the physical science students of Rajdhani College, Delhi University) 
Tulsi: 2,5 (No. of turns, No. of leaves) 
Neem: 1, 2 
Pudina: 1, 2 
Tamarind: 1, 2 
4. Explain the Tower of Hanoi game with 
(i) 3 rings (ii) 4 rings (iii) 7 rings 
5. For a Fibonacci sequence {F,,}, show that 
(a) Fy + F3 + Fs + 00+ + Fop—1 = Fay 
(b) Fy + Fa + Fo + -*+ + Fon = Fonts — 1 
[Hint: Add the equalities F} = Fy, F; = Fy — Fo, Fs = Fe — Fy and so on. For the proof of 
part (b), use the result 5.5(i) of the solved example] 


m@ 5.3 DIFFERENCE EQUATION 
A difference equation associated with a sequence {x,,} is an equation that involves two or more arbi- 
trary terms of the sequence. The following are examples of difference equations: 


= : = : 2 = 2 

Xn = Xn-15 XK+2 ~ Xho Xn +n Xn+1 ~ Xn-3> 
= ih = ‘ oi val, 

Xn+1 = Oni) , Xnt+1 = GXp at b; Xnt+1 = Xn; 


Xp HA ae. 
The following are not examples of difference equation. 
X, = 3 (only one term); X5 = X6 — X> (no arbitrary terms) 
Each of the following represents the same difference equation: 
Axn = 2Xn3 Xn) = 3Xn3 Xn = 3Xn-15 Xk = BHA 


where Ax, stands for x,41 — Xp. 

It is the relationship between the terms that characterizes a difference equation. Difference 
equations are the essential basic mathematical components of all discrete mathematical models. The 
fundamental concept of a difference equation, namely, the change in quantity between generation 
(such as Ax, = X,+1 — X,), translates naturally into derivative, which is the fundamental concept 
of differential calculus. When one attempts to apply calculus to real problems that require real solutions 
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frequently, the only way to obtain a solution is to utilize a computer. This requires translating the 
calculus concepts into discrete step-by-step procedures that are described by difference equations. 
Some examples of difference equation are given below. 


EXAMPLE 5.8 Suppose that female unicorns live for exactly four years. Let u,, be the number of 
female unicorns at the end of the n" year. The number just born in the nh year iS Uy) — Uy—, and 
they die in (n + 4)" year after bearing offsprings in (n + 2)" and (n + 3)" years. Thus, 

Un = Upn—y + (tup—2 ~ Un—3) ae (Un —3 ~ Un—4) ~ (Un—4 a Un—s) 


= Un—1 + Up—2 — 2Uy—4 + Un—s. 


EXAMPLE 5.9 We list several common difference equations for growth mechanisms, where x, 

indicates the population size at generation n and Ax, = xX,+1, — X, is the change in the population 

size from the n™ to the (n + 1)" generation 

(a) Constant growth: Ax, = c, where c is some constant 

(b) Proportional growth: Ax, = cx, 

(c) Geometric growth: Ax, = cr”, where r is the common ratio between two successive generations 

(d) Logarithmic growth: Ax, = logn 

(e) Delayed growth: Ax, = f(x,—;), where f is a function to be specified and ¢ is the lag-time or 
delay-time. 

(f) Logistic growth: Ax, = cx,(xg — X,), where xg is an equilibrium population. 

(g) Stochastic or probabilistic growth: Ax, = px,, where p is the probability of each individual of 
the population ‘giving birth’ to a new individual. 


EXAMPLE 5.10 A new park is designed to have a buffalo herd. Due to normal mortality, the herd 
size is expected to decrease by 5 percent each year. The initial herd size is 85 buffaloes and each 
year 38 more buffaloes are added to the herd. Express the herd size as a sequence, using difference 
equation. What is the population of buffaloes in the aM generation? 


SOLUTION 


Let x, denote the herd size at generation n and x) = 85 denote the initial herd size. Based upon the 
above information, the change Ax, in the herd size will be same at each generation x,. 


Ax, = —0.05x, + 38 (5% death + new stock) 
Also, Axn = Xnt1 — Xn 
Thus, Xn+1 = 0.95x, + 38, 


which is the required difference equation from this formula. Now we can evaluate the herd size at 
generations n = 1,2,3,.... 


1 = 0.95x9 + 38 = 118.75 
xX) = 0.95x, + 38 = 150.81 
x3 = 0.95xy + 38 = 181.27 





and so on. Thus, the herd size in the 3" generation is approximately 181. 
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A solution of the difference equation x,+, = f(n,x,) is a sequence {x,} such that for each 
choice of n = 1, 2,3,... the relation x,+, = f(n, x,) is true. 


3. . : : 1 . 
The sequence {x,} where x, = pa isa solution of the difference equation x,+, = an This 


1 
may be verified by showing that x,4 1 equals arn 


3 3 1 1 


Xnt1 atl gn te 


The solution of a difference equation need not be unique. Consider the following example. 


EXAMPLE 5.11 


(a) The difference equation x,4; =x, + 2 has the solution {3,5,7,9,..} and also 
{—4, -2, 0, 2,4,..}. 
(b) The difference equation x,+ , * x, = 1 has the solution x, = 1 for all n, and also the solution 


1 
y if n is odd; 


XxX, = oe ‘ 
2, ifn is even. 


(c) The difference equation Ax, = 0 has as a solution, the constant sequence {x,}, where x, = k, a 
constant. Then each choice of k results in a different solution. 


1. A milkman supplies milk in a colony. The number of new customers added every month is 
directly proportional to the number of existing customers. Express this as a difference equation 
of sequence {x,}, where x, denotes the number of customers at the end of the n” month. If the 
milkman started with 5 customers initially and after one month he had total seven customers, 
find the approximate number of his customers after 6 months. 


2. Ina school, 500 children are not vaccinated against smallpox. Trend analysis of an outbreak of 
smallpox has shown that the number of new cases of smallpox reported in the school per week 
was proportional to (i) the number of children already affected and (11) the number of unaf- 
fected children amongst the non-vaccinated children. Express this as a difference equation of 
the sequence {x,}, x, denoting the number of affected children after n weeks. Initially 2 children 
were affected and 3 more were reported affected in the first week of the outbreak. How many 
children would be affected after (i) 3 weeks (ii) 5 weeks. 

3. A factory can produce 50 units more of a product every month than that produced the previous 
month. Express it as a difference equation. If in the first month it produced 100 units, in which 
month will it produce 2000 units? What will be the total number of products by then? 


4. The growth rate of a company is reported to be 10% every year. Express it as a difference equa- 
tion of {x,}, where x, is the asset of the company at the end of the n'® year. In how many years, 
will the company be above the double of its assets? 
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m 5.4 TYPES OF SEQUENCES 


5.4.1. Subsequences 
Another way of constructing a sequence is by picking up terms of an existing sequence. The 
sequence so obtained is called a subsequence of the already existing sequence. 


DEFINITION: Let {a,} be a sequence and nj, no, n3, .. . be an increasing 


sequence of natural numbers. We say that the sequence {b,}, where by = an x, is a 
‘subsequence’ of the sequence {a,}. We also denote this subsequence by {ap}. 





(i) Let a, = (—1)" and by = ayy. Then the sequence {b;} = 1,1, 1,... is a subsequence of 
{an} = —l, 1,-1, 1,-1, icier t= 
(2k + 1)! 


n! 
ii) Let a, = — and b; = phen 1 Op 9 — ere 
(ii) Let a, n and by = dy4. Then {bg} (oe de 1)2#+1 


is a subsequence of {a,}. 


5.4.2 Other Important Types of Sequences 
Depending on their characteristics, sequences can be divided into different types or categories. The 
following definition describes some important types of sequences: 


DEFINITION: Let {a,} be a sequence. We say that the sequence {a,} is 
(i) bounded above, if there exists a real number K such that a, = K for all n; 
(ii) bounded below, if there exists a real number k such that k = a, for all n; 


(iii) bounded, if it is both bounded above and bounded below. In other words, if 
there exists some real number M such that |a,| = M for all n; 


(iv) increasing, if Q@n4 = Ap for all n; 
(v) decreasing, if an.4 < ap for all n; 
(vi) monotonic, if it is either increasing or decreasing; 
(vil) strictly increasing, if an.4 > Ap for all n; 
(vill) strictly decreasing, if an.4 < ap for all n; 
(ix) strictly monotonic, if it is either strictly increasing or strictly decreasing. 





EXAMPLE 5.13 Give an example of a sequence {a,,} which is unbounded but contains a bounded 
subsequence. 


SOLUTION 


n 1 1 
The sequence given by {a,} = {ni} } has its members 1, 2, 3 4, rae and is unbounded. But its 


... 1s bounded. 


11 
subsequence {a2,-;} = 1, 7S 
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EXAMPLE 5.14 Verify which of the following sequences are monotonic and bounded: 


@ {1-4 wm offs  @f{zt of" 





an 
n+2n+1 Qn n . = 
{Sst @ {2 {2} @ rey 
SOLUTION 





' (1 1 (1 ‘) 1 1 Ee teh 
— = 7 
8) att — On n+] n no on+1- nv(n+1) 
“. {a,} is an increasing sequence. Also, 0 < a, < 1 for all n. Therefore {a,} is bounded. 

(3) a4 = a= (et 1) 2) = Gee 2") 

=l]- grt +20 

=1-2"(2-1) 

=1-2"<0 for all n. 


“. {a,} is a decreasing sequence. 
{a,} is bounded above but not bounded below. 








12 3 
The t f th De ieee 
(c) The terms of the sequence are 1 9°32 
nt 1)! n p 
Here Gn+1 _ ( ) : no ( n 24 
An (n+1)"*! nl n+1 


Hence, ay+1 < dy for all n. 
Therefore, {a,}, where a, = — is a decreasing (in fact, strictly decreasing) sequence. It is 
n 


bounded also, as 0 < a, = 1 for all n. 


bot) nt | n ( “) 
d) H = = 14 = i, 
(d) Here ome | 28 3 n 


1 
Therefore, {b,,} is a decreasing sequence. It is bounded as well, since 0 < b, = es for all n. 





1 ; . . . 
(e) Here, the terms of the sequence are 1, 2, =, 4, =, 6,.... It is clear that this sequence is neither 


oS 
increasing nor decreasing, nor bounded. However, it is bounded below as 0 < c, for all n. 
n+2nt+1 
nr 
monotonic. We write 


8 ; 
(f) Here d, = ; the terms of the sequence are —2, 9, zo Thus, the sequence is not 











nm +2n+1 _2n+4 . 
d, = 2 =l1¢4 2 =l1¢ Cn 
a3 n= 3 
2 4 
where c, = : . It can be shown that for n = 2, 

qo 
Cy m+ (n+ 1-3 
—>r>1eoe ————<——<—— 
Cn+1 nr —3 2(n + 1)+4 


= Ww +2n+5> 0, which is true for all n = 2. (In fact, for n = 1, the L.H.S. of the 


inequality becomes negative). Then {c,,} is strictly decreasing for all n = 2. Therefore {d,,} is 
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strictly decreasing for n = 2. Moreover, {d,} is bounded, as we have —2 = d, = 9 for 


alln=1. 


ie te 2 ee aed 
(g) Here x, = ne so that a nl x 5A 5 











= 1 for all n = 1. Thus, sequence 


{x,} is decreasing. Moreover 0 < x, < 2. Thus, {x,} is bounded too. 


(h) We employ an alternative method, the differentiation technique, to prove monotonicity of the 


sequence. 
x 
Let f(x) = ——, so that f(a,) = a, for all n. 
x+1 
< Fx) (x+1)—-x 1 oT 
ow, x)= OE ; 
(x + 1)? (x + 1)? 


.. f is increasing for all x. In particular, f(n + 1) > f(n) for all n. 


 Ant1 > Gy for all n. 

Hence {a,} is an increasing sequence. Also, 0 < 4 <1. 

Thus, {a,} is bounded too. 

(i) Let f(x) = xe~* so that f(n) = a, for all n. 

Now, f'(x) =e* —xe*=e *(1 — x) < 0 forallx =1. 
J (x) is decreasing for all x = 1. In particular, 
f(n +1) S f(n) for all n. 
Ant+1 = dp for all n. 


Hence {a,,} is a decreasing sequence. 


1 
Also, 0 = a, = a, for all n; that is, 0 = a, = 5 for all n. Therefore {a,} is bounded. 


EXAMPLE 5.15 Give example of a sequence {a,,} which is 
(a) bounded but not monotonic; 


. : : 1. . 
(b) increasing with a, # 0 for alln © N, but 5, = — is not monotonic. 
n 


SOLUTION 





— 1)" 
(a) The sequences {(—1)"}, {1 + Ch are bounded but not monotonic. 
n 


1 
(b) The sequence {2n — 9} is increasing and a, #0 but the sequence {b,} = {4} = 
n 
t 2-4 1 ! 
—>, -2, ->, 1, 1, =,...7 1s not monotonic. 
qs 3 3 


. Qy Fidg ho Fb a, 
EXAMPLE 5.16 Let {a,} be a sequence; define the sequence {b,} by b, = a, 
n = 1,2,3,.... Show that if {a,} is bounded (respectively monotonic) then {b,} is also bounded 


(respectively monotonic). 
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SOLUTION 
Assume that {a,} is bounded. Then there exists a real number M > 0 such that |a,| << M for 
everyn EN. 
Now, 
ata,tta a\| + jag] + + Ja M 
by 1 + a n| — lail |ap| lan] on ay 
n n n 
for all n; thus {b,} is bounded. 
Further, we have 
at ag tt ay Ant, ay tT a2 ++ ay, 
bn+1 by 
n+ 1 n 
n(ay + ay +++ Ay + Gy4y) — (n + 1)(ay + ag +++ + ay) 
n(n + 1) 
NAn+1 — (a, + ay t+ + an) 
n(n + 1) 
(4n+1 — 41) + (nei — a2) + 777+ (Gn41 = Gn) 
n(n + 1) 


This shows that the monotonicity of {b,} follows that of {a,}. 


In Questions 1-10, determine, if the sequence {a,} is bounded above, bounded below or bounded. 

















i, ag ee op ee ep Sh ee 
ee ag « Ay = mi - A, = n Qn 
=1)7 —1)" 
4. a, = (-1)" bean GeSie 
n n 
1\" 1 1 
7. dy = bee Bey ae ere 
1 1 1 th 3 
9a,=1t—-+—5 4-04 10. a, = The n™ prime 


2 22 gn-l 


In Questions 11—25, show that the given sequence is strictly increasing or strictly decreasing. 











11. {| 12. 5 7 13. on | 14. {n — 3”} 
15. {n—n*} 16. 15 17. {2ne"} 18. tamil 
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A n 1 + 3 
19, {=} 20. {=| 21. {2 4 loan 22. jae 
n! 2(n") n n+ 3 


23. {tan !n} 24. a; = 1,ay4, = 2a, —4 25. ay = 2,an41 = 3a, — 2 


m@ 5.5 CONVERGENT SEQUENCES 


5.5.1 Convergence of Sequences 
Consider the graphs of the following sequences: 


—1 n 
{I, {(-1)"}, {n}, fae \, represented by the diagrams (a), (b), (c) and (d) respectively. 


n 





an 











(c) 
Fig. 5.4 


In (a) and (d), as n increases, the terms (points) gradually move towards zero. In (b), the terms 
(points) oscillate between 1 and —1, in fact, they are alternatively —1 and 1. In (c), a, increases as 
n increases. Thus, only in the first and the fourth cases, the terms of the sequences are moving 
towards a fixed finite number, namely zero. In other words, we can say, the terms of the sequences 





1 =)" 
{| and {‘ 7 ) finally ‘rest’ around zero; however in case of {(—1)"} and {n}, no such unique 


‘resting point’ is available. 
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The sequence of the first kind are of much interest to us. Let us observe few more such exam- 
ples with a closer look. 




















1 n 
In sequences like {2-1 {! a (-4) and so on, we observe the following facts: 
n 


(i) As n increases, a,’s tend to one fixed number, say /. 


(11) If we lay one strip around the line representing J, all a,,’s except the first few, that is, all a,,’s for 
n = N (say) lie within that strip. 


(111) Thinner the strip, bigger is the value of N. 


Now, we are very close to defining a convergent sequence. In fact, if such a number /, as 
observed above, exists, we call / the limit of the sequence {a,}. Such a sequence is termed as a con- 
vergent sequence. 
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DEFINITION: A sequence {a,} is said to converge to /, if given « > 0, there 
exists a positive integer N such that 


lan —I|<e for alln = N 


We express it by lim a, = / or bya, ~/asn—o. 
noo 





We also have the following definition. 


2 DEFINITION: We say that a sequence {a,} diverges to oo (respectively to —0o) 


if for every real number K > 0, there exists a positive integer N such that a, > K 
(respectively a, < —K) for alln =N. 





We shall use notations lim a, = co and lim a, = —oo to denote that {a,,} diverges to 00 and 
noo 


{a,} diverges to —0o respectively. 

60! {n?} ° 
50 
30 
20+ 


Wee cee os caste Sse ess eeu eeae eee ewesceeeae 








(a) 

A 
1005 

[ {n?} 
80 f . 
60 ” K=50 
40 
20 - 

Patel Sey ep ee 1 1 1 L ree 





(b) Fig. 5.6 
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A sequence which does not converge to any finite limit is said to be divergent. Thus, a sequence 
of the type {(—1)”} or {(-—1)” - n} which oscillates finitely or infinitely are examples of diver- 
gent sequences. Thus, apart from the convergent sequences, all the others are divergent sequences. 


REMARK: We have provided the definition of convergence. When will a sequence 
be not convergent? 


{a,} diverges <— For any real number /, there exists « > 0 such that for every 
positive integer N, there exists n = N with|a, — /|= e. 





We illustrate the definition of convergence with the help of few examples. 


1 
(i) For the sequence {| , let 0 be the number to be put to test for its limit (why ?). Let se > 0 be 





any real number. Now 
4 : 
-—-0j<eaon>— 
n € 


i 1 . ; : : 
Let N be any integer greater than — (We can always find such an integer, using Archemedian 
€ 


Property!). Then, we have, 
1 
|! = y <e&€ Yn=N 


1 
Hence, lim — = 0. 
noo 


1 
« REMARK: In the inequality i = o < «, if we take « = .25, then N can be any 


integer greater than 4. If « = .001, then N can be any integer greater than 1000, 
and so on. 








(ii) : i \ The number to be tested here is 1 (why ?). Let e > 0 be any real number. Now 
n 


n 
nt+1 





1 
-if<eanti>} 








'Archemedian Property. If x > 0 and y is any real number, there exists a positive integer n such that nx > y. 
Geometrically, it means that any line segment, no matter how long, may be covered by a finite number of line segments of 
a given length, no matter how small. Archemedes realized that this was a fundamental property of straight lines and stated 


it as one of the axioms in geometry. 
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Ss 1 
Let N be any positive integer greater than — — 1. Then, we have 
E 


n 
n+ 1 








= ] <€foralln =N. 





n 
Therefore, —>lasn—ow. 
n+ 1 


1 
« REMARK: We could have also taken N as an integer greater than s Then for 


1 
any n= N, we would get, n + 1 > ~ serving our propose. 





l n 
(iii) {! ae (-3) \ Again here, we test 1 for possible limit. Let e > 0 be any real number. Now 


1\" log 
ieee 
2 log2 








lo 
Therefore, by choosing N to be a positive integer greater than 


Bo we get 
log2 ’ e 


1 n 
hi + (-3) -i|<e for alln = N 


1 n 
Hence, lim E + (-2) = 1. 
noo 2 


(iv) Leta, = n-. The terms of this sequence are 1, 4,9, 16,.... Let K > 0 be any real number. Then 
ay > K for all n = N, where N is any positive integer greater than VK. Therefore, the sequence 
{n*} diverges to oo. 

(v) Let a, = (—1)”. The terms of this sequence are —1, 1,—1, 1,—1,... Thus, the sequence is 


oscillating between —1 and 1, instead of approaching any fixed value, as n increases. Therefore 
{a,} is a divergent sequence. 





("| 
(vi) : . Let e > 0. Now, 





i | : 
—-0)<eaon>— 
n € 
. Ne 
Hence, as in the first example, lim = 0 
noo NN 


1 
(vii) {3} Let e > 0 be any real number. Now 
n 





1 1 
4-0 <cenet 
Ve 


nw E 
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1 
Choose any positive integer N > —=. Then, we have 


Ve 


1 
4-4 <e«foralln=N. 
n 





Hence, aq Oasn — oo. 
n 


1 
« REMARK: We could have also chosen N as an integer greater than 5 Then for any 


1 1 
n=N,n?> . To} aT -es 0) < «. Thus, there may be several ways to select N. 
a) 











.. | Sinn 
(viii) \. 
n [DU, B.Sc. (Ph.Sc) 2008] 
Let ¢ > 0 be any real number. We observe that ; 
1 1 sinn| _ c 
Oe Se ae and ow 








: 1 
Let N be any integer greater than —. Then, we have 
E 

















sinn 
ae 0| < € foralln =N. 
Hence, lim canis 0. 
noo NN 
1 — |x 
(ix) {x"} where |x|< 1. Let = | | Then a@ > 0 and |x| = , so that 
1 |x| lt+a 
" = ———____ Now, 
hl G+ ay" 
(l+a)" = Lt na tee ab a 
>1+ na; 
n I ! n 1 : 
Thus, |x|" = ———_— < ———.. Therefore, |x|” < © whenever < e; that is, 
(l+a)" L+na 1+ na 


l-e Sead aes oe lL =<e 
whenever n > ———.. We choose a positive integer N satisfying N > ———. Then, we have 
ae ae 


|x” — O| = |x"| = |x|" < e for alln = N. 


Hence, lim x” = 0. 


no 


5.5.2 Algebra of Convergent Sequences 

Below we list out some important properties of convergent sequences. These properties may be used 
to simplify computations of limits so that it is not necessary to use the definition of convergence 
every time we evaluate a limit. 





Sequences 





We illustrate the above results with the help of some examples. 


EXAMPLE 5.17 In each of the following, determine whether the sequence converges or diverges. 
If it converges find the limit. 








: 1 (-1)""! 1 
(a) fn ee i} (b) { i co} (©) {0 we i 


(d) {8 — 3n} (e) {se +} (f {en : “| @) {3 - ta'\ 











3n +1 n+ 
SOLUTION 
(a) We have ae = s 
n n 
For given e > 0, xe _ y <5, whenever = <e. 





1 
Therefore, by letting N be any integer greater than 2 we find 





sinn 
at |<. foralln =N. 
n 
. sinn 
Hence, lim —— = 0. 
no Nn 








Agai li = lim ———— 
ie jae D ge ih 
lim 1 
now 
; 1 
lim € + 1) 
no n 
- 1 — tI 1 
1 34+0 3 
lim 3 + lim — 


noo noon 
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: . I 
Therefore, lim ae : 2 = lim ez lim : =0--~=0 
n—>co n 3n + 1 





noo n 


l = n+1 1 ~1)" 
(b) tim (4+ ) ) = im dees = 0 + 0 (how?) = 0. 
n 


: do. i 1 . As ‘ 
(c) Since lim es = 0, the product (-1)""! Pie oscillates between positive and negative values, 
noo 


with the odd-numbered terms approaching 0 through positive values and even-numbered terms 
1 
approaching 0 through negative values. Then lim (—1)"*! - — = 0, that is, the sequence con- 
noo n 
verges to zero. 


Alternatively, given e > 0, 


1 1 
(-1)"*!.-—-0 =-—-<e for alln = N 
n n 


f bie? 1 
where N is any positive integer greater than —. 
€ 


n+1 chy = 0. 


Hence, lim (—1) 
n—oo n 
(d) The terms of the sequence are 5, 2,—1,—4,—7,—10,... 
Thus, the terms are steadily getting smaller as n increases. 


Let K > 0 be any real number. 


Then 8 — 3n < —-K foralln =N, 
8+k 
3 





where N is any positive integer = 
Hence, lim (8 — 3n) = —oo. 
noo 


Thus the sequence {8 — 3n} diverges to —co. 


(e) Discussed in (a) above. 


(f) The terms of the sequence are same as of (e), except for its sign. Thus, the terms oscillate 
between positive and negative values, with the odd numbered terms being identical to those in 
(e) and even numbered terms being the negatives of those in (e). Thus, the odd-numbered terms 
in the sequence approach 1/3 and the even-numbered terms approach —1/3. Therefore, the 
sequence has no limit, it diverges. 





sate . on 
(g) lim cif a. 4 be. 
on ee Lt lim (1+ 4) 


5.5.3 More on Convergence of Sequences 
In this section, we provide some useful results and their applications, related to convergence of 
sequences. A useful result in this regard is the Sandwich theorem. 
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Sequences 





An immediate consequence of this result is the following corollary: 


Corollary If lim |a,| = 0, then lim a, = 0. 
no noo 


It follows from the fact that —|a,| = ay, = |ayl. 


EXAMPLE 5.18 Examine the convergence of the following sequences: 
cosn 1 1 
— —] Mh ge 
(a) ‘a (b) ea (c) {( ) | 


SOLUTION 


(a) Since 0 = 





osn 1 1 
=— and ——0asn—o. 
n 





n n 








Hence by Sandwich Theorem, with a, = 0 for all n, 
cosn 





lim = 0. 


n—o| Nn 








Consequently, lim —— = 0 (by Corollary). 
noo 


1 1 
(b) Since, 0 = an = ” using Sandwich Theorem, 


we get, lim =, = 0. 
n—oo2 





1 1 
(c) Here, 0 = \- 1)"" = 5) hence as in (a), 


1 
lim (-1)"-—=0. 


no n 


EXAMPLE 5.19 Discuss the convergence of the sequences 
2 L+2Q24-04 
(a) : sin(3n + y} (b) {22 teosn} 
n 











n+l + 1 
SOLUTION 
: 2n 
(a) 0= | sing +n] = 
2. 
=——_< 


slew 


n+ 


ZilRe 
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2 1 
Now, lim — = 2 lim -=2X0=0. 


noon noon 





Hence, by the Sandwich Theorem, lim 
n= 


2 
s sin(3n + 1)} = 0 
coln 1 


2n 
w+ 





and by the corollary, lim sin(3n + 1) = 0. 
noo 


(b) Here a, = eS ae 
n+ 
2 n(n + 1) 
(n+ 1)(n?2 — n + 1) 


1 
= ——~ cosn! 


1 
o(n-1++) 
n 
1 
n—-1 


cosn! 





IA 


1 
Thus, 0 = |a,| = ——. 
a= 1 


Hence, by the Sandwich Theorem lim |a,| = 0 and therefore, by the corollary lim a, = 0. 
no noo 


Earlier we have studied the bounded sequences. A bounded sequence need not be convergent as 
is evident from {(—1)"}. However, we have the following results: 


> THEOREM 4 








EXAMPLE 5.20 Discuss the convergence of the following sequences 
5” nN ! ; 1 n 
@®— Gi) (is fixed real) (iii) — (iv) (1 + 1) 
n! n! n" n 
SOLUTION 
5” An+1 snl n! 5 


i) H =—, = x = <1 forn = 5. 
OH a. Geil aed : 





Therefore, a,4) < dy for alln = 5. 
Thus, {a,} is a decreasing sequence for n = 5 and is bounded below by 0. 


Hence, {a,} is convergent. Let lim a, = /. 
n—oo 
N 5 5” 5 
ow, Ana. = _—_—= Ay. 
mh ntl nb ont” 











Sequences 











Taking limit on both lim a,+; = lim ——a, = —~ + lim a, 
n—oo noon t noon noo 
=> 1=0-1 
n 
Hence, lim — = 0 
noon! 


REMARK: The convergence or divergence of a sequence does not depend on the 
behaviour of its initial terms, that is, finitely many terms in the beginning, but on how 


the terms behave finally, to say, for n = N where N is any finite positive integer. 





n 
ss x vA ae 
(i) a, = nl Here same argument works as in (i) as x is a fixed real number. 


x" 
Therefore, lim — = 0. 


noon! 

- n! (n + 1)! ni(n + 1) nl 
lll) ad, = > a = = = ‘ 
( ) n n” n+1 (n a ie (n he id (n oe 1)" 

Hence, a, > a,+1. Thus, {a,} is a monotonic decreasing sequence which is bounded below 

(as a, > 0 for all n). 

Therefore, {a,} is convergent. 

n! 1:2-3...n l non 
— a . . 


Now, Ma => = = 
n nenen...n Nn 


1 
Thus, we have, 0 = a, = ” therefore by Sandwich Theorem 























lim a, = 0. 
noo 
(iv) Applying binomial theorem, we get 
= Ne cho a 1 nz—1) 1 , nw—l1)(m—-2) 1 | Waa lee 1 1 
an Irs Da TI oe 3! yo a 7 
1 1 1 1 2 1 1 —1 
ee ee ee ee 
2! n 3! n n n! n n 
= 1 1 : t d t t : 
2! 3! n! 
1 1 1 
< 1 t t t 
2 22 gn-l 
a 1 — 1/2" 
~ 1-1/2 
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1 nt+1 
Also, Ant. = (1 ot 





] _(t len, 1 _ (at Vata = 1) ] 


“n+1 2! (n + 1)? 3! (n + 1)3 
1 1 1 1 2 
= 1 1 p—|4 1 = 
: =( a x 1) = 
~ 2! n) 3! n n} os 


Therefore, {a,} is an increasing sequence which is bounded above. Hence, by the above theorem {a,} is 














convergent.” Moreover, 2 = a, = 3 for all n. This leads to the fact that2 = lim a, = 3. We denote this 
noo 


1 n 
limit by the letter ‘e’. That is, lim (1 + *) =e. 
n— oo n 


« REMARK: In the above example, we found that 
“| We 1 1 1 1 y 
+—} =14+1+-/1--—]+=—(1--— a 
¢ 4] : d at 4 at “( n 
one Cee Cees [ae (1-2— 
n! n n n 


Taking limit on both the sides, as n — co 


ned 1 1 
1 SS Se WN Seah ae 


1 | 


This expression can be used to define e, which is an irrational number. 








EXAMPLE 5.21 Does the sequence given by the recursion formula 
a, =1, An+1 = V2ay, 


converge? If so, find its limit. 


SOLUTION 
The given sequence is 1, V2, V2V2, V2V/2V2... We show that {a,} is bounded above and 
increasing. 
Here, 


ay < 23 a2 <2. 
So let us assume that 


An < 2. 





?For an alternative proof of (iv), see (v) on page 180. 





Sequences 


> 2an < 4 
=> V2a_ < 2 
= an+1 < 2 


Hence, by the principle of mathematical induction a, < 2 for all n. 
To, show that {a,,} is increasing, we observe that a, > a), and assume that a, > a,—1. 


=> 2a, > 2an—| 
=> V2a, > V2ay,-] 
= Gn+1 > Qn 


Hence, by the principle of mathematical induction, a,., > dy for all n. 
Thus {a,,} is an increasing sequence which is bounded above. 
Hence {a,} is convergent. 


Let lim a, = /. 
noo 


Now, a4) = V2ap. 
Taking limit on both the sides. 


lim a,4; = lim V2a, 
noo 


noo 
1= Val 
=> P-2=0 
=> 7=2o0rl=0 
=> 1=2 as a, = | and rest of the terms are greater than ay. 


Below we provide a useful result which enables us to use L Hospital’s rule’ to evaluate the limits 
of certain sequences. 





EXAMPLE 5.22 Find the limits of the following 











n 2 
(i {se (ii) {=} (iii) " Z | (iv) {se} ed ie {\ 


31? Hospital’s Rule. For two functions f and g, suppose that f(a) = g(a) = 0, and that f’(a) and g'(a) exist and that 
g'(a) # 0. Then 








_ f(x) _ f(a) 
wma a(x) g(a)" 


: ; ; : oo 
The rule also applies to quotients that lead to indeterminate form —. 
0° 
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SOLUTION 


logx 
(i) The function f(x) = =—_ is defined for all x = 1 and agrees with the given sequence at posi- 
x 


tive integers. 





_ logn _ logx , . 
Therefore, by the above theorem, lim —— will equal lim , if the latter exists. 
n n x00 


00 


Applying L Hospital’s rule we get 
logx (=) = I/x 0 


CO 


lim —— im —-=-=0 
ae x x00 | 1 


_ logn 
Hence, lim =0 
noo Nn 








3* [oo 3* log 3 
(ii) By L Hospital’s rule, lim Sx = lm = 











co. 
X00 IX \ CO xX— 00 
n n 
Hence, lim — = co; that is, diverges to oo. 
noo 5n 5n 
—4 2x 
(iii) lim = lim — = o (L Hospital’s rule). 
xo xX +2 x—0oo | 
nr — 
Therefore, lim = 00. 
non + 2 
logx 1/x 1 
(iv) lim : (2) = lim a = lim —; = 0 (L Hospital’s rule). 
x00 X co x00 0x7! x00 CX 
logn _ 


Hence’, lim ; 
nw Nn 


1 
(v) lim 7 = lim — (L Hospital’s rule) 
xo @ x>we 


=0 


on 
Hence, lim — = 0. 
n—owe 


Here is one more result where continuity of a function is used for evaluation of limit. 


> THEOREM 4 








EXAMPLE 5.23 Evaluate the following limits: 


(i) lim V(n = 1)/n (ii) lim 5!/” (iii) lim Vn 
(iv) lim x'/" (x > 0) (v) lim (1 4 x" (any x). 





“Tt shows that log n increases more slowly than any positive power of n. 





Sequences 


SOLUTION 
= al 1 
(i) We know that a, = oe ee, 
n n 
Therefore, f(a,) — f(1), where fis any function is defined for every a, and is continuous 


atx = 1. 


We choose f(x) = Vx. Then / satisfies the required conditions. 


-— 1 
Therefore, f(a,) — f(1). That |" —> vi. 
n 


; n—-1 
lim =1 
noo n 





1 
(ii) We know that a, = ane 0. Therefore, f(a,) —> f(0), where fis any function such that f is 


defined for every a, and is continuous at x = 0. 
We take f(x) = 5*, which satisfies the required conditions. 
1 
Hence, (2) — f(0). That is 5!/" > 5°. 
n 


lim 5" =5=1. 











noo 
(ii) Wn = n/t = eloan'!” = gqlogn 
1 
Let as ogn 
n 
Now, 
_ logx (2) 
lim —— | — 
no X CO 
. 1 ; 
= lim — (L Hospital’s rule) 
nox 
=0 
Therefore, 
logn 
in 0 
no Nn 
. logan : 
> lim f = lim f(a,) = f(0) 
noo n n—od 


where fis any function which is defined for all a, and is continuous at x = 0. 


We choose f(x) = e*. Then f satisfies the required conditions. 


logn 


lime» =e=1 
n—oo 

> lim n'/" = 1 
no 
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logx 
(iv) Let a, = logx!/ ”: then a, = ~ —0 as n — oo (since x is fixed). 


Hence, f(a,) — f(0), where fis any function which is defined for every a, and is continuous 
at x = 0. Let f(y) = e”. Then fis continuous at 0 and is defined at every ay. 
Hence, by the above theorem, we have, f(a,) — (0). That is xl/n > 1, 


Then lim x!/" = 1, 
n—oo 


n 
(v) Let a, = loa(1 + *) = nog 1 2 *) = 





1/n 
log{ 1 + ~ 
li = li 7 a () 
ma ee. | 0 
a 
tae n° 
= lim —_ 9 (L Hospital’s rule, x fixed) 
noo —I/n 
=x 


Hence, f(a,) — f(x), where fis any function which is defined for every a, and is continu- 
ous at x. 

Let f(x) = e*; then fis continuous at x and is defined for every a,. Hence, by the above 
theorem 


Ft (an) > f(x) as n — oo. 
x n 
Therefore, lim (1 + = &, 
no n 


1 n 
= REMARK: If x = 1 in the above result, then we get th t = 7 = e. Thus (v) 


i ui 
provides an alternative proof for the result lim ¢ AF 4] aa 
1 hee, @) 





5.5.4. Some Important Limits 
From the examples provided so far, we list below few results on limits, which can be used for 
evaluating the limits of other similar sequences: 





l i 

@ tm =0 (i) lim Wa =1 
noo noo 

(iii) lim Wx = 1 (x > 0) (iv) lim x” = 0(|x| < 1) 
noo no 


(v) lim (1 + =) =e (any x) (vi) lim 7 =0 (any x). 





Sequences 


In Questions 1-3, find out a positive integer N which satisfies the given inequalities. 








= 0 < € for alln = N, where € = .25,.01,.004, .0254 





1. n+ 1 
1 

2. an — 0] < € for all n = N, where e = 2,.9, .033,.0008 
sinn 








~ 0 < € for all n = N, where ¢ = .2,.05, .001, .0175 


n 


4. Use the definition of limit to show that: 











(a) tim “+> — > ©) tim —" 
m = = 
ss eee ac bd 
: on : sin (n’) . 
(c) lim 2V” = co (d) lim =0 (e) lim (100 — 3”) = —oo 
noo n>o n+ 1 noo 


5. Compute the following limits: 








; n ; — Ll+t24+3++4+7n 
(a) jim eT 7 (2n + 1) (b) a ag oe 
1+4+7+--+(3n-2 17427 +37 +--+ 77 
(c) lim 5 ( ) @) lim — 
noo n+) noo 6n? — n’ + 3nt+ 4 
L+24e04 
(e) lim pease (f) tim [Vn + 2 — Vik = 2?) 
no n+ 1 2 noo 
fo eee 
(g) li 4 2° (h) li Vie t+4—n 
g) lim ———___ im —— 
Re fo aha no Vn +3—n 
3 4 3" 
se a (n + 3)! + (n + 2)! ee 7. 3th a4 3. qn 
Y fae 3) SG SD) @ ie 5.2" 4 qnt2 


Find out which of the sequence {a,,} in questions 6-39 converge and which ones diverge. Find the 
limit of each convergent sequence. 








6. a, = 1,ay41 = 3a = 2 Ts ay = 4+ (.3)" 
2n + (-1)" 
8. a CD 9. a, = 2 + (-1)’ 
n 
2n + 3 1 1 
10. ot = aly 11. a= (4-4)(3+5) 
12. a, = sin{™ + 7 iS. = =) 
+4 = sin| > +5 + Gy = neces | 1, 
cos7n 
14. a, = n7cos(n7) 15. a, = 3H 
2 logn 
16..4.=(14)" 17. a, = “Tn 
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18. a 


20. 


22. 


24, 


26. 


28. 


30. 


32. 


34. 


36. 


38. 


n 


ay = 


ay 


an 


an 


an 


ayn = 


ay = 


ay = 


ay 
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= 17 gant 


1 1/(logn) 
-(;) 


ll 
— 
° 
ga 
GO 
— 
+ 
zslR 
SS 


19. 


21, 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 











n!| 
an = 102” 
10” 
ay = Al 
4n+1)\" 
ON Aas | 
Q” ‘ 3” 
a SF aa 
an? I 
ay = a1 


n 1/n 
a, = (=) x > 0 
3n + 1 


a 1, Gn+1 — Y 3ay 


m1 
ay = [odes p > | 
1 x 


CHAPTER SIX 


Functions and their Graphs 





m@ 6.1 INTRODUCTION 


Many scientific laws are discovered by collecting, organizing and analysing experimental data. 
Graphs play a major role in studying these data. 


Time 
(sec) 








L. Fig. 6.1 The L-T graph for a 
0 1 2 3 7 5 simple pendulum reveals the 
Length (m) relationship L « T?. 





Fig. 6.2 The centre 
of gravity describes 
a parabola no matter 
how the animal acts 
during the motion. 
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From Fig. 6.1, it becomes clear that the time period of a simple pendulum is proportional to the 
square-root of the length of the pendulum. Fig. 6.2 confirms Galileo’s Law which states that the cen- 
tre of gravity is subject to the same acceleration for all bodies, provided air resistance is negligible. 

However, graphs are susceptible to wrong interpretation too. Look at the following data (Table 6.1) 
and its two possible graphs given in Fig. 6.3. 


Table 6.1 Average world yield of major grains measured in quintals per hectare 


Year Yield Year Yield Year Yield 
1960 13.9 1965 14.7 1970 17.3 
1961 13.4 1966 16.2 1971 18.8 
1962 14.3 1967 16.2 1972 18.5 
1963 13.9 1968 16.7 1973 19.4 
1964 14.5 1969 16.9 











o 
_@ @ oe @— #— se 
on 
ly, 
62 64 66 68 70 72 74 
Year Year Fig. 6.3 


(a) (b) 


Here the difference in visual impact is due to the scale-factor. While the first gives an idea that the yield 
is increasing at a sufficiently high rate, the second one presents a poor yield rate. The difference has 
occurred due to the change in the amount that a unit length represents along the axes in the two graphs. 

Thus careful objectivity needs to be maintained while interpreting a graph. In this chapter, we 
discuss about the graphs of some commonly used functions such as polynomial, trigonometric, 
inverse trigonometric, exponential, logarithmic, hyperbolic functions and so on which occur fre- 
quently in scientific data analysis. 


6.1.1 Graph of a Function 
Mathematically speaking, the set of all points in the xy-plane whose co-ordinates satisfy an equa- 
tion in x and y is called the graph of that equation. Graph may however be plotted from physical 
data also, as seen in the above cases. In fact, tables, graphs and equations provide three methods — 
numerical, visual and algebraic respectively — for describing how one quantity depends on another. 
Recall that a function fis a rule or correspondence that assigns a unique value f(x) to each input 
value x. 
If f is a real-valued function of a real variable x, then the graph of fin the xy-plane is defined to be 
the graph of the equation y = f(x). For example, the graph of the function f(x) = x is the graph of the 
equation y = x. Fig. 6.4 shows the graphs of some functions which may be already familiar to you. 
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a 
a 














Fig. 6.4 
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Graphs provide visual information about a function. The points on the graph are of the form 
(x, f(x)). Hence, each y-coordinate is the value of the function at the corresponding x-coordinate. 
The domain and range of f can be obtained by projecting the graph of f onto the x-axis and y-axis 
respectively (Fig. 6.5). The values of x for which f(x) = 0 are the x-coordinates of the points where 
the graph intersects the x-axis. These values are called the ‘zeroes’ of f, ‘roots’ of f(x) = 0, or the 
‘x-intercepts’ of y = f(x). 











. 2 a . 
x X4 X92 


Petal (x4, Xz: zeroes of f) Fig. 6.5 


Vertical line test Every graph on xy-plane may not represent a function. For example, consider the 
following curve which is cut at two distinct points (x), y,) and (x1, y2) by a vertical line. This 
curve cannot be the graph of y = f(x) for any function f; otherwise we would have (See Fig. 6.5) 


f(x1) =y, and f(x1) = 2 


(x4, Y2) 





(X4, 1) 






X4 Fig. 6.6 


which is impossible as f assigns only a unique output f(x) to each x. 
In general, we can make the following test to check whether a given curve represents a function 


or not. 
A curve in the xy-plane is the graph of some function f if and only if no vertical line intersects 


the curve in more than one point. 


EXAMPLE 6.1 The graph of the equation x7 + y” = 16 is a circle of radius 4, centered at 
the origin, as shown in Fig. 6.7. From the vertical line test, it is clear that it does not represent any 
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function. However, its lower half and upper half represent the functions f/; and /> respectively, 


where f)(x) = —V4 — x7 and fy(x) = V4 — x. 











y y 
A f4(x) =—-V4 — x? A fo(x) = V4 — x? 
Pee A I 
35 35 
25 
ul 
> 
-3 -2 -1 OF 2 3 
_| 
t =2P 
—3t —3L 
y 
A 
35 
r x2+ y2=4 


; eo 








3 Fig. 6.7 


Horizontal line test A function is one-to-one if and only if any horizontal line intersects graph at 
the most in one point. For example, f(x) = e*, x © (—00, 00) (See Fig. 6.8). 





0 ~X Fig. 6.8 
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Symmetry test Look at the following curves. In Fig. 6.9 (a), the x-axis and in Fig. 6.9 (b), the 
y-axis are respectively acting as mirrors for the curve. In Fig. 6.9 (c), the curve in the third quad- 
rant may be realized as image of the curve in the first quadrant through consecutive reflections on 
the axes. In Fig. 6.9 (a), the curve is symmetric about the x-axis in the sense that if the point (x, y) 
is on the graph, so is the point (x, —y). In Fig. 6.9 (b), the curve is symmetric about the y-axis. Here, 
the point (—x, y) lies on the curve whenever (x, y) lies on the curve. In Fig. 6.9 (c), the point (x, y) 
and (—x,—y) simultaneously lie on the curve. This is known as ‘symmetry about the origin’. 
Geometrically, symmetry about the origin occurs if rotation of the graph through 180° about the 
origin leaves the graph unchanged. 


y 





(a) 


We can summarise our discussion as follows: 


Fig. 6.9 


(a) A curve is symmetric about the x-axis if and only if its equation remains unchanged on replac- 
ing y with —y in it. 
(b) A curve is symmetric about the y-axis if and only if its equation remains unchanged on replac- 
ing x with —x in it. 
(c) A curve is symmetric about the origin if and only if its equation remains unchanged on replac- 
ing x and y with —x and —y in it. 
(d) A curve is symmetric about y = x if its equation remains unchanged on interchanging x and y in it. 
From the above discussion it follows that the graph of the function y = f(x) is symmetric about 
y-axis if y = f(x) = f(—x). That is, we must have 
I(x) = f(-x) for every x in the domain of f. 
A function with this property is called an even function. Examples of even functions are 
f(x) = 2x? + x4, f(x) = cosx, f(x) = 2x? — 4x° + 7x8 + 9 etc. 
On the other hand, the graph of the function y = f(x) is symmetric about the origin if and only 
if y = f(x) and —y = f(—x) are the same equation. That is, we must have 


S(-x) = —f(x) for every x in the domain of f. 
A function with this property is called an odd function. Examples of odd functions are 
f(x) = 293 — 3° + 7, f(x) = sinx, f(x) = 2x7 + 4° — 9 ete. 
Translation Based on the graph of the function y = f(x) one can draw the graphs of 
y=f(x)t+e y=f(x)-e y=fxtec), y=f(x— ce) 


where c is a positive constant, as the graphs are translations of the original graph of y = f(x) along 
the x-axis or y-axis. The graphs of y = f(x) + ¢ and y = f(x) — c¢ are obtained by translating 
(that is, shifting) the graph of y = f(x) through a distance of c units along y-axis in the positive 
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(upward) and negative (downward) directions respectively. On the other hand, the graphs of 
y =f(x + c) and y = f(x — c) are translations of that of y = f(x) along the x-axis, through a 
distance of c units, in the negative (left) and positive (right) direction respectively. 

We can make Table 6.2. 


Table 6.2 





(Continued) 
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Table 6.2 (Contd.) 








EXAMPLE 6.2 Sketch the graph of 
(a) y= Vx - 3 (b) y= Vx + 3 


SOLUTION 
The graph of the equation y = Vx — 3 can be obtained by translating the graph of y = Vx 
rightward by 3 units, and the graph of y = Vx + 3 by translating the graph of y = Vx leftward 
by 3 units (Fig. 6.10). 





Fig. 6.10 
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EXAMPLE 6.3 Sketch the graph of y = |x — 2| + 1 
SOLUTION 


The graph can be obtained by two translations: first translate the graph of y = |x| rightward by 
2 units to obtain the graph of y = |x =2 ll then translate this graph upward by 1 unit to obtain the 
graph of y = |x — 2| + 1. 


oo << 






ooo SS 








Lititritiriit pisitiriirilny 
4-2. 0 - 








y=|x-2|+1 





Leiria diririrriririptiriiiiti 
2 a 


—2 


Fig. 6.11 


Reflection The graphs of y = f(—x) and y = —f(x) can be obtained from the graph of y = f(x), 
by taking its reflection (image) about the y-axis and x-axis respectively. If we take its reflection 
about y = x, we get the graph of the inverse function y = f~!(x). Look at Table 6.3. 
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Table 6.3 


EXAMPLE 644 Sketch the graph of y = V2 — x, 


SOLUTION 


The graph can be obtained by a reflection and a translation; first reflect the graph of y = Wx about 
the y-axis to obtain the graph of y = \— x, then translate this graph rightward by 2 units to obtain 
the graph of the equation y = W—(x — 2) = W2 —x. 








EXAMPLE 6.5 Sketch the graph of y = 4 — |x — 2|. 


SOLUTION 
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gl Fig. 6.12 


The graph can be obtained by a reflection and two translations: first translate the graph of y = |x| 
rightward by 2 units to obtain the graph of y = |x — 2]; then reflect this graph about the x-axis to 
obtain the graph of y = —|x — 2|; and then translate this graph upward by 4 units to obtain the 
graph of the equation y = —|x — 2| + 4=4- |x —- 2]. 


y 
A 
ar 


y=|x| 











y=|x-2| 








Fig. 6.13 
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Compression and magnification For a function y = f(x) and a constant c, consider the function 
y = cf(x). If c = —1, the new graph is reflection of the former about the x-axis. For0 < c < 1, 
c > | the new graph is called compression and magnification respectively of y = f(x) by the fac- 


tor c. Compression and magnification change the size but retain the shape of the original curve. We 


1 
can explain them with the help of the curve y = x” with factors 2 and 2. (Fig. 6.14) 

















If c is negative, the curve can be drawn by applying compression/magnification first, and reflec- 
tion later. 


6.1.2 Some Useful Graphs 
The graph of the power function f(x) = x” The graph of the equation y = x” of the power 
function f(x) = x” for x in the interval (0, co) has the property that, as the variable x increases, so 
does the variable y. Further we observe that for n = 1, 2,3,... 
(i) y = x" passes through (0,0) and (1, 1) 
(ii) If 0 <x <1 andn<~m then x" > x"; thus in (0,1) x > x? > x? > x4 and so on. 
Thus increasing n causes the graph to become flatter with y = x being the uppermost curve. 


(iii) For x > 1 and n<_m, x” < x"; thus in (1,00), x < x? < x? < x4 and so on. Thus 
increasing n causes the graph to become steeper with y = x being the lowermost curve. 


3 


(iv) Ifnis even f(x) = x” is an even function and the graph of y = x” is symmetric about y-axis; 
if n is odd, it is symmetric about the origin. 

The graph of the power functions y = x” for x < 0 are obtained from the graphs for x > 0 by 

utilizing the fact that the power functions are either ‘even’ or ‘odd’ functions. Accordingly we 

have Fig. 6.15. 
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Fig. 6.15 


Examples of power function 


(i) It is experimental fact that muscle strength is approximately proportional to the muscle volume 
provided we compare muscles of the same shape. Again, the volume of a body of any shape is 
proportional to the cube of any of its linear dimension (length, height and so on) Hence 


muscle strength « 7° 
(ii) It is found that animals, in running away from predators or in searching for food, consume ener- 


gies that are approximately proportional to the fourth power of their linear dimension. 
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The graph of y = 5 For odd values of n, the graphs have the general shape as y = : and for even 
value of n they have the same general shape as ¥ = 7 The graphs of y= > n = 1,2,3,... 
share some common features: 
(i) For even values of n, the function f(x) = a is even and the graph of y = aa is symmetric about 
y-axis; for odd values of n, the function f(x) = 5 is odd and the corresponding graph is sym- 


metric about the origin. 


(ii) For all values of n, the graph passes through the point (1,1) and has discontinuity at the origin. 


(111) Increasing n causes the graph to become steeper in (0,1) and flatter in (1, 00) 





























196 


Functions and their Graphs 


The graph of y = x!/" The graph of y = Vx (that is, n = 2) is the upper half of the parabola 
x = y”. It is defined only for non-negative x. However y = \/x is defined for the entire x-axis and 
is symmetric about the origin. See Fig. 6.17. 


y 





Fig. 6.17 


For even values of n the graphs of y = Vx have the same general shape as that of y = Vx; for 
odd values of 1, they have the same general shape as of y = Wk. 


il 
a REMARK: Students should remember the graphs of y = x’, x°, vw Vx, Wx and 
D4 


i 
others in order to draw the graphs of the types y = x”, —, Paake respectively. 
Pe 





EXAMPLE 6.6 Draw the graphs of 
1 
@y=x oy==5 O}y=Wx 


x3 
SOLUTION 
(a) The graph of y = x° has the following characteristics: 

(i) It is defined for all real values of x. 

(ii) It passes through (0, 0) and (1, 1). 
(iii) It is symmetric about the origin as f(x) = 2° is an odd function. 
(iv) As x increases, y also increases. 

(v) It follows the pattern of y = x, 
(vi) Some points on the graph are (0, 0), (1, 1), (2, 32), (3, 243). 
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A rough sketch of the curve is shown in Fig. 6.18. 


y 
A 
30 fF 








Fig. 6.18 
1 

(b) The graph of y = “5 has the following characteristics: 
x 


(i) It is defined for all real x except 0. 


(ii) It passes through (1, 1). In the open interval (0, 1), it moves from oo to 1 and in (1, oo), 
it moves from | to 0. 1 

(iii) It is symmetric about the origin as the function f(x) = — is an odd function. 

1 x 

(iv) It follows the pattern of y = a 

(v) Some points on the graph are (—5, 8), (1, 1), (2, .125), (3, .036). 


A rough sketch of the graph is shown in Fig. 6.19. 


y 
A 











Fig. 6.19 


1/4 


(c) The graph of y = x°/" has the following characteristics: 
(i) It is defined for non-negative real values of x. 
(ii) It passes through (0, 0) and (1, 1). 
(iii) As x increases, y also increases. 
(iv) It follows the pattern of y = Vx. 
(v) Some points on the graph are (0, 0), (1, 1), (4, 1.41), (16, 2). 
A rough sketch of the graph is shown in Fig. 6.20. 


198 


Functions and their Graphs 





—4c Fig. 6.20 
Polynomial functions A polynomial function is the sum of constant multiples of power functions. 
A polynomial function f of degree n is expressed either as 


f(x) = ag + ayx +o + ayx" 


or y=ayo tax te + a,x" 


In case n = 0 or n = 1, it reduces to trivial cases where graphs are straight lines parallel to x-axis 
or with slope a, respectively. 


Second degree polynomials give rise to parabolic curves. We illustrate with the help of 
Example 6.7. 


EXAMPLE 6.7 Draw the graphs of (a) y = 4x7 — 3x + 4 (b) y = —2x? — 4x - 4 


SOLUTION 


We write the equations as y = 5(x -3/4+1 y =—-2(x + 1)? - 2 
Accordingly, the graphs may be obtained as shown in Fig. 6.21. 
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Fig. 6.21 (continued) 
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Fig. 6.21 


Second degree polynomial functions are referred to as quadratic or parabolic functions. The graph 
of a second degree polynomial function is a parabola. As the equation of a quadratic involves three 
parameters, three points on its graph are necessary to completely determine a quadratic. The gen- 
eral determination of the coefficients of a quadratic polynomial from points on its graph is compli- 
cated. However, if the graph of a parabola crosses the x-axis at points x; and x, then the equation 
of the parabola has the ‘factored form’ 

y = Kx — x) (x — x9). 


The constant & can be determined from any other point on the graph. 


EXAMPLE 6.8 The parabola passing through the points (2, 0), (3, 0) and (4, 1) is given by an 
equation of the form 


y = Kx — 2)(x — 3) 
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The constant & is determined by substituting the point (4, 1) and solving 
1 = k(4 — 2)(4 — 3) = 2k 


| 
or k =>. 











—1t Fig. 6.22 


Application Consider a unidirectional bimolecular chemical reaction in which two compounds 
A and B combine to form a new compond X. Symbolically, this is expressed as 


A+B—xX 


This is the simplest type of second-order chemical reaction, that is a reaction in which the rate of 
formation of the compound X is given by a quadratic function. Using standard chemistry notation, 
let the initial concentration of the compounds A and B be denoted by [A]p and [B]p respectively, 
and let the concentration of X be denoted by [X]. The function R, which gives the rate of forma- 
tion of X, has the form 


R(X) = A((Alo — [X))([Blo — PX) (1) 


In this equation k is a proportionality constant and the terms ([Al) — [X]) and ([Blyp — [X]) rep- 
resent the concentration of A and B compounds in the reaction mixture when the concentration of 
X has reached the level [X]. 


EXAMPLE 6.9 Assume k = 2, [Alp = 0.5, [B]y = 0.6. Then equation (1) becomes 
R({X]) = 2(0.5 — [X]) (0.6 — [X]). 
Completing the square, we can express the equation as 


R([X]) = 2([X] — 0.55)? + (—0.005). 
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0.86 y=R([X]) 


= 2(0.5 — [X]) (0.6 — [X]) 
0.6 
RIX] 0.4 


0.2 








0-02 04 0. Fig. 6.23 


The graph of this equation is given in Fig. 6.23. Although the natural domain of the function R is 
the set of all real numbers, chemically, the concentration [X] is limited to numbers between zero 
and one. 


Exponential function For any real number a > 0, the exponential function with base a is 
defined on (—°0, 0) by the equation 


y=a’, orequivalently y = exp,(x) 


For a > 1, a“ increases gradually from 0 to co as x-moves from —©° to oo. The curve passes 
through the point (0, 1) as shown in Fig. 6.24. 








—2t Fig. 6.24 


1 1\* 
If 0<a< 1, then . > land y= a*= (4) can be realized as reflection of the graph of 


] x 
the function i= (2) about the y-axis. 
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Fig. 6.25 


The exponential functions which are most frequently encountered are those with base 2, base 10 
and base e. Exponential processes are characterized by the way they change with time. Many bio- 
logical and other natural quantities change instantaneously over a period of time. Suppose a quantity 
y (velocity, temperature, electric current, amount of bacteria and so on) increases or decreases 
at a rate that is, at any given time ¢, proportional to the amount present. If, when ¢ = 0, the 
amount of the quantity y is yo, then we can find y asa function of ¢ by solving the following 
initial value problem. 

dy sad ba 

oa ky; initial condition y = yo when t = 0. 
If y is increasing, then & is positive; if y is decreasing k is negative. Solving this differential 
equation, we get 


y = yoe™ 


The number k is called the rate constant of the equation. 


Detailed discussions about the occurrence of these types of curves are provided in the next 
chapter. 


EXAMPLE 6.10 Draw the graphs of 
@yse*+1 Oy=e! Ov=(F 


SOLUTION 


(a) (i) The graph may be obtained from y = e” by first applying reflection about y-axis and 
then upward shifting of one unit. 
(ii) It is defined for all real x; y moves from oo to 1 as x moves from —©° to oo. 
(iii) It passes through (0, 2), (—1, 3.73), (1, 1.3) (approx.) 
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A rough sketch of the graph may be as in Fig. 6.26: 





Le Se OO 
: 
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Pea Peep ei a > X 


1 2 3 











gt Fig. 6.26 


(b) The function f(x) = e* can be rewritten as follows: 


f(x) =e, x=0 


=e*, x<0 


? 


Therefore, the graph of y = e*| consists of two parts: for x =0, y = e* and for x < 0, 


y =e *. That is, y = e* for x = 0 and its reflection about y-axis for x < 0. 
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The graph is shown in Fig. 6.27. 


y= ell 











ait Fig. 6.27 


(c) Since y = (5)* = 2™*, its graph has the following characteristics: 
(i) It is reflection of y = 2* about y-axis. 
(ii) It is defined for all real x; as x moves from —CO to oo, y moves from oo to 0. 
(iii) It passes through (—3, 8), (—2,4),. (0,1), (1, .5), (2, .25) and so on. 
A rough sketch of the graph is given in Fig. 6.28. 








Fig. 6.28 


6.1.3 Logarithmic Functions 

From the diagram of y = a’, it is clear by horizontal line test that, if a is any positive number other 
than 1, the function y = a” is one-to-one. It therefore possesses inverse. The inverse function of 
y = a is the logarithmic function of x with base a, and is denoted by y = log, x. Its graph can be 
obtained by reflecting the graph of y = a” across the line y = x. (Fig. 6.29). 
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= 10* 
- ,y=e* 
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y = log,x 











Fig. 6.29 


Conventionally log), x is written as log x and called the common logarithm of x, and log,x is writ- 
ten as In x and is called the natural logarithm of x. 


EXAMPLE 6.11 
(1) Earthquake intensity is often reported on the Logarithmic Richter Scale. Its formula is 


R= toe(£) + B, 


where R is the magnitude of the intensity, a is the amplitude of the ground motion in microns 
at the receiving station, T is the period of the seismic wave in seconds, and B is an empirical 


factor that allows for the weakening of the seismic wave with increasing distance from the 
epicenter of the earthquake. 
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(ii) The pH scale for measuring acidity of a solution is a base 10 logarithmic scale. The pH value 
(hydrogen potential) of the solution is the common logarithm of the reciprocal of the solutions 
of hydronium ion concentration, [H;0*]. Thus 

1 
pH = log——— = —log[H,0*}. 
[H30] 
The hydronium ion concentration is measured in moles per litre. Vinegar has a pH of 3, dis- 
tilled water a pH of 7, seawater a pH of 8.15 and so on. 

(iii) Another example of the use of common logarithm is the decibel scale (db) for measuring loud- 

ness. If I is the intensity of sound in watts per square meter, the decibel level of sound is, 


Sound Level = 10log(I X 10!) db 


Rustle of leaves produces sound level of 10 db, average whisper a level of 20 db, ordinary con- 
versation a level of 65 db and so on whereas threshold of pain is considered to be 170 db. 


6.1.4. Trigonometric Functions 

All six trigonometric functions are periodic; tan x and cot x have a period of 7, rest have a period of 

277. (A period for a function fis the smallest positive number p such that f(x + p) = f(x) forall x). 
Due to periodicity, the graph of these functions repeats itself after an interval equal to their peri- 

ods along the x-axis. Thus we need to know their behaviour only for one period along x-axis, say in 

[0, 2r] for f(x) = sin x, cos x and so on. Table 6.4 provides values with a gap of 7/6. The func- 

tion f(x) = sin x has a period of 27. 


Table 6.4 
x 0 «w/6 «w/3 aw/2 2r/8 5Sr/6 g- Tr/6 47/3 3n/2 5r/3 1107/6 Qa 
sinx O 5 87 1 87 © © =§ =8/f =1 =87 =5 
Accordingly, the graph of f(x) = sin x may be drawn as in Fig. 6.30. 


y 





Domain: (—©9, oo) Range: [— 1, 1] Fig. 6.30 
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y = cosx 
Using the facts that sin(} — x) = cosx and cos(a — x) =—cosx, Table 6.5 may be obtained. 
Table 6.5 
x 0 «w/6 w/3 w/2 2/3 57/6 gq Tr/6 42/3 30/2 5/3 1107/6 27 
cosx 1 87 5 0 =§ =67 =1 =8/ = 0 ES) 87 1 


The graph may be drawn as in Fig. 6.31. 






111 »y 


1 1 1 
T7407 34 5a 1107277 











= {CL 


Domain: (—o9, oo) Range: [—1,1] Fig. 6.31 


y = tanx 
Since the tangent function is periodic with period 7,, it is sufficient to draw the graph over an inter- 
val of length 7. In the remaining part of the x-axis, the graph will be a repetition of the graph in 


this part. 
The function f(x) = tanx is not defined at x= 4. It tends to oo there. Since 
tan(—x) = —tanx, it tends to —co at—4. Table 6.6 gives the values of tanx at some points in the 


interval (—7/2, 7/2). 


Table 6.6 
x —1/3 —/6 0 7/6 1/3 
tanx -—1.73 —.58 0 58 1.73 
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Accordingly, the graph of y = tanx may be drawn as in Fig. 6.32. 





Domain: The set of all real numbers except Range: (—©°, co) 
the odd integral multiples of zz Fig. 6.32 


The graph of cot x, sec x, cosec x These three functions are reciprocals of tan x, cos x, sin x respec- 
tively (whereever they are defined). Therefore y-value at any point may be obtained from the cor- 
responding values of the above graphs. We provide the graphs of these three functions in Figs. 6.33, 
6.34 and 6.35. 

y = cotx 





vi 


Domain: The whole of R except the Range: (—00, co) 
integral multiples of 7 Fig. 6.33 


y = secx 





Domain: The whole of R except the Range: The whole of R 
odd multiples of 7/2 except (—1, 1) Fig. 6.34 
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y = cosecx 





Domain: Whole R except the integral Range: R~(—1, 1) 
multiples of 7 Fig. 6.35 


General sine curves A general sine curve is of the form 
2 
f(x) = Asin( 22. - ©) +D 


where |A| is the amplitude, |B| is the period, C is the horizontal shift and D is the vertical shift. 


4 A, B, C, and D positive 


D+ A}— 








Amplitude (A) 


Horizontal 

shift (C) : a 
<—_—_—__———> This axis is the 
line y=D. 






Vertical 
shift (D) 


This distance is 
the period (B) 








>X 





The general sine curve 


Fig. 6.36 
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Some more graphs are provided in Fig. 6.37. 
















y=sinx 
y =cos x 
y =sin 2x 








y =sin(x + 1) 





y =sin(x — 1) 





> xX y=sin(2x + 1) 








Fig. 6.37 
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EXAMPLE 6.12 
(i) Radiant energy is described by a sinusodial function which describes how the energy is propa- 
gated with time. It is thus described by the wave function 
27Ct 
S(t) = Asin (222) + constant 


where W is the wavelength and A is the amplitude of the wave. The wavelength is divided by 
C, therefore the period T of the sine function is W/C. The frequency f of a wave is the number 
of periods per unit time, usually denoted as cycles per second (cps). 

f=C/W, C= speed oflight, C=3 x 10!°cm/sec. 


The nature of radiant energy is determined by its wavelength as indicated in Table 6.7. Note that low 
frequency corresponds to long wavelength. 


Table 6.7 

Low frequency radio Oe 
10? 

Ultra-high frequency radio 0 
Are 

Radar microwaves AOae 

Visible light AOse 
10° 

X-rays 100° 


(11) The motion of the bob in a pendulum is a simple harmonic motion given by the equation 


x = Acos(@t +a) or x = acoseat + bsin at. 


where A is the amplitude, 2 is the period and « is the phase. In this case the bob executes a to 


and fro motion around its mean position under a force such that the acceleration is proportional 
to the displacement from the mean position and is directed towards the mean position. 


6.1.5. Inverse Trigonometric Functions 
The six basic trigonometric functions are not one-to-one (their values repeat), but we can restrict 
their domains to intervals on which they are one-to-one (See Table 6.8). 


Table 6.8. Domain restrictions that make the trigonometric functions one-to-one 


Function Domain Range 

sin x [—1/2, 7/2] [-1, 1] 

cos x [0, 7] [-1, 1] 

tan x (—1/2, 7/2) (—00, 00) 

cot x (0, 7) (—00, 00) 
Sec X [0, 7/2) U (7/2, 7] (—00, -1] U[1, 00) 
cosec x [—7/2, 0) U (0, 7/2] (—c0, -1] U[1, 00) 


Since these restricted functions are now one-to-one, they have inverses, which we denote by 
y= sin 'x or y=aresinx, y= cos !x or y = arc cos x and so on. 
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The graph of the inverse function is obtained by taking the reflection of the original curve about 
the line y = x as in Fig. 6.38. 
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y =cot x y= cot! x Fig. 6.38 


(continued) 
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y = cosec x y =cosec ‘x 


Fig. 6.38 


6.1.6 Hyperbolic Functions 
Hyperbolic functions occur in the motions of waves in elastic solids, in the shapes of hanging 
electric power lines and the temperature distributions in metal cooling fins. To define hyper- 
bolic functions, first we write e* as a sum of one even function and one odd function in the fol- 
lowing way: 
ri. @te*~ e&-e* 
= + —__ 
2 2 


The even and the odd parts of e* define hyperbolic cosine and hyperbolic sine of x respectively. Thus 


x = a =F. 

; e-e ete 
sinhx = ———_,, cosh x = ————— 
2 2 


The other four hyperbolic functions are defined in a manner similar to the trigonometric func- 


tions. Thus 


sinhx e*—e* 
tanh x = = >= and so on. 
coshx e+e 





The following identities hold for these functions 


coshx + sinhx = e*, coshx — sinhx =e”, 
cosh(—x) = coshx, — sinh(—x) = —sinhx 
cosh* x — sinh* x = 1, cosh 2x = cosh* x + sinh? x 
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sinh2x = 2sinhxcoshx, 1 — sech*x = tanh*x, 1 + cosech?x = coth?x 
sinh(x + y) = sinhx coshy + coshx + sinhy, 
cosh(x + y) = coshx coshy + sinh x sinh y 


The graph of the hyperbolic function are shown in Fig. 6.39: 











y = cosech x 





Fig. 6.39 


Applications 


(i) If a body moves along a straight line under a force such that its acceleration is proportional to the 
displacement but is directed away from the origin (mean position), then the motion is described 
by x = acosh wt + b sinh wt, where x is the distance of the particle from the origin at time ¢. 

(i1) In skydiving (or in any kind of free fall from rest) under the action of gravity, the body encounters 
an air resistance proportional to the square of the velocity. Then at any time ¢, its motion is given by 

dv 
m— = mg — kv’ 


dt 
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where m is the mass of the body and k is constant that depends on the density of air and on the 
body’s aerodynamic properties. Solving this equation gives 


| lok 
v= Pe eos oy 
k m 


with the initial condition that vy = 0 when ¢ = 0. 


(iii)When homogeneous, flexible cable is suspended between two points, as with a telephone line 
hanging between two poles, the cable forms a curve, called a ‘catenary’ (meaning ‘chain’ in Latin). 


A co-ordinate system may be introduced so that the lowest point of the cable lies on the y-axis, 
then it can be shown, using principle of Physics, that the cable has an equation of the form 


xX 
= —|+e, 
y a cosn(=) c 








Fig. 6.40 


EXERCISE 6.1 


1. Which of the following curves do not represent graph of a function ? Mention the appropriate 
test to check it. 


(a) (b) 
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(c) 


(d) 


Functions and their Graphs 


Where the curve represents the graph of some function, check whether the function is one-to- 


one, using an appropriate test. 


. Draw the graphs of the following functions 


(a) f(x) = 2x7 + 3 


(c) f(x) = (x - 2 +5 


(b) f(x) = -3Y + 5 
(d) f(x) =x? + 6x + 7, 


starting with the graph of y = x’, showing the effect of different steps used (such as magnifica- 
tion, translation, reflection and so on.) 


. Using the method adopted in Question 2 above, draw the graphs of 


(a) ) y = 2Vx - 3 


1 
()@ y=Zh- 2 +4 


(c) ) y= e* — 3 
(d) @) y = In(x + 1) 


(ce) ) y=2 sin( x # Z| 


0 @ y= cos(x-7 
(g) ) y = sin lx + 2 
(h) (i) y = 2 cos !x 
(i) ® y=2x +1 

@Q @y=2 +1 

(kK) @ y = sinh(x + 1) 
® @® y=2x +1 


(m)@) y = 





x+1 


ii) y= —-Vx+2 
(ii) y = 3|x + 2] - 5 


(i) y =e +3 

(ii) vy = —In(x — 2) 
(ii) y = —sin(x + 1) 
(ii) y = 3eos(» a =) 
(ii) y = 3sin x — 2 
(ii) y = —cos-!(x + 1) 
(ii) y = (2x)? — 4 

(ii) y= 2*~+1 

(ii) y = 2sinh(x — 2) 


(i) y= x? + 3 
1 
xt+1 





(i) y = - 


(iii) y = 
(iii) y = 
(iii) y = 
(iii) y = 


(iii) y = 


(iii) y = 
(iii) vy = 
(iii) y = 
(iii) vy = 
(iii) y = 
(iii) vy = 
(iii) y = 
(iii) y = 
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2 
—2|x— 2| +4 


3e6%+9 


2Inx + 1 


2sin(2x + 3) 


—cos(2x + 1) 
sin” !(2x) + 4 
cos !(2x) + 1 
—-x +3 
3+2*-—2 
—sinh(2x) 


—(x + 2)? +3 
1 
x+2 





+ 3. 
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CHAPTER SEVEN 


Differential Equations 
In Mathematical Modelling 





@ 7.1 INTRODUCTION 


A differential equation is an equation involving one or more derivatives of an unknown function. 
Differential equations occur naturally in many fundamental laws of physical and social sciences 
which involve rate of change. The order of a differential equation is the order of the highest deriv- 
ative that it contains. The power of the highest derivative is called the degree of the differential equa- 
tion. For example, 


dy 

Se 4 1 
ae DXi 

ayo eedy. 

pe ag ee = 2 3 
(=) OF oy 0 


In this chapter, we shall discuss about the formation and solution of differential equations arising 
out of different physical and social situations such as population growth, radioactive decay, cell- 
division, administration of medicine, heat transfer and so on. 


@ 7.1.1 EXPONENTIAL GROWTH MODEL 


A very common observation about ‘population growth’ is that unless constrained by environmental or 
other limitations, populations (human beings, bacteria, plants and so on) tend to grow at a rate which 
is proportional to the size of the population. Larger the population, higher is the growth rate. 

To convert it into a mathematical problem, let us assume that x = x (f) is the population at time ¢. 
Also, let us assume that at time ¢ = 0, population is x = xg. At any point of time, the rate of 


dx 
increase of the population with respect to time is g,. According to the given situation, 
dx 
ast OClK, so that 


dt 
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dx 
—=k; 

dt 

where k is a constant of proportionality. Since the direction of change is positive (as larger the pop- 


ulation, higher is the growth), k is positive. Usually it can be determined experimentally. Thus, we 
are left with 


dx 


dt — kx, x(0) = Xo 


EXAMPLE 7.1 If the population of a country doubles itself in 50 years, in how many years 
will it treble under the assumption that the rate of increase is proportional to the number of 
inhabitants? 


SOLUTION 


Let x = x(t) denote the population when year = ¢ and xo be the population when ¢ = 0. 
According to the question, 


dx 
“ne* 
dx ‘ : ; 
=> = =k, where k is a constant of proportionality. 
d. 
= & = kdt 
x 


On integrating, we get 
Inx = kt + Inc 


For t = 0, * = %0, 
therefore, c = xo 


= x = Xo et 


when t = 50 years, x = 2x9 
so that, ek = 2 


«m2 
> 50 


Suppose, time required for population to be 3xp is T years. 





=> 3x9 = xoest 

=> kT = In3 
In3 50In3 

=> T=—= = 79 years (approx.) 
k In2 


Giving a mathematical shape to a physical situation, as has been done above, is an important topic 
in mathematics, known as mathematical modelling. In fact, mathematical modelling acts as the 
interface between mathematics and the physical world around us. A problem involving a differen- 
tial equation along with some initial condition is also called an initial value problem. By solving the 
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above type of initial value problem, we get x = xe“! as the population at any time f. Due to this, 
the above type of population growth model (where rate of increase is proportional to the quantity 
present) is called exponential growth model. 


EXAMPLE 7.2 
(a) A certain culture of bacteria grows at a rate that is proportional to the number present. It is found 
that the number doubles in 4 hours. How many may be expected at the end of 24 hours? 


(b) Draw an approximate graph of the number of bacteria vs time, if initially there are two bacteria 
and constant of proportionality is one. 


[DU, B.Sc.(Ph. Sc.), 2006] 
SOLUTION 


(a) Let x = x(t) denote the number of bacteria present at time ¢ hours. 
It is given that 


dx 

OC. ¥ 

dt 

dx : . é 
=> a kx, where k is constant of proportionality. 

d. 
= o = kdt, 

x 


Integrating, we get 
Inx = kt + InC 


Let there be xp number of bacteria when t = 0. This implies that C = xp. 


Hence 
x = xe! 
It is given that x = 2x) when ¢ = 4. 
> ek = 2 
In2 
=> k=— 
4 


If X denote the number of bacteria at the end of 24 hours, then 
X = x04 
(7) = 2! 
=> xX = xe" 4/= 2°x9 = 64x9 
.. Number of bacteria will be 64 times the original number after 24 hours. 
(b) The equation obtained is 


x= xe 
We are given that x9 = 2, k = 1. Thus the required equation is 


x = 2e! 
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The required graph is of the type y = ce*, where c is magnifying factor. Replacing x, y and 
c by t, x and 2 in y = ce’, we get the required graph as given in Fig. 7.1. 








s 
g 
Oo 
© 
a 
S 
o ft 
= f 
x TF 
ii hat ht ana a ad 
Po a ea Se RF Fig. 7.1 
t (in hours) No. of bacteria vs time graph 


The process of cell-division also exhibits exponential growth model. Look at the following ini- 
tial value problem which uses exponential growth model. 


EXAMPLE 7.3 A cell of the bacterium E. Coli divides into two cells every 20 minutes when 
placed in a nutrient culture. Let x = x(t) be the number of cells that are present ¢ minutes after a 
single cell is placed in the culture. Assume that the growth of bacteria is approximated by a contin- 
uous exponential growth model. 


(a) Find an initial value problem whose solution is x(t). 

(b) Find a formula for x(t). 

(c) How many cells are present after 2 hours? 

(d) How long does it take for the number of cells to reach 1,000,000? 
(e) Draw an approximate x-t graph of the above. 


SOLUTION 
(a) It is given that the growth model is approximated by a continuous exponential growth model. 

Therefore, 
dx 
—_— xx 
dt 

=> & =k where k is the constant of proportionality. 
dt 


d. = 
The differential equation a = ky along with the initial condition x) = x(0) = 1 constitute the 
initial value problem. 


(b) Solving the differential equation, we get 


db 
[oa [rae inc 
x 
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kt + InC 


=> x = CeX 


Inx 


From the initial condition that t = 0, x = 1, we get C = 1. 
Thus, we have 


x(t) = eX 
It is given that for ¢ = 20, x = 2. This gives 
2 = @20k 
=> k= une 
20 
Thus the required formula for x(t) is 
In 2 
= (22). — 5t/20 
x(t) = ¢§20/' = (1) 
(c) After 2 hours (= 120 minutes), number of cells present is given by 
x(120) = 2° 
=> x = 64 


(d) Time required for number of cells to reach 1,000,000 is given by 
1,000,000 = 2'/° 





6 t 
Inl0° = —In2 
=> 20 
he 6 In 10 
= In 2 


= 399 minutes (approx.) 
= 6 hours 39 minutes 
(e) The function x = 2' /20 has the following characteristics 
(i) It is an exponential function of the type y = a‘, where a = 2. 
(ii) 2'/20 increases gradually from 1| to oo as ¢ increases from 0 to oo. 
(iii) The curve passes through the points (0, 1), (20, 2), (40, 4), (60, 8) and so on. 
A rough sketch of the graph is as in Fig. 7.2. 
X 
A 
60F 


4ok 
"s 30 
205 
t/20 


10 x=2 











0-40 30°30 40506070" * 


t (minutes) Fig. 7.2 
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« REMARK: In case of exponential growth, the constant k can be written as 
he dx/dt 


> 
which states that the growth rate, as a fraction of the entire population, remains 


constant over time and this constant is k. For this reason, k is called the relative 

growth rate of the population. It is also expressed as a percentage. Thus, a rela- 

tive growth rate of 5% time in an exponential growth model means that k = 0.05. 
Similarly, we define relative decay rate in case of exponential decay model. 








EXAMPLE 7.4 According UN data, the world population in 1998 was approximately 5.9 billion 
and growing at a rate of about 1.33% per year. Assuming an exponential growth rate, estimate the 
world population by the end of the year 2023. 

SOLUTION 


We assume that the population by the year end of 1998 is 5.9 billion. We take 
t = time elapsed from the end of 1998 (in year) 
x = world population (in billion) 
Then, we have 
Xo = x(0) = 5.9 


Here, following exponential growth model, we get 


t= age" 


Now, xp = 5.9,k = .0133. Thus 
x= 5.9 e(-0133)¢ 


By the end of year 2023, t = 25. 
Hence the required population is 


x = 5.9 e(-0133)25 x 8. 


Thus the world population by the end of year 2023 will be approximately 8.2 billion. 


1. The population of a certain city is known to increase at a rate proportional to the number of peo- 
ple living in the city. If after 2 years the population is doubled and after 3 years the population 
is 20,000, find the number of people initially living in that city. 

2. A town has an initial population of 500 that increases by 15% in 10 years. What will be the pop- 
ulation in 30 years? 


3. A particular type of cell divides itself into two in every six hours. How many hours will it take 
to be five times its original size? 

4. At time ¢ = 0, a bacterial culture has xg bacteria. One hour later the population has grown by 
25%. How long will it take the population to double? 
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5. Suppose that an initial population of 10,000 bacteria grows exponentially at a rate of 1% per 

hour and that y = y(t) is the number of bacteria present ¢ hours later. 

(a) Find an initial-value problem whose solution is y(t), 

(b) Find a formula for y(t); 

(c) How long does it take for the initial population of bacteria to double? 
(d) How long does it take for the population of bacteria to reach 45,000? 

6. Suppose that 100 fruit flies are placed in a breeding container that can support at most 5000 flies. 
Assuming that the population grows exponentially at a rate of 2% per day, how long will it take 
for the container to reach capacity? 

7. In each part, find an exponential growth model y = yoe“ that satisfies the stated conditions. 
(a) yo = 2, doubling time T = 5 
(b) »(0) = 5, growth rate = 1.5% 

(c) y(1) = 1, y(10) = 100 
(d) y(1) = 1, doubling time T = 5 

8. A bacteria culture is known to grow at a rate proportional to the number present. After one hour, 
1000 bacteria are observed in the culture and after 4 hours, it is 3000. Determine the number of 
bacteria originally present in the culture. 


9. Ina certain unicellular bacteria culture, the rate of increase in the number of bacteria is propor- 
tional to the number present. If the number of bacteria trebles after 5 hours, how many bacteria 
will be present in the culture after 10 hours? 


@ 7.2 EXPONENTIAL DECAY MODEL 


Suppose that the quantity of a certain material decreases at a rate proportional to the amount of 
material present. Let x(¢) denote the quantity of material present at time ¢. Then we have 


ae _ 

dt 
where k > 0 is a constant of proportionality, also called the decay constant. Suppose the initial 
quantity of the material is x = x9 when t = 0. Then, we can obtain a general formula for x(¢) by 


solving the initial-value problem 


fk, x(0) = x4 (a) 
On solving (1), we get 
x= coer 
which represents the quantity of the material remaining after time f. 

The above mathematical model is known as exponential decay model. Usually it is observed in 
radioactive disintegration, administration of medicines and so on. Uranium, radium and other 
radio-active substances are known to decay at a rate proportional to the amount present. In such 
cases, the amount of time required to disintegrate to one-half of its original mass is called the half- 
life of the material. 

When a drug (say, penicillin, aspirin and so on) is administrated to an individual, it enters the 
blood stream and then is absorbed by the body over time. Medical research has shown that more the 
amount of drug present in the body, the more rapidly it is absorbed by the body. Over the time, as 
the amount of drug present in the body decreases, the absorption also becomes slower. Let x(t) be 
the amount of the drug present in the blood stream at time ¢. At any point of time ¢, the rate of 
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. .. ax bf ass 
change in x with respect to ¢ (here the rate of absorption) is We so the above observation gives rise 
to the following differential equation 

dx 
dt : 
where k is a positive constant of proportionality that depends on the drug and can be denoted exper- 
imentally. The negative sign is required because x decreases with time. This along with the initial 
dosage of the drug say x = xo, at time f = 0 forms the initial-value problem 
dx 
— = —kx, x(0) = x 
° (0) = x 


EXAMPLE 7.5. Radium is known to decay at a rate proportional to the amount present. If half-life 
of radium is 1600 years, what percentage of radium will remain in a given sample after 800 years? 


SOLUTION 


Let x = x(t) denote the amount of radium left after time ¢ (in years). By the given condition 


dx : : ‘ 
a ky where k is a constant of proportionality 
dx 
— = —kdt 

x 

x= ce, c is an arbitrary constant. 


Initially, let x = x9 for t = 0. Then c = xg 
x= xoe 


x 
It is given, that when t = 1600 years, x = = This leads to 


x0 = 
= xe 1600k 


1 


k= 
1600 





In2 


The amount left after 800 years is given by 
In2 





oe spel) 2 me?) _ x0, 
V2 
.. Percentage of the amount left after 800 years 
= 0 x 1 x 00% 
V2 Xo 
= 50V2% 


= 70.5% (approx.) 


EXAMPLE 7.6 Assume that the rate at which radioactive nuclei decay is proportional to the num- 
ber of nuclei that are present in a given sample. In a certain sample, 10% of the original number of 
radioactive nuclei have undergone disintegration in a period of 200 years. 
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(i) What percentage of the original radioactive nuclei will remain after 1000 years? 
(11) In how many years will only one fourth of the original number remain? 
(iii) Draw a graph of the amount remaining against time for this problem, assuming x9 = 400. 


SOLUTION 


Let x = x(t) denote the amount of the radioactive nuclei left after time ¢ (in years). Then proceed- 
ing as in the previous case we get 

x= xge 
where xp is the original amount of the radioactive nuclei. It is given that x = 90% of x9 
when ¢ = 200 years. 


9 
_ <9 = xe 200 
1 9 
as k = -———~In— 
200 10 
- sale ee +/200 
= xX = x0e = Xl 35 , after time f¢. 


(i) For t = 1000 
5 
9 
x= va(3) = x9(.9)° 


Percentage of radioactive nuclei left after 1000 years 


x0(.9) 
= ut Y x 100% = 55.05% (approx.) 
0 





(ii) Suppose after T years, only 1/4" of the original amount of radioactive nuclei is left. 
Then, 


1 
4x0 = x9 (.9)7/2 


In (.25) In4 
=> T = 200 = 200 = 263 yeas (approx. ) 


In.9 ( 4 
In 9 
(iii) x(t) = 400(.9)/?0° 


The graph is magnification of the exponential graph x = (.9)"/ 200 which is of the type 
x = a'/200,a = 9 < 1. Ast moves 0 to co, x moves from 400 to 0. The graph passes through 
(0, 400), (100, 12010), (200, 360) and so on. 
A rough sketch of the graph is given in Fig. 7.3. 








400 t/200 
— 300 
on 
= 
© 200 
x< 

100 

0~ 400 200 300 400 500 600 ~ * 
t (years) Fig. 7.3 


227 


Basic Applied Mathematics for the Physical Sciences 


An amount of 10 ml of a medicine is injected into a patient’s body. Half the 
amount of the medicine is absorbed by the patient’s body in 10 hours. How long will it take the 
patient to absorb 70% of the medicine? 


SOLUTION 
It is an exponential decay problem having the following differential equation and initial condition 
dx 
— = —k, = x(0) = 10, 
dt xo = x(0) 


where x(t) denotes the amount of medicine left to be absorbed. 
Solving the differential equation, we get 


x = ce 


Initially, ¢ = 0, x = 10. Thus we get 


x 
Fort = 10, x = 2 = 5. Therefore 


1 1 
=e (9) = 10k = In2 > k = —In2 
2 10 





If t is the time for absorption of 70% of the medicine, then, 
we have 
7 (2) 
10e ‘\q0. 


toe(To) (x9 = 10) 


30% of xo 


! 
i 


2) = 17.43 hours (approx.) 


REMARK: If T is the time period for the original population to be double or half 


respectively in an exponential growth or decay respectively, then population ver- 
sus time graph in the two cases will appear as in Fig. 7.4. 





8x0 Soon naar Sa SeSS easy 


4Xxo en EC ed 





2X noene ; 
Xo 

0 T 2T 37 

Exponential growth with doubling time T Exponential decay with half-life T Fig. 7.4 


t 





Exponential decay is also observed when a body loses its temperature to the surrounding envi- 
ronment or gains temperature from its surroundings. 
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Newton’s Law of Cooling states that the rate at which the temperature of a cooling object 
decreases and the rate at which a warming object gains temperature are proportional to the differ- 
ence between the temperature of the object and the temperature of the surrounding medium. Let 
T(t) be the temperature of an object at time t placed in a medium with constant temperature Tyg. 
According to Newton’s Law of Cooling, we have 


aT _ 
dt 
where k > 0 is a constant of proportionality. In case of a cooling body, T > Ts, so that the right 


—k(T — Ts) 


side is negative and gq; thus represents the rate of decrease of temperature of the hot body. In case 
dT 
of a warming body, T < Ts, so that right hand side is positive and thus 4; represent the rate of 
increase of temperature of the cold body. 
If at ¢ = 0, the temperature of the body is To, then we get the following initial-value problem 
dT 
ae = —k(T _ Ts), T(0) = To. 


Solving it, we get that in both the cases, the temperature T(t) of the body at any time t is given by 
T(t) = Ts + (To — Ts)e™, 


where k is a positive constant. 


EXAMPLE 7.8 A body with initial temperature of 100°C is allowed to cool in air which remains 
at a constant temperature of 20°C. It is given that after 10 minutes, the body has cooled to 40°C. 


(i) Find the temperature of the body after half an hour. 


(ii) Draw a graph of temperature vs time. 


SOLUTION 


Let T(4) denote the instantaneous temperature of the body in degree celcius at time f¢ (in minutes). 
According to the Newton’s Law of Cooling, 





aT _ _y@T — 20) 

dt 
where k is a positive constant of proportionality. 

dT 
=> = —kdt 
T= 20 

Integrating, In(T — 20) = —k¢ + InC, C being the constant of integration 
= T — 20 = Ce* 
Initially, T= 100,t=0 > C= 80 
=> T — 20 = 80¢ * 


It is given that T(10) = 40 
= 80eK(10) = 29 
1 
=> k = —In4 
10 
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= T = 20 + 80¢e(10in4)r 
t/10 

=> T = 20+ s0( 5) 


1 3 
20 + 80| — 
() 


21.25° Celsius 


Temperature after half an hour 


(ii) The required graph of 
1 t/10 
T(t) = 20+ s0( 5) 


t/10 
may be obtained from the graph of f(t) = () , first by magnifying it by 80 and then by shift- 


ing upward trough 20 units. 
t/10 
The graph of f(t) = @ is of exponential type, y = a’, 


h 1 t 
= — x=—. 
where a 2 10 


As ¢ increases from 0 to oo (t is non negative), f(t) decreases from | to 0 so that T(t) decreases 
t/10 

from 100 to 20. Some points on the graph of T(t) = 20 + s0( 4) are (0, 100), (10, 40), (20, 25), 
(30, 21.25) and so on. A rough sketch of the graph is given in Fig. 7.5. 


100 


80 
t/10 


60 T(t) =20 + 80(1) 


Temp. T (°C) 


40 


20 








riiiiiiiiiiiiy t 


0-350 40 60 80 100 
Time (f) (minutes) Fig. 7.5 


EXAMPLE 7.9 According to Newton’s Law of Cooling, the rate at which a substance cools in air 
is proportional to the difference between the temperature of the substance and that of the surround- 
ing air. If the temperature of the air is 30°C and the substance cools from 100°C to 70°C in 15 min- 
utes, find when the temeprature will be 40°C. 


SOLUTION 


Let T = T(t) be the temperature of the substance in degree celcius at any time ¢ (in minutes). 
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According to Newton’s Law of Cooling 





dT 6 
— =—k(T — 30), T(0) = 100C 
dt 
dT 
> = —kdt 
T — 30 


Integrating, we get 
In(T — 30) = —kt + InC 


=> T — 30 = Ce ™ 
Initially, T = 100,¢ = 0 > C = 70 
=> T = 30+ 70e 


It is given that T(15) = 70. 
70 = 30 + 70e 1 


7 
15k = In| —] = 0. 
5 (7) 0.56 


=> k = .0373 
=> T = 30 + 70e 73! 
If f be the time when temperature will be 40°C, then 
=> 40 = 30 + 70¢ (0-0373)t 
=> log7 = (0.0373)to 

log7 





> to = 52 minutes (approx.) 


~ 0.0373 


EXERCISES 7.2 


. In each part, find an exponential decay model y = yoe “’ that satisfies the stated conditions 
(a) y(1) = 10, half life T = 6 

(b) y(1) = 100, (10) = 10 

(c) y(0) = 20, decay rate = 2% 

(d) vo = 10, half life = 5 

. A research student wants to determine the half-life of a certain radioactive substance. He finds 
that in exactly 5 days a ten milligram sample of the substance decays to 3.5 milligrams. Based 
on this data, what should he infer about the half-life of the substance? 

. Radon-222 is a radioactive gas with a half-life of 3.83 days. The gas is a health hazard because 
it tends to get trapped in the basement of the house. To prevent entry of the gas, basements may 
be sealed. Suppose that 5.0 X 107 radon atoms are trapped in a basement at the time it is sealed 
and }(r) is the number of atoms present in the basement ¢ days later. 

(a) Find an initial value problem whose solution is (‘). 

(b) Find a formula for y(t). 

(c) How many atoms will be present after 30 days? 

(d) How long will it take for 90% of the original quantity of gas to decay? 

. The half-life of radioactive carbon-14 is about 5730 years. Find its decay constant. If 100 gms of 
radioactive carbon-14 are stored for 100 years, how many grams will be left at the end of that time? 
. In an archaeological excavation, bones of some extinct animals were discovered. It was found 
that the bones contained around 30% of their original carbon-14. Using the fact that half-life of 
carbon-14 is about 5730 years, find the age in which the animal was found on earth. 
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6. A certain radioactive material is known to decay at a rate proportional to the amount present. If 
initially 1/2 gm of the material was present and 0.1 percent of the original mass has decayed 
after one week, find the half-life of the material. 


7. A dose of 5 ml of a medicine is injected into a patient’s body. In one hour | ml of the medicine 
was absorbed by the body. In how much time will 90% of the medicine be absorbed by the body? 


8. An asthmatic bout of a patient comes under control when 4 ml of a certain medicine is 
absorbed by his body. On occurrence of a bout, the patient is given an injection of 10 ml of the 
medicine. If it took 15 minutes for the patient to absorb 2 ml of the medicine after it was 
injected, how much time will it take to control the bout? 


9. A metal rod at a temperature of 100 F is placed in a room at a constant temperature of 0 F. If 
after 20 minutes the temperature of the rod comes down to half of its original temperature, find 
an expression for the temperature of the rod at time f. 


10. A body at a temperature 72'F is taken outdoors, where the temperature is 20 F. After 5 minutes, 
the temperature of the body is 55 F. How long will it take the body to reach a temperature of 43 F? 


11. A cup of water at a temperature of 95°C is placed in a room with a constant temperature 21°C. 
(a) Assuming that Newton’s Law of Cooling applies, set up and solve an initial-value problem 
whose solution is the temperature of the water ¢ minutes after it is placed in the room. 
(b) How many minutes will it take for the water to reach a temperature of 5 1'C if it cools to 85'C 
in one minute? 


(c) Draw an approximate graph of temperature of the water as a function of time. 


@ 7.3 POPULATION GROWTH WITH LOGISTIC GROWTH MODEL 


While discussing exponential growth model for population, it was assumed that the population was 
not constrained by the environment. However, in real life this assumption is usually not valid. In 
fact, the environmental constraints become influential once the population attains a certain level. It 
is observed that an ecological system has a limited capacity to support only upto a certain number 
of individuals of a population of a particular species. Let C be this number. Then C is called the 
Carrying Capacity of the system. Let x = x(t) be the actual number of individuals of that 
population in that time t. 

Ifx > C, the population exceeds the capacity of the ecological system and tends to decrease toward C. 
When x < C, the population is below the capacity of the ecological system and tends to increase towards 
C. When x = C, the population tends to remain stable. From these observations, we get that 


dx x 
—<0 if—>1 
dt C 
dt ie 
dx x 
—=0 if— = 1 
di tC 


Also, it is observed that when the population is far below the carrying capacity (that is, a ~ 0), 


then the environmental constraints have very little effect and the growth of population exhibits 
exponential model; that is, 

dx x 

— & kx if— +0 

dt C 
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Thus, the rate of charge of population depends on two opposing factors: x and C — x. Accordingly, 
we get 
dx 


re x x(C-x) => ® a (1-2) 


s-u(-2 
dt cy 
where k is the positive constant of proportionality. Thus, if k and C are determined experimentally 


and the population is known at some point of time, say x(0) = xo, then a general formula for the 
population x(t) can be determined by solving the initial-value problem 


dx x 
dt = K€ = = )s, x(0) = XO 


This differentiation equation is called logistic differential equation and the growth model is 
called the logistic model or inhibited growth model. It can be shown that the solution of this initial-value 
problem is 


_ XoC 
= _ —kt 
xo + (C — xo)e 


EXAMPLE 7.10 Suppose that a population x(t) grows in accordance with the logistic model 
oS 10(1 — 0.1x)x 
dt 

(a) What is the carrying capacity? 

(b) What is the value of k? 

(c) For what value of x is the population growing most rapidly? 

(d) Find the solution of this differential equation if it is given that the initial population was 

x(0) = 2. 


(e) Draw a graph of this solution. 


SOLUTION 


Comparing the given equation with the standard differential equation of logistic model 


dx x 
dt ( C Js 


we get 
(a) Carrying Capacity, C = 10 
(b) Value of k = 10 


(c) A variable takes maximum value at a point where its first derivative is zero and the second 
derivative is negative, provided that the variable is twice differentiable at that point. Therefore, 


Xx, ; 
the growth rate a is maximum where 


oe 0 and as <0 

dt de 

Px Px 
Now, =~ = 10(1 — .2x), =-2 

dt ( ) dt 

Px 


<-=0 = x=5 
dt 
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And, oe 2<0 

n a =- : 

dt x=5 

Hence the growth rate is maximum at x = 5. 

(d) eae 
—_= — 0.1x)x 
dt 

ad 
= —_* — = 10d 
XC =>, 1150) 
d 
=> —_* _=¢4 
x(10 — x) 
1 1 
=> ( + Jae = 10dt 
x 10=-x 


On integrating, we get 


Inx — In(10 — x) = 10f + InC 


x = lo 
C(10 — x) 
1 
It is given that x = 2 for t = 0. This gives C = t 
Hence the required solution of the given differential equation is 
10 
e+ el 
10 
(e) Here x= 1 + deo 





For ¢ = 0, x = 2. As t tends to oo, x tends to 10. 


dx 10 
Al — = -——___ x (-40e 
= dt (1 + 4e 10%)? ue? 
400¢ | 
= ——___ > 0 
(1 dere? 


Therefore, the function x = x(t) is an increasing function. 
dx . : 3 
From (c), we know that er is maximum at x = 5. Thus tangent to the curve has maximum slope 


In 2 
atx = 5. Also, forx = 5,t = ce A rough sketch of the graph is as shown in Fig. 7.6. 








Podesta y f 


OE eG a5 Fig. 7.6 
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EXAMPLE 7.11 A reserved forest has the capacity to preserve 100 hounds of a particular variety. 
Initially there were 10 such animals. The number grew to 50 in 5 years. In how many years will this 
number grow to 90? 


SOLUTION 


Here carrying capacity is 100. It is a problem of logistic growth. The differential equation of this 
growth process is 


dx 
— = kx(100 — x), 
a x) 
where x = x(t) is the number of hounds at time ¢. Rewriting, we get, 
dx 
— ~~ = kat 
x(100 — x) 
1 1 
=> (2 + oon) = 100kdt 
x 100-x 


On integrating, we get 
Inx — In(100 — x) = 100kt + InC 


=> ——*__..& siniig 
C(100 — x) 


1 
whee Oat I Ga 


=> MT | 100K 
100-x 9 
It is given that x = 50 when ¢ = 5, therefore 
00k — 9 
=> : In9 
=——In 
500 
Therefore, we have, 
ling t 
1B) oF 
eee —e\5 = 95 
100-—x 9 


Sul 


T 
5 = T = 10 years. 


Suppose, the number of hounds grow to 90 in T years of time. Then, 0 =9 

Logistic model is also observed in the pattern in which a disease spreads in a locality. Suppose 
that there are L individuals living in a particular locality and a disease begins to spread in the local- 
ity. At any point of time, the rate at which the disease spreads will depend on how many individuals 
are already affected and how many are not. With more individuals affected, the opportunity to spread 
the disease tends to increase, but at the same time there are fewer individuals to catch the disease, so 
the opportunity to spread the disease tends to decrease. There are two conflicting influences on the 
rate at which the disease spreads. 

Let x = x(t) be the number of individuals to have caught the disease at time f, so that L — x is 
the number of individuals who do not have the diseasde at time ¢. The rate at which the disease 
spreads is proportional to x as well as to L — x. Thus, we have 
Oe kx(L — x) 
dt 
where k is the positive constant of proportionality and depends on the nature of the disease and the 
behaviour pattern of the individuals. It can be determined experimentally. If x = x9 is the number of 
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individuals at time ¢ = 0, then the above differential equation may be rewritten as an initial value 
problem as 

dx x 

— =kL| 1 —-—]x, x(0) =x 

dt ( r) (0) = 0 


This represents the logistic model of growth pattern for spreading of diseases. 


EXAMPLE 7.12 A university hostel has 1000 students. After the summer holidays, 20 students 
returned infected with viral fever and after 5 days, 35 students were having the fever. 


(a) Using logistic model, set up an initial-value problem where x = x(f) is the number of students, 
who were having the fever after t days. 


(b) Solve the initial value problem and use the given data to find the constant of proportionality. 


(c) Draw a rough graph which shows how the disease spread over the first 2-week period. 


SOLUTION 


(a) Assume that x = x(t) denotes the number of infected students after t days. It is given that 
x(0) = 20, x(5) = 35. The carrying capacity is C = 1000. With the logistic model, the differ- 
ential equation for the spread of the disease is 

dx 

— = kx(1000 — > 

Ht ( x) 

where k is the constant of proportionality. 

This differential equation, along with the initial condition x(0) = 20 forms the required initial 
value problem. 


dx 





— = kx(1000 — 
(b) = kx( 1000 ~ x) 
d. 
= —_* __ = kay 
x(1000 — x) 
> ( + weo)e = 1000kdt 
x 1000—x/” 
Integrating 
Inx — In(1000 — x) = 1000kt + InC 
= I = 1000 kt 
n———_——_ = 
C(1000 — x) 
a — C_.1000kt 
= ou = 
or 20 1 
Initially t = 0,x = 20 > C= 
980 49 
=> ee 1 1000 
1000 -x 49 
It is given that for ¢ = 5, x = 35 
1 
= 35 _ = 95000k 


965 49 
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ax 5000k _ 343 
193 
an a (4) - 000115 
5000 © \ 193) 
x 1 
a Wek: — fF ass 
sil 1000 -x 49° 
1000 
> 


x Fhe 
1 + Ade 


(c) A table of x and t is shown in Fig.7.7 (calculated through a calculating device) for number of per- 
sons getting infected over the first two weeks. 


t 0 1 2 3. 4 5 6 7 8 9 10 11 12 13 = «14 
xf) 20 22 25 28 31 35 39 44 49 54 61 67 75 83 93 


A graph of t — x can be drawn as shown in Fig. 7.7. 
X 
A 
100F 
80f 
60f 


40 





20+ 





0 2 4 6 8 10 12 14 Fig. 7.7 


In business and industries there are many examples of growth in which the rate of growth is slow 
at first, becomes faster and then slows again as a limit is reached. Logistic model is ideal for 
explaining this kind of growth. 


EXAMPLE 7.13 A company has introduced a new model of TV It is predicted that the market will 
saturate at 200,000 TVs and that the total sales will be governed by the equation 

dS 1 

—=-—S(2-S 

dt 4 ( ) 
where S is the total sale in millions of TVs and ¢ is measured in months. If 1000 TVs are sold off at 
the time of launching, find as expression for total sale S at any time t. Draw an approximate graph 
for the same. 


SOLUTION 


We have the initial value problem: 


ds 1 
=—§(2—- S), S(0) = 1000 TVs = .001 (in million), as carrying 


= capacity is 2 which stands for 2 million 
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dS 1 
=> a 
s(2—s) 4 
1 1 
=> (2 +R )as = Sa 
§° 2-8 2 


On integrating 


1 
InS — In(2 — S) = Au + Inc 


ae i 1 + 1999¢ 
€ 


Its graph passes through the points (0, .001), (2, .0027), (10, .1382), (20, 1.8336) and so on. As 
t tends to ov, S tends to 2. 
A graph of the above function may be drawn as in Fig. 7.8. 


X 


2 
S = 
3 1+ 1999e~5! 


S (millions) 





0 10 20 30 
t (months) Fig. 7.8 


1. Suppose that the growth of a population x = x(t) is given by the logistic equation 


60 
5 + Te" 


x(t) 


(a) What is the population at time ¢ = 0? 

(b) What is the carrying capacity C? 

(c) What is the constant k? 

(d) When does the population reach half of the carrying capacity ? 
(e) Find an initial-value problem whose solution is x(t) 

(f) Draw an approximate x-t graph. 
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2. Suppose that a population x(t) grows in accordance with the logistic model 


dx 2 
— = 50x — 0.001x 
dt 
(a) What is the carrying capacity? 
(b) What is the value of k? 
(c) For what value of x is the population growing most rapidly? 

3. Ina school, there are 1000 students and all are likely to get infected with eye-flu virus. Initially 
20 students got infected and within 2 weeks, 100 students got infected with the disease. In how 
much time would the majority of students be infected by the eye-flue virus? It is given that the 
disease spreads with logistic growth model. 

4. In a reserve forest, there is capacity to maintain 500 elephants. Initially, there were 20 ele- 
phants. Within 2 years time, the number rose to 30. Assuming logistic growth model, find out 
how much time it will take for the population to grow to 200. 
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CHAPTER EIGHT 


Successive Differentiation 





@ 8.1 HIGHER ORDER DERIVATIVES 


The derivative of a derivable function fis itself a function, which also may be derivable. Thus, we 
may talk of the first derivative of f, the second derivative of fand so on, which are usually denoted 
by f’, f”,...and so on. In general, the n' derivative of f, denoted by /” is defined as 


d 
f(x) = nT) n=2,3,4... 


2 
In particular, f'(x) = f’(x) = “fh fHH=fa)= EO) = S3(4l0)). 


d 
If we write, y = f(x), then =, y, or f"(x) are all used to denote the n' derivative of f 
The symbols 





d"y d"y 
n 
se), [2] onto, S 


x=a 


all denote the value of the n'" derivative of y = f(x) at x = a. The process of finding out the nh 
derivative (n = 2) of a function is called ‘successive differentiation’. 


ae 
EXAMPLE 811 If x = a(cos@ + @sin@), y = a(sind — @cos@), find a at 0 = = 
SOLUTION 








We have, 

dx : d 

ri a(—sin@ + sin@ + @cos@) = a@cosd 

d 

= = a(cos@ — cos@ + O@sin@) = adsin#é 

dx dd dx do d@ 

dy d d do 1 sec*0 
=> —_ = —(t = —(tan@)— = 29. = 

dx? dx any) on Vy a aOcos 0 ad 

ay _ sec*7 /3 _ 24 





de loaz am/3 am 
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a REMARK: The result holds good for all those values of @ for which a # 0. 


d 








EXAMPLE 8.2 If y = sin(sinx), prove that 





d’y dy 
— > + tanx— + ycos’x = 0. 
de ae 
SOLUTION 
We have, 
d d 
- i © sin(sinx)} = cos(sin x)  cosx 
a 
= = —sin(sinx) - cos?x — cos(sinx) - sinx 
x 
a 
= Z + ycos*x = —cos(sinx) - sinx 
x 
d’y 
=> te y cos?x + cos(sinx) + cosx-tanx = 0 
x 
a dy 
=> Ft tanx:—" + oe = 
ie anx cx ycos‘x = 0 


e REMARK: The result holds good for all those values of x for which cos x # 0. 





EXAMPLE 8.3 If x = sin¢, y = sinpf¢, prove that 
dy dy 
1—x?)—5 —-x— + py =0. 
( ) ao (ge ee 
SOLUTION i 4 
xX Ly 
h —_—= aa 
We have, dt cost, ae pcos pt 
dy _ dy dx _ pcospt 
dx dt/ dt cost 








bee fy .4(@), 4 
dx2 dt\ dx} dx 

_ f{ Peospr 1 

dt\ cost cos t 


_ —p’sin ptcost + pcosptsint 1 





cos2t cos t 





Successive Differentiation 











cost = —p’sinpt + p ene en 
dx cost 
7 ard) o p’sin pr 4 po sins 
~ (l - 2) ay se 
~ 0-78-80 


dp _ att 
do D . 


EXAMPLE 8.4 If p* = a’cos*@ + b*sin’@, prove that p + 


(DU, B.Sc.(H), 1991) 


SOLUTION 
Differentiating p? = a*cos*@ + b’sin?0, with respect to 0, we get 
dj 
apr = —2a’cos@ sind + 2b*sin@ cos 
dj 
2p = (b? — a”) sin26 (1) 


Differentiating (1) with respect to 0, we get 





&p dp \? 2 2 
ee oie (2) = 2(b =a )cos 20 (2) 
dp dp \? 
3 2 _ 2 2) 02 
= 4p pai 4p (2) = 4(b* — a*) p*cos 20 (3) 


d 
Substituting the value of 2» from (1) in (3), we get 


> 





ae 
4p° @ + (b? — a”)?sin°29 = 4(b? — a”)p*cos 20 

ap 
> 4p? ae 4(b* — a”)p*cos 20 — (b? — a*)*sin?20 

dp 
=> 4p? oa 4(b* — a”)p*cos20 — (b* — a”)?4sin70 cos’0 

3p 2 _ 22) 9 2 _ 92)’sin2@ cos? 
=, rr ase sl a 

& 

= psp P_ p* + (b* — a*)p’ cos 20 — (b* — a*)* sin’@ cos0 


de? 
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= (a’cos*@ + b’sin?6)? + (b? — a”)(a’cos”@ + b’sin?@) 


X (cos?@ — sin?@) — (b? — a’)? sin?@ cos” 


(at + a*b? — a*)cost@ + (b+ — bt + a’b’)sin*@ 





+ (2a*b? — 2a*b? + at + bt — b* — a4 + 2b7a)sin?Acos”O 
= a’b’cost@ + a*b*sint@ + 2a7b’sin? cos” 


= a’b"(cos”@ + sin?@)* 


cos a2b2 
ap 2a 
ae 


EXAMPLE 8.5, Change the independent variable to z in the equation 


dy dy 
— + cotx— + 4ycosec?x = 0 
dx? ae y * 


“ xX 
by means of the transformation z = log tan > 




















SOLUTION 
— x Iz 1 2x | 
z= logtan5, 7 a 
tan— 
2 
ty by de 
dx dz dx 
ae 
=F, cosecx 
dy d (2 dz 
Ae deka cosecx } + 
= cosecx: [e *cosecx + a : ia | 
dz? dz dz 
= cosec”x Bs + cosecx - a . ft essces) a 
dz? dz dx dz 
2 ay dy 
= cosec’x*—> + cosec x *—~(—cosecxcotx) - 
dz dz cosec x 
= cosec?x + a — cosecx ee 
d? “dz 
d dy 
a + cotx: 7 tr 4y cosec2x 
dy dy d 
= cosec?x + 2 — cosec x cot x + cotx: = cosec x + 4ycosec?x 
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& 
= cosecx IS +e | 


dz’ 
a d 
= + cots + 4y cosec2x =0 
ay 
2 
=> cosec*x| —> + 4y] = 0 
| dz? e 

ay . 

=> we + 4y = 0, which is the required equation with z as the independent variable. 


1 ae 
EXAMPLE 8.6 If y = (4) , Show that y,(1) = 0. 


SOLUTION 


1 x 
We have, y = (=) 
x 


Taking logarithm on both sides 


1 
= xIn| — 
Iny xin( +) 


= x(In1 — Inx) 
=> Iny = —xInx 


Differentiating with respect to x, we get 


ldy 1 
——=-x:—— Inx 
y dx x 
a 1+ 1 

=> A AL + Inx) 


Differentiating again, we get 





=0 


EXAMPLE 8.7 If sin (x + y) = py, where p is a constant, prove that 


A 
de . dx} ° 





245 


Basic Applied Mathematics for the Physical Sciences 


SOLUTION 
sin (x + y) = py 
Differentiating both sides with respect to x, 
cos (x + y)(1 + y1) = py 
= cos (x + y) + yi(cos (x + y) —p) =0 


Differentiating again, 
~sin (x + y)(1 + y1) + y2(cos (x + y) — p) + yi(—sin (x + y)(1 + y1)) = 0 














py 
= - 
py( + yi) »(5 a P] yi(-py (1 + y1)) = 0 





J 


yl +y1)? + y1) +2 = 0 
yy =-y(1+y)° 


dy ( oy 
a dx : dx 


l 


& 
1. If y = Acos nx + Bsin nx, prove that a + n’y = 0. 


. a dy 2 
2. If y = Ae” + Be ”", prove that ao te 





+b 
3. Ify = : a “then show that 2y,;y3 = 34. 
a d 
4. Ify= xIn[(ax)~! + a] , prove that x(x + je +b cd =y-1. 
dx dx 
5. If y = (A + Brje”™, show that dy — 5 ope pei 
——s ; dt dt oe 


6. Change the independent variable to 6 in the equation 
d’y 2x dy y 





+ =0, 
dx? 1+xdx (14°) 
by means of the transformation x = tané. 
a d 
7. If y = tan !x, prove that (1 + x) +24 =0. 
dx dx 
ey dy 
8. If y = Ae” + Be®, prove that ae (p+ na. + pqy = 0. (DU, B.Sc. (H), 1994). 
ie IX 


& 
9. If x = 2cost — cos 2t, y = 2sint — sin2t, find the value of a at t= s 
xX 
[DU, B.Sc.(H), 1989]. 
2 


d 
10. If x = asin’r, y= bcos*r, find oo 
xX 
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& h* — ab 
11. If ax? + 2hxy + by’ = 1, prove that of = —— ~~... 
dx (hx + by) 
ay _ Qarxy 


12. If x° + y’ — 3axy = 0, show that — = P 
_ de (P= ax 


@ 8.2 THE nth DERIVATIVES OF SOME IMPORTANT FUNCTIONS 


1. Let y = (ax + b)” 
Then y, = ma(ax + b)”7! 
yx = m(m — 1)a?(ax + by"? 
y3 = m(m — 1)(m — 2)a(ax + db)”, 
so that in general, 
Yn = m(m — 1)(m — 2)...(m —n + L)a"(ax +b)" 
m! 


In case, m is a positive integer, y, can be written as (m — n)! 


derivative of (ax + b)” is constant, that is, m!a’”, and (m + 1)" derivative is zero. 


a”(ax + by" hi 


. So that, the m' 








Corollary 1. For m = —1, we get 
Yn = (—1)(-2) +++ (—m)a"(ax + bY 
—1)"n!a" 
Thus, “( ! )- (She 
dx"\ ax + b (ax + b)"*! 
a 
Corollary 2. Let y = | + b). Th = ‘ 
orollary et y = In(ax ). Then y, a 
(l=) 
Yn = (V1)n-1 = (ax +b)? - al" 


2. Let y = e™. Then 


3 


yy, = ae™, yo = ave”, y3 = are” and so on 


Thus, y, = a”e* 


3. Let y = sin (ax + b). Then 


yy = acos(ax + b) = asin (ax + b+ =) 


2 
y= 2Peos (ax + bt =) = asin (ar + bt+ =) 


2 . 3 
y3= 2eos (a +bt+ =| = 2sin (ax +bt+ z), and so on 


‘ n 
Hence, y, = a”sin (a +bt =). 
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4. Let y = cos (ax + b). Then proceeding as above, we get 
a”cos (a +bt =| 


5. Let y = e“sin (bx + c). Then 


Yn 


| 


Il 


ae“ sin (bx + c) + e+ bcos (bx + c) 
= e*Jasin (bx + c) + bcos (bx + c)] 


Ji 


Now, on substituting a = rcos 6, b = rsin 0, we get 
y, = re™[sin (bx + c) cos @ + cos (bx + c) sin 6] 
= re’ sin(bx + c + 0) 


Similarly, y, = r’e*’sin (bx + ¢ + 20) and so on. 
Hence, in general, 


Yn = resin (bx + c + nO), where 
b 
r= Va? + b’, a= ar(®). 


6. Let y = e™cos (bx + c). 
Then, proceedings as above, 


Jn = t"e* cos (bx + c + nO), 


where r= Va~ + b?, 6= an(®). 


REMARK: In order to determine the n'" derivative of a rational function, we have 
to decompose it into partial fractions. Sometimes it also becomes necessary to 
apply De Moivre’s Theorem, which states that 


(cos 6 + isin 6)” = cosné + isin né, 
where n is any integer, positive or negative and / = V—1. 





ae x 
EXAMPLE 8.8 Find the n' derivative of y = 











1 + 3x + 2x° 
SOLUTION 
x x 
We have, y fete Gas 
Let x 2 __B 
: (2x + 1)(x + 1) axt1l xt] 
=> x = A(x + 1) + B(2x + 1) 


Putting x = —1, —1/2 respectively, we get, B= +1, A=~—1 





Successive Differentiation 














Thus, 
oe ee | 
a EI SI 
(=1)"n!2" (—1)"n! 
eae yet” Gee ip 





= (-1)'m| : = | 


(x +1)! (ax + 1)"*! 





2 
EXAMPLE S89 Find the n'® derivative of y = > 
x +a? 
SOLUTION 
We have, y= es, = a ee 
x +a2 (x + ai) (x — af) 
oa 2x _ A, iB 
- (x + ai) (x — ai) xtai x —ai 
= 2x = A(x — ai) + B(x + ai) 


Comparing the coefficient of the like terms on both sides, we get 
A+B=2, (A — B)ai = 0 
=> A=1, B=1 
(-1)"n! (-1)"n! 


Thus, >, = tt 
” (x + ai)" (x — ai)"*! 





= vel oa | aaa 


To remove ‘i’ from the expression, we substitute 








x = rcosé, a=rsind 
Then 
1 1 
———— = —~(cos 6 + ising) "t)) 
(x te ai)"*! wet ( ) 
= 1 1 rod 1 
at (C08 (n + 1)@ — isin (n 4 1)@) 
And ft = 4 6 — isi ay ry 
ni ie ai eH cos isin 
1 : 
= cast (COS (n + 1)0 + isin(n 4 16) 
Therefore, 
(-1)"n! 
Vn = ~ eg. oe (n + 1)0, 
where r= Vx +a’, 6 = tan !(a/x) 
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where (i) y = cos*x (ii) y = e*cos*x sinx 
SOLUTION : 5 
+ 
(i) We have cos*x = —— 
Z (‘+s 1 + cos 2)! 
=> cos*x = | ———_—— 
_ 1 cos2x “ cos” 2x 
4 a 4 
~ + +e08 2x + =(1 + cosdz) 
— X T X 
a+ 308 8 cos 
3 1 1 
= cos 2x cos 4x 
8 2 8 
Ls, nt Ly nt 
Yn = ~°2"cos | 2x + ——] + —- 4% cos | 4x + — 
2 2 8 2 
ss 2. 1 : 
(ii) cos“x sinx = 5 + cos 2x) sin x 


1 
= pane + q. 2sin xcos 2x 





vay Nis ott 3x — si ) 
jee 4 sim 5x sin x 


ly, 
= q (sin + sin 3x) 





Hence, 
d" 
Yn = Gan (Ch cos x sinx) 

be 
1d : 1d” : 

= ane sinx) + Fagtte sin 3x) 
1 2 n/2,ax -1 1 2 n/2 ax a3 

= 7a + 1)"/*e*sin(x + ntan ‘1/a) + 7a + 9)" e* sin | 3x + tan '— 

a 
1 
EXAMPLE 8.11 If » = —————.—Y , show that 


Lltxtxre+3x’ 
1 
Vn = 5 (Vln! sin" 10 [sin (n + 1)6 — cos(n + 1)6 + (sin@ + cose) "*)) 
SOLUTION 
7 ltxtxr?4+ 


(1 + x)(1 + 2°) 
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1 A Bx + C 
Let 3 tm 
(l+x)(1+2x7) Il+x (+1) 
> 1 = A(x? + 1) + (Bx + C)(1 + x) 
Putting x = —1, i, —i, we get 
A : Bi+C : Bi+C : 
= 1 T = 1 T = 
2 1+? l-i 
=> Nai B= : eee 
2’ 2: 2 
= -/4 ety) x= 
2lxt1 241 2Lx+1  (x+ i)(x—- i) 
—1 D 
Let 7 a + 
(x +i)(x-i) xt+i x-i 
> x-1=C(x - i) + D(x + i) 
a 1 I ; 
Putting x = i,-i, c= 50 — i), D=7(1 +4) 
( 1 ) (+) (422) 
= Je : : 
2\x +1 4\x+i 4\x-i 
1 (-1)"n! 1 (-1)"n! 1 (-1)"n! 
Yn = +1 1 — i) +1 1 + i) +1 
2(x +1)" 4 (x + i)” 4 (x — i)” 


We take x = rcos 0, | = rsin @, so that 
6=cot!x, r= 1+ x 


1 1 
Yn = $(-1)tnsine + cosa) ("*)) — 5 — i){cos(n + 1)@ — isin(n + 1)6} 
1 
— 5 (1 + i)fcos(n + 1)6 + isin(n + 1)o}}r er) 
1 
= 5(-1)"nl[(sine + cos) ("*) — cos(n + 1)0 + sin(n + 1)6]r 


(n+1) 


1 at) 
= 5 1)*al((sing + cos0) ("*)) — cos(n + 1)@ + sin(n + 1)6\(1 + cot?@) 2 





(x = coté) 





1 
= 5 (-1)"! sino fin (7 + 1)9 — cos(n + 1)0 + (siné 4 cos0y 0] 





1 
= 5 (-1)"al sin Yo [sin (n + 1)@ — cos(n + 1)6 + (sin@ + cosa) >] 


EXAMPLE 8.12 If y = tan '!x, show that 


Yq = (-1)" Kn - Dtsina( - y)sinr(2 _ ») 


[DU, B.Sc.(H), 1996, 1990] 


251 


Basic Applied Mathematics for the Physical Sciences 








SOLUTION 
y= tan” !x 
1 1 
ye ee a fe 
1+x (x + i) (x — i) 
1 1 1 . : . 
= x 7 | (By partial fractionating) 

ZL TEL 


.. Differentiating (n — 1) times 


lee. aly — 1 _ 1 
Yn = 5" ols | 














1 1 1 

=—(-1)"! 1)! 
ai! yw(n ) Fe — i)” (tany + al 

re 1 ayn | cos”y cos"y 
2i ‘L(siny — icosy)” — (siny + icosy)” 
1 


_ le — 1)!cos *y| (cos(% 7 y) ee G - yy) 
e (cos (= —y) + isin (> - »)"| 


= 1 = 1!sin'(Z 2 y)[ cosn(Z = y) a sinn( 2 = y) 


( : | ic ( 5 | 
cosn{  — y] + isinn| 5 — y 
(By DeMoiver s Theorem) 


=(-1)"@ = Dtsinn(Z - y) sinn( % - v) 





1. Find the n" derivative of 











ge Ma ot Ax aa 1 ’ x 1 
1 il Hh) ——— Ly): <——__.___ = = Vv 
OF =A © (x — 1)?(x + 1) m (x? + 1) wy) 1 + 3x + 2x? WF al 
i+ 
(vi) tan /x (vii) tan! [Hint : y = a +60 where @ = tan x] 
a XE: 
(viii) tan”! 5 [DU, B.Sc.(G),1991)] 
= * 
(ix) tan! (=) [DU, B.Sc. (G), 2001] 
(x) tan! ccs [DU, B.Sc.(H), 1987] 
1 — xcosa 
[Hint : y; = =a where z = x — cosa, a = sina, now proceed as in (vii1)] 
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—1 
2. Ify = xIn~ , prove that 
xe 1 





x= Nn are 


d"y _ jie 
ae 1 2) re 1" Ft)" 
3. If y = x(x + 1)In(x + 1)’, prove that 
d'y 3(-1)""(n — 3)! (2x + n) 





[DU, B.Sc.(H), 1991, 1988] 


dx" (x +1)" 
I d'y 2(-1)"n! sina +1) 6 
4. Ify =~, that — = Faget where r= x24x+1,0e0t" (2x1) 
Yay aw pve that V3 tl aut! 


@ 8.3 LEIBNITZ’S THEOREM 


The following theorem, known as Leibnitz’s Theorem, is used to find higher order derivatives for the 
product of two functions. 
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EXAMPLE 8.13) Find (xe cosx), 
SOLUTION 


To find the n' derivative, we look upon e* cos x as the first factor and x? as the second and apply 
Leibnitz’s Theorem. 


(x7e* cos x), = (e*cosx),x7 + "Cy(e* cos x),—1 * 2x + "Cp(e* cosx),—2* 2 
= 2"/6* cos(x + ntan™!1)x? + n+ 2-26 cos(x + (n — 1)tan™!1)2x 
-—1 
y=) 
2 





+ 200-2)? 6 coslx + (n- 2)tan”'1)2 





= 23("-2) se] 2° cos( x + “) a 2 me os( +n 2) 


+ n(n — 1) os( x + 7=27)| 


EXAMPLE 8.14 If y = acos(Inx) + bsin(Inx) _, show that 
XYn 42 7 (2n a 1) ¥n+1 + (n? 7 1) Yn = 0. 
[DU, B.Sc.(G) 2002, B.A.(P), 2000] 


SOLUTION 


Differentiating y = acos(Inx) + bsin(Inx), we get 
—asin(Inx) bcos(Inx) 








yi 
x x 
=> xy, = —asin (Inx) + bcos (Inx) 
Differentiating again, 
acos(Inx) bsin(Inx) 
Wt y= 
x x 
=> x(xy2 + y1) = —[acos (Inx) + bsin (Inx)| 
=> vy + xy, ty =0 


Differentiating n times using Leibnitz’s theorem, we obtain 


(x7 ¥2)n + (XV1)n + Yn = 0 
=> [7 ynt2 + "C, +20 + Ynty + "Cr+ 2° yal + Bynti + "Ciyn] + Yn = 0 





=> XVpa2 + (2n + 1)xyn41 + (rn? + 1)y, = 0 


EXAMPUB)8115) If y = e”*" *, show that 


(l= 1h — (2n + 1)xyn41 — (n? + m)y, = 0. Hence, find the value of y, (0). 
[DU, B.Sc.(G), 1998] 





Successive Differentiation 


SOLUTION 
Let y= esin” tx 
then y= emsin” tx, Tt __ 
1-x 
=> (l= x*)y4 = my 


Differentiating, we get 
(1 — 2°) 2yiy2 — 2xyt = 2m’ yy, 
Dividing both the sides by 21, we get 
(1 = x?)y_ — xy = my 


Differentiating n times using, Leibnitz’s theorem, we get 





ret = XY Vn+2 + "Cy(—2x)¥n41 | "Col 2)yy] XVn+1 | ny] = myn 


= (1 = x7)yne2 — (20 + 1)xynt1 — (n? + m”)yn = 0 
Putting x = 0 in the above expression, we get 
Yn+2(0) = (n° + m*)y,(0) 
From (i), (11), and (i11), we get 


y0)= 1, yi(0) =m, (0) = ar. 








y3(0) = (17 + m?) y,(0) = m(1? + m’) 
ya(0) = (27 + m?) (0) = m?(2? + m’); 
y3(0) = (3° + m*) y3(0) = m(1? + m?)(3° + mr); 
yo(0) = (42 + m?) y4(0) = m?(2? + m?)(42 + m?); and so on. 
In general 
_ ee + m’)(4 + m?)--+-[(n — 2)? + m’], — whenn is even 
Ya(0) = m(1? + m’)(3? + m’)--+-[(n — 2)? + m’}, when n is odd 


EXAMPLE 8.16 If y = sin(msin ‘x), prove that 


(1 = 2) ¥nt2 = (20 + 1) ayn + (Ww? = myn, 


(i) 
(ii) 


(iii) 


(iv) 


[DU, B.Sc.(Ph. Sc.), 2006, B.A.(P), 2001, B.Sc.(G), 1993] 


SOLUTION 
We have, y = sin(msin”!x) 
=> y, = cos(msin™!x) - a 
=> (1 — x?)y} = m* cos” (msin~!x) 
> (1 — x*)yj = m?(1 — sin’ (msin™!x)) 
= (1 -x2)yf = mr -¥*) 
=> (1 = x*)yt + my? = m?* 
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Differentiating, we get 
(1 — x7)2y1 y2 + vi(-2x) + m°2yy, = 0 


Dividing by 2, we get 
(1 — x*)y2 — x1 + my = 0 
Differentiating n times by Leibnitz’s theorem, we get 
aaa) ae) PCa (2) yy (= 2) | 
— [x41 + "Cr+ 1+ yq] + my, = 0 
(1 — 27) ynt2 — (20 + 1)xynt1 + (m? — 1°) yy = 0 


EXAMPLE 8.17 If f(x) = tanx, prove that 





F°(0)-"Cof" (0) + "Caf 4(0) — +++ = sin 
SOLUTION 
sinx 
Ae) = cosx 
> f(x)cosx = sinx 


Differentiating n times using Leibnitz’s theorem, we get 


f(x) + cosx + "C, f"~!(x)(—sinx) + "Cy f"~?(x)(—cosx) 
+ "C3 f"-3(sinx) + "C4f" 4(x) + (cosx) ++ = sin( x + =) 
Putting x = 0 in the above equation, we get 
$"(0) ~ "Co f"?(0) + "Cy fP-4(0) — = sin 


EXAMPLE 8.18 If» = (sin !x)’, prove that 


2 
(1 —-x \=> —-x— 


Hence show that 
(1 ~ x )yn49 ~ (2n ot 1)x¥n41 ~ Nyy = 0. 


SOLUTION 
Here, y = (sin7!x) 
d 1 
oe 2sin”!x - ———— 
dx 1-x 
Squaring both the sides, we get 


dy\? 
(1 = (2) = 4(sin” | x) = 4y 
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Differentiating again, we get 





(1 222 ay A (2) _ dy 
dx de dx dx 
ae dy 
Dividing by 2—, 
dx , 
(1 = a = dy = 
de dx 
dy dy 
2 
_— —-— x— -2= 
> (1 =x 2 xa 


Differentiating 1 times by Leibnitz’s theorem, we get 


[l= 7 yes + 7Ci(-28 yan + *Co(—2)yn] — [apnea  BCy- 1-3] = 0 
> (1 i a Wes _ (2n + 1)n41 = ry, = 0. 


n 
EXAMPLE 8.19 cos-( 2) = in(*) , prove that 


XV 42 + (2n + 1)xy_41 + 2n’y, = 0. 


SOLUTION 


n 
We have, cos (2) = n(2) = n(log x — logn) 


Differentiating , we get 


-1 1 dy 1 
se 
V1 - (f) b dx % 
= ryt = 2 (b° — y’) 


Differentiating again, we get 
Qxyj + 2x°yyy2 = —2n?yyy 
= xy, + xy) = —2’y 
= xy, + xy, + ry = 0 
Differentiating n-times by using Leibnitz’s theorem, we get, 
[x7yne2 + "Cy(2x)¥n41 + "C22¥n] + nt + "Crs yn] + 17yn = 0 


[x7ynta + Qnxynt1 + (n? — n)yq] + Dnt + Wn] + yn = 0 
x y,49 + (2n + 1)xv_41 + 2n’y, = 0 








l 


! 


EXAMPLE 8.20 If ) = [» +VI+ #Vs show that 


(1 + 2) Vn 42 7 (2n + 1)xYn41 7 (n° _ m) Vn =0 
Also, find y,,(0) [DU, B.Sc.(H), 1991] 
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SOLUTION 
Here, y= [* +V1I+ x" 
Zm-1, |, 44 =| 
yy mlx 1 x"| E , x Via 
m| x 1 ep. [1+] 
| 7 Vite 
=> V1 + x?y, = m[x + V1 + x7)" = my 


Squaring both sides 
(1 


Differentiating this equation with resp 


(1 + x*)2yyy. + 2xyF 
(1+ x)y +371 


Now, differentiating the above equation n times and using Leibnitz’s rule, we get 


(1 a xe Vn42 ee "Cy (2x)¥n+1 + "C2(2) yn] cs [Yn+1 + "C; Yr] = my 


+ xe )yf = m’y? 


ect to x, 


2m’yy 
my 


ll 





= (1+ 2)yn42 + (nx + x)yner + (nto 


> (1+ x )Vy42 + (2n + 


Putting x = 0 in (J), (ID, (IID), we get 
(0) = 1, 


Putting x = 0 in (IV), we get 


m)y, = 0 








1)xvp41 (n? i mM )Vn = 0 


y(0) =m, (0) = a? 


Yn+2(0) = (m? — n°)y,(0) 


Now, putting n = 1, 2,3,4,...in(V), we get 


y3(0) = ( ( 
ya(0) = (m? — 27) yy ( 
ys(0) = (m? — 3*)y3(0 
yo(0) = (m? — 4°)y4(0 


In general, y,(0) = m?(m* — 2?)(m? 


m — 1)y, (0) = (m? — 1)m 
m 


0) = (m? — 2?) m? 


)= (m? = 37)(m? = 1?)m 
) 


= (m — 4°)(m* — 27)m? and so on. 


— 4?)---(m? — (n — 2)?), ifn is even 


= m(m — 17)(m? — 3°):--(m? — (n — 2)°), if nis odd. 


If y = In(x + 


Soe She 
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If y = sin !x, then show that (1 — x?)yp42 — (2n + 1)x¥n41 
If y = tan” !x, show that (1 + x*)y,42 + 2(n + 1)xyna) + n(n + 1)y, = 0 
State Leibnitz’s Theorem. Find the nth derivative of x Inx . 


Ify = e©08"'. show that (1 = x7)yn42 — (20 + 1)xyp41 — (n? + m’)y, = 0 
If y = cos (msin™!x), show that (1 — x7)yp49 — (2n + 1)xyp41 + (m* — n*)y, = 0 
1 + x’) , prove that (1 + x7)yn4o + (2n + 1)xyp41 + ry, = 0 
a 

ny, = 0. 


(D) 


(ID) 


(11) 


(IV) 


(V) 


[DU, B.Sc.(H) Chem,1994] 


Successive Differentiation 


sin’ x 2 2 
, show that (1 — x“)yy42 — (2n + 3)xyy41 — (n + 1)yy_ = 0. 


Vi-x 
[DU, B.Sc.(Ph.Sc), 2008] , [DU, B.Sc.(H), 1994] 
8. If y = (x? — 1)’, then prove that (x7 — 1)yj,42 + 2xyy41 — n(n + 1)°y, = 0. 
[DU, BA(P), 1994, 1992] 


7. Ify = 


: 1 1 
9. If y = x’e*, then show that y, = gla — 1)yo — n(n — 2)y, + 3 (n — l(n — 2)y. 


10. After solving the question given in Q1, 2, 3, 4, 5 find y,(0) in each case. 
11. If y = x sin x, prove that 


d'y r ~ . nt nT 
mi — n° +n)sin oe — 2nx cos | x ty 


259 


This page ts intentionally left blank. 


CHAPTER NINE 


Polynomial Approximation 
of Functions 





@ 9.1 TAYLOR POLYNOMIAL AND MACLAURIN POLYNOMIAL 
If a function fis differentiable at x = a, then the equation of the tangent line to the graph of the 
function through P(a, f(a)) is y = f(a) + f’(a)(x — a). Since this line closely approximates the 
graph of fat values of x near a, it follows that 

f(x) = f(a) + f(a) ~ 2), 
provided that x is close to a. The expression f(a) + f’(a)(x — a) is called the linear approximation 
of fat a. It is of the form 

P(x) = o + (x — a), 


satisfying P(a) = f(a), P’(a) = f'(a). 

However, if the curve has a bend at a, then a linear approximation of f at this point will not be 
much closer to the actual curve. In that case, we may look for a quadratic or higher approximation 
of f at a. A quadratic approximation of f at a is a quadratic expression of the form 


P(x) = co + c1(x — a) + (x — a)? 


satisfying P(a) = f(a), Pa) =f'(a), P"(a) =f"(a). 


Thus, a quadratic approximation of fat a is the expression 


f"(@) 
a (x — a) 


We illustrate the linear and quadratic approximations of f with the help of the Example 1. 





f(x) = fla) + fax — a) + 


EXAMPLE 9.1 Find the linear and quadratic approximation of e* at x = 0 and draw the graph of 
e* and of the two approximations together. 
SOLUTION 

If we let f(x) = e*, then f(x) = f"(x) = &. 

Hence, f(0) = f'(0) =f"(0) = 1. 


; : a. 1 
Thus, the linear and quadratic approximations of e* at x = Oare e* ~ 1 +x and e* > 1+x+ a 
respectively. 
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2 
(xX) = ‘exes 






p(x) = 1+x 


Fig. 9.1 


As expected, the quadratic approximation is more accurate than the linear approximation around 
x = 0. Thus, it is natural to think of an approximation of higher order, in order to get more accu- 
racy. Therefore, we go further with the kind of polynomials P(x) discussed above for a given func- 
tion in the following way: 

Let f be a function possessing derivatives upto n" order at x = a. We look for an approxima- 
tion of fat x = a of the form 


P(x) = cg + cy(x — a) + c(x — a)? +--+ c(x — a)", 
under the condition that P(a) = f(a), P’'(a) = f"(a),... ,P"(a) = f"(a). 
As calculated earlier, it may be shown that 


ra) £"(a) pm(a) 


57 Gy ee ad 











Co = f(a), c1 =f '(a),e, = 


We give a special name to this polynomial. 


DEFINITION: Let f be a function having derivatives upto n" order at x = a. Then 
aM MMeKel=1s Taylor polynomial’ of f at x = a is the polynomial 
ipa F) he F) 
eno Lee 


ei 
If a = O, then the polynomial P,,(x) is called ‘n order Maclaurin polynomial’ of f at 
x=a. 


P,(x) = f(a) + f’(a)(x — a) + 


th 








EXAMPLE 9.2 Find the first four Taylor Polynomials for Inx at x = 2. 
SOLUTION 
Let f(x) = Inx. Then 


1 -1 2 
f(x) = I" (x) = ~ JS" (x) es 





Polynomial Approximation of Functions 


The first four Taylor polynomials of f(x) at x = 2 are 
Po(x) = f(2) = In2 




















Pi(x) = f(2) + f'(2)(x — 2) = In2 + Ae — 2) 
Pals) = f(2) + (2)(¢ — 2) +(e — 2)? = in(2y + Ae - 2) - Le - 29? 
Pals) = £02) + (268 ~ 2) +e — 22° + FO) x — ap 

In2 + =(x — 2) = 2) 4 at 2y 


EXAMPLE 9.3 Find the n'" Maclaurin polynomials for 
1 


eo 





(1) sinx (11) cosx (iii) 
SOLUTION 
(i) Here f(x) = sin x has derivatives of all orders and 
f(x) = sinx, f'(x) = cosx, f"(x) = —sinx, f"(x) = —cosx, f(x) = sinx,... 
Thus, f(0) = 0, f'(0) = 1, £"(0) = 0, (0) = -1, f™(0) = 0,... 
Therefore, the successive Maclaurin polynomials for sin x are 


Po(x) = f(0) = 0 


























Pi(x) = (0) + f'(0) «x= 
Pax) = (0) +70) +x +O). aay 
Px(2) = (0) + (0) 2+ + OO) ay E 
P4(x) = f(0) + f"(0) + x ae 2 cm es al) fh=y . 
P5(0) = f(0) + f(0) +x 4 ate “es a od oo a oe aes 5 s 


and so on. 
Since, in general, 


FO) =O. ""O F(A) wa O12, .2: 
we have, for = 0, 1, 2, 3,... 


35 oF antl 
Pon+1(X) = Pan so(x) = x peep On + 1)! 





(ii) Here f(x) = cosx, f(x) = —sinx, f"(x) = —cosx, f(x) = sinx 
f*(x) = cos x and so on, In general, f?"(x) = (—1)"cos x 
f?"*"(x) = (—1)"*! sin x. Atx = 0, f7"(x) = (-1)", fl) = 0), 
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Proceeding as in part (i), it can be shown that 
Po(x) = Pi(x) = 1 2 
Poy) > Fala) = 


2! 
ge 
Py(x) = Ps(x) = 1 — at + an and so on. 


In general, the Maclaurin polynomials for cos x are given by 


x2 x4 x x2" 





Pant) = Praia) = 1—So4 Ga ee ( 1)" aye = Ob 2 








Fig. 9.2 


1 
(iii) Let f(x) = (<< The values of f and its first n derivatives at x = 0 are given by 
—xX 








’ = ! ” = 2 m = 3! n = n} 
f(x) ~ al = ore (0) (1 = ot (x) ( - x)? se at (x) al - xt 
f(0) = 1, f/'(0) = 1, f"(0) = 2!, 7’"(0) = 3!,...,/7(0) =n! 

Therefore, the n'® Maclaurin Polynomial for f(x) = i . 2 is 
” 0 mw 0 n 0 
P,(x) = f(0) + f'(0)x 4 ee )2 = dy vo ce dan 


H=ltxytrtxete +x 


EXAMPLE 9.4 Find the n' Taylor Polynomial for 1/x atx = 1. 
SOLUTION 
Let f(x) = ~ We have, 


3! ! 
P@) =P") = I"@) =r) = CVG 


x x 








For x = 1, f(1) = 1,f'((1) =-1,f"(1) = 2,f"(x) = —-3!,...,f"(1) = (-1)"al. 
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1 
Therefore, the n'™ Taylor Polynomial for f(x) = = atx = 1 is 


" m ny 
P(x) =f(1) + f/(1)(x - 1) 4 £O 1)? aT 1p+e-4 i ) 1)" 








L-—(x-—1) + (#- 1? — (x -— 138 + + (1)"(x — 1" 


In Questions 1—8, find the Taylor Polynomials of orders 0, 1, 2 and 3 generated by fat a. 


1. 
2. 
3. 


ex 


f(x) = Inx, a =4 
f(x) =n + x), a =0 





f(x) = ~ a=1 
1 
LO) ag 8 
f(x) = sinx, a =7 
f(x) = cosx, a = 


f(x) = Vx, a =3 
f(x) = Vx+4,a=2 


In Questions 9-17, find Maclaurin Polynomials of order m generated by f. 


9. 
10. 
11. 
12. 


13. 


14. 
15. 
16. 


17. 


f(x) = e*, m= 3 


f(x) =e, m=n 

J (x) = sin 3x, m = 2n+ 1 

f(x) = cos 2x, m = 2n 

f(x) = sinhx, m =n ine sinh x = —(e* — e *), coshx = —(e* + =) 
f(x) = coshx, m =n 

F(x) = In(cosx), m= 

J (x) = sin(sinx), m = 3 





f(x) = in( 2), m = 6 


m@ 9.2 POLYNOMIAL APPROXIMATIONS OF FUNCTIONS 


AND ERROR ESTIMATION 


In the previous section, we have introduced n' order Taylor Polynomial and Maclaurin Polynomial 
of a function. We have observed that higher the order, better is the approximation of the function in 
terms of the polynomial. Here, we introduce the famous Taylor’s formula, which provides the exact 
measurement of the error that occurs in this approximation. 
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Thus, if a function f satisfies the condition of Taylor’s Theorem then we may write, 
F(x) = Pax) + Ral), 


where P,,(x) is the Taylor polynomial of f(x) of order n at x = a and R,,(x) is the remainder or error 
of order n. Thus, f(x) = Py (x) + Ry(x) = Po(x) + Ro(x) = P3(x) + R3(x) =-+- and so on. 

It may be observed that higher the order n, smaller is the magnitude of the error and hence bet- 
ter is the approximation of fin terms of P,(x). 


EXAMPLE 9.5 Estimate the error for the following approximations: 


we 


1 
(a) sinx © x — z for |x| = Be 
e 
(b) tanx © x + a for |x| = 0.1; 


_ x 
(ere ltxt Tbe += fordsxs1; 
7 nN: 


(d) Vitxe1+ 


SOLUTION 


forO=x<=1. 


Ns 
oo | 4, 


11 
(a) Here f(x) = sinx, I = |- > |. Since f possesses derivatives of every order in I, by Taylor’s 
Theorem, for any a, x € I, we have, 


T(x) = P,(x) + R,(x), n = 0,1, 2,3,... 





Polynomial Approximation of Functions 



































" a A a 
where P,,(x) = f(a) + f’(a)(x — a) 4 ae ay ted f : ) (x — a)” 
rf nN} 
Fe") a 
and R,(x) = ———— (x — a)” (Lagrange’s form of remainder) 
(n + 1)! 
where c is some real number between x and a. 
For a = 0, we get 
cos (c) 
Po(x) = 0, Ro(x) = a 
sin(c 
a= RG) =e, 
cos (c 
Px(x) = x, Ro(x) = - . 3 
3 sin(c 
P3(x) =x — = R3(x) = , ) 4 
3 cos (c 
Py(x) =x — a Ry(x) : Le 
where c is a number between 0 and x . Therefore, 
2 
sinx — € - | = [f(x) — Pa(s)| 
= |Ra(x)| 
cos (c 
_ |e0s (©) 5 
5! 
costed f= : : 0.00026041666 
x1 51.25 3840 on 


Thus the maximum possible error in this approximation is .0002604167. 
3 
Here, although both P3(x) = Py(x) = x — 7 we go for P4(x) to get a better approximation. 


(b) Here f(x) = tan x, I = [-0.1, 0.1]. Since f possesses derivatives of every order in I, by Taylors 
Theorem, for any a, x eI we have 


f(x) = Pa(x) + R(x), n= 0,1,2,... 
“a f"(a) 





























where P,(x) = f(a) + f'(a)(z — a) 7 (x — a)? 4 ea 
n+1 
and R,(x) = TD —q)"*! (Lagrange’s form of remainder) 
(n+ 1)! 
where c is some number between a and x. For a = 0, we get 
1 2 
Po(x) = f(0) = 0, Ro(x) = Py = 1 tae 
’ " 2 
Pi(x) = f(0) + 2) os R(x) = f (c) _ 2tan c(1 + tan os 
! 2! 2 
Py(x) = f(0) + ro, + re) 2 =x 
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f"(c) 3 _ l6tanc + 40tan*c + 24 tan°c 4 
a x 


























Ral) = Gy 4! 
LOY FAO) a tM) - 
P3(x) f(0) T 1! xT 2 x Tt 31 x xT 3 
R= 76) ae 16tanc + 40tan?c + 24tan°e 4 
4) 4! 
£0) f") 5 £0) 5, £*(0) - 
Pa(x) = f(0) + =x +, x 4 7 x4 ‘i xtaxt 
R(x) = f°(c) a 136tan’c + 240tan‘4c + 120tan®c + 10 3 
5! 5! 
where c is in between 0 and x. 
Consequently 
~ 
tan x (« +3 ) = | f(x) — Palx)] = Rao) 
_ 136tan*c + 240tan*c + 120tan®c + 16, |, 
5! bl 
sin(0.1 0.1 
Now, |tanc| = tan(0.1) = fas <= 


cos(0.1) —_ cos(0.1) 
; a — sinx) = 0, x — sin x is an increasing function| 
and cos(0.1) = 1 — 2sin?(0.05) = 1 — 2sin(0.05) = 1 — 2 x 0.5 = 0.9 


0.1 1 
thus |tanc| = —~ = and we have 








09 9 
( =) 136 X 92 + 240 x 94 + 120 x 9O + s( 1 ) 
tan x x 4 a 
3 5! 10 
12256 
= ————___w 1476318181 x (10)> 
8303765625 


(c) Here, f(x) = e*, I = [0, 1]. Since f possesses derivatives of every order in I, proceeding as in 
above, taking a=0 and using Taylor’s Theorem, we get f(x) = P,(x) + R,(x), 











N= O15 2erscc< 
x Xe & 41 
where P,(x) = 1+x+ rT) tot nD R,(x) = air (Lagrange’s form), 
where 0 < c < x < 1. Therefore, since e° < e!, we have 
2 n 
: x x 
g- (tert Se +2)] = ye) -2.011= RG 
Cc 
=—*_ytl< : < e [e = 3] 
(n+ 1)! (n+ 1)! (n+ 1)! 
For example, 
3 1 
- faon P <= —_ = — 
Ve) — P| << F= | 
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5 1 

=i5 Bi es 

Lf) ~ Pol < TH = q309600 
3 1 


—p ST ee = aa eOA TAL EEAA 
AC) ~ Pis@)l < 76) = 358914556000 





(d) We have, f(x V1+x, 1=([0,1 


nce, Sg as in above, by applying Taylor’s 





















oe ees — BG R(x), = 0,1,2,... 
Pol2) = f(0) = 1, Ro(x) = = — Cagrange’s Form) 
I 2it+e 
Pi(x) = f(0) OO, =1+ 
ae Sar ~ 8(1 ae 
P(x) = f(0) 4 ro. ro =14 . 
R,(x) = Ps = waa where 0 < c < x. Then 











f(a) — Pa(x)| = [Ra(>)| 





= | x 
16(1 + c)>/? 


= 


= 0.0625 





a 
16 
EXAMPLE 9.6 Find an approximate value of e correct upto five decimal places. 


SOLUTION 
The function e* has derivative of all orders throughout the interval (— 00, oo). Using Taylor’s formula 
with Lagrange’s form of remainder for a = 0, we get 

x2 x" 
=1ltxt—+7++—+R,(x) 
2! n} 


> 





Cc 
where R,,(x) = —_£___."+1 for some c between 0 and x. For x = 1, we get 
: (n+ 1)! 
1 1 1 
pe 31 + + RA) 
c 
with R,(1) = Gait for some c between 0 and 1. 
n ! 


It is known to us that e < 3. Also, as c < 1, we have, e° < e! < 3. Therefore, we have 


3 


IRn(1)| < Gan 


Now our problem is to determine how many terms to include to achieve five decimal place accuracy; 
that is, to choose n so that the absolute value of the n" remainder R,,(1) satisfies 


IR,(1)| < .000005 
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Thus, we can achieve a five decimal place accuracy by choosing n so that 
3 
——— = 0.000005 or (n+ 1)! = 6,00,000 
(n + 1)! 
Since 9! = 3,62,880 and 10! = 36,28,800, the smallest value of n which satisfies the given condi- 


tion is n = 9. Thus, the value of e upto five decimal place accuracy is 


1 1 1 
Beh ahr rg Fig, 2.71828. 
a 
EXAMPLE 9.7 For what values of x can we replace sinx by x — ai with an error of magnitude 


no greater than 3 X 1074? 


SOLUTION 


The function f(x) = sinx possesses derivatives of all orders in the interval (—oo, co). 
Therefore, by applying Taylor’s formula with Lagrange’s form of remainder 


F(x) = Palx) + Ral) 
for n = 4, a = 0, we get 
(-sin0) , _ (-cos0) , , (sin0) , | (cosc) ; 


sinx = sin0 + (cosQ) + mn _  . a ft oe 





where c is areal number withO <c <x. 


_ < COSC 5 
> sinx = x ar st 
According to the given condition, we need to find out the values of x such that 


cosc 

5 
5! 
5 
As |cosc| = 1, we look for x satisfying, |5) 


<3x 107% 











= 3X 10% that is 








IxP = 360 x 1074, 
lx] = (W360 x 10-4) = 0.514, after rounding off. 


3 
ee Peete In the above example, both n = 3, 4 give P,(x) = x — as However, 


Ein 
larger the value of n, better is the accuracy. 








EXAMPLE 9.8 Calculate e with an error of magnitude less than 10°. 


SOLUTION 


The function f(x) = e* possess derivatives of all orders in the interval (— 00, 00). Hence, by apply- 
ing Taylor’s formula with Lagrange’s form of remainder for a = 0 we get, 


F(x) = P(x) + Ralx) 
x 1 i I 24 l Be da. eey. uh 1 1 
> e 1+x4 a t 317 t t ae t R,,(x) 
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If we take x = 1, then 





=_ 1 4 1 4 l 4 1 4 4 1 4 R. 1 
e T T oy 31 T T al T al. ), 
e& 
where R,(1) = Ge for some c between 0 and 1. Thus, we have 
n ! 
1 1 1 
exl+14+—4+—4-°4+-, 
2! 3! n} 
e° 
with an error of magnitude equal to Ge Dr . Therefore, we need to find out the value of n for 








which this error is less than 10°. As c < 1, we have, e° < el. Again, for simplicity’s sake, we use 
the fact that e < 3. Thus, we look for n satisfying 

3 < 10° 
(n+ 1)! 


3 3 
By calculating, we find that or > 10° while Tor < 10°. 


Thus, n should be at least 9 so that the error is less than 10~°. Thus, with an error less than 10~°, 
the value of e is 
1 


1 1 
ee a So ap ge eee 


EXAMPLE 9.9 Use Taylor’s formula to approximate the value of 30. 
SOLUTION 


Consider the function f(x) = 2 inl = [27, 30]. f has derivatives of every order in I. Hence by 
applying Taylor’s Theorem with Lagrange’s form of remainder, we get, for any a, x € I, 


f(x) = P,(x) + Ra(x), where f(x) = 1/3 antl 








Pls) = fla) +f (ay(x— a) + Ge — aye e+e — ay 
= (B+ @ a(x — a) 4 ( as? .3 (x — a)? 4 


1 2 1 1 1 
+ +(-2)--(4- nt 1) ™.—.(x— a)" 
3\ 3 3 ni 


f"""(c) 
= —— (x — a)"*!, for some c lying between a and x. 
(n+ 1)! 


1 
1 2 1 oo n+1 
~ i( =).-(2 n) (n+1)! (x a) 


For x = 30, a = 27, we get 





(30)'/3 = P,(30) + R,(30) 


Forn = 1,2,..., we get 


1 
n=1, Goy"r= 3 + 327" . 3| + 
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1 1 2 37 1 25 33 
13. Mes 2/3 , RSF Glee 8N oot reli Roceen Boe. —8/3 7 
2, (30) [3+407 3+ ( 2) (27) =| + Al 2)( =) 31 
1 1f 2 37 1f 2\f 5 3 
= 1/3. = 2 =2/)3., af tee = Bfe. S| tee ates ao 8/37 
n=3, (30) 3 + 3(27) 3+ Al *)(27 anit Al =}( =) 27 =| 


Lf BE SVE Bho. age oe 
+ — = 25 an = ‘eS 
Al =}( at *) te) 4! 
and so on. 


Since c is a number lying between 27 and 30, 


eerie Qn ee san on Bas ch"! < 3-3"-2_ Therefore 


1 2)..(1 gst 
S87 2 apy) say) 


3 
ll 


|(30)'/3 — P,(30)| = [R,(30)| < 


Thus from the above, we get the following approximate values (P,,(30)) of Vv 30 with the cor- 
responding errors of estimation (E,(30)). 





n P,(30) = V30 E,(30) 
1 1 
1 +—=3111... — = .0041152 
3 9 : 3° 
1 1 5 
2 3+—- — = 3.1069948 — = .0002540 
OMEGE 39 
3 B+ dee a oe 3.1072488 A= 0000188 and soon. 
9 39 39 312 


EXAMPLE 9.10 Use Taylor’s Theorem to compute an approximate value of Ve with an estimate 
of the corresponding error. 
SOLUTION 


Since the function f(x) = e* possesses derivatives of every order in any interval, we may apply 
Taylor’s Theorem with Lagrange’s form of remainder with a = 0 to get 


F(x) = Pa(x) + Ra(x) 





where f(x) =e 

EO) Se one FO) 
P,,( ) f(0) T I! T 2 x? T T nl x 

7 x" 

= Sab 

1! ! n! 

f"*"(c) : e p 
R,(x) = (n+ 1)!” oh Grin elt for some 0 < c < x. 
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Now, by taking x = > we get 
1 1 
=P,(—] +R,|= 
Ve= rls) + ®(3) 
1 1 
oF [ve IC | (3) 
1 1 1 ef 
1+<4 bese = 
= Ive ( 2 oP 29) rn)| wel 
el/2 1 
< —— “ 0<ce<s 
214 + 1)! 2 
2 1 
—_——— = E,| = ] (say) Ce < 4 
2*1(n + 1)! Ok Ot ) 


1 
Thus, the approximate value P,( 5) of Ve can be obtained by calculating the value of the expression 








cee set for different values of n with the corresponding error estimation 
2 22-21 2” +n! 
1 


B,(3) = "(n+ We may calculate the following values: 


0 mila) (3) 

1 “ = 1.5 - = .25 

2 = = 1.625 ay = A166... 

3 = = 1.64583 5 = .005208333... 
4 S = 1.6484375 85 = .00520883... 


EXERCISE 9.2 


. Show that the value of e, correct to seven decimal places is 2.7182818. 


. For what value of x, can we approximate e* by 1 + x + >? correct to four decimal places? 


3 


: ; Xe ss ; 
. For approximately what values of x, can we replace sinx by x — - with an error of magnitude 


not greater than 5 X 10 


—4o 
3 


: : : é : x : 
. Estimate the error in the approximation of sinhx = x + 31 when |x| < 0.5 [Hint: use Ry(7) 


not R3(7)]. 
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2 
5. Ifcosx is replaced by | — = and |x| < 0.2, what estimate can be made of the error? Is the esti- 


x " 
mate | — a of cosx an under estimate? 


6. Estimate the error in the approximation sinx = x when |x| < 107°. For which of these values 
of xis x < sinx? 
2 
é j x j 
7. For the approximation eX = 1 + x + >? estimate the error when |x| < 0.1. 


8. For what values of x can you replace In(1 + x) by x with an error of magnitude not greater 
than 1% of the value of x? 


9. When 0 = x = 0.01, show that e* may be replaced by 1 + x with an error of magnitude not 
greater than 0.6% of x. 





10. Use Taylor’s Theorem with a = 0 and n = 3 to find the cubic approximation of f(x) = 


l1- x 
atx = 0. Give an upper bound for the magnitude of the error in the approximation when|x| = 0.1. 
2 4 
11. Show that for 0 - x = .25, cosx can be approximated by 1 — a + i with an error not 


6! 





greater than 


12. The estimate V1 +x = 1+ ; is used when x is small. Estimate the error when |x| < 0.01. 


13. Use Taylor’s formula to approximate the following values 


(i) /250 (ii) sin18° (iii) In(1.2) (iv) (1.1)!2. (~v) We 


@ 9.3 SERIES EXPANSION OF FUNCTIONS 


In the fifth chapter, we have defined a sequence and discussed its convergence. If {u,,},—1 is a 
co CO 

sequence, then Si; defined by Si, =u, + up +°*: + uz +-:: is called an infinite series. 
n=1 n=1 


r \ 1 1 1 1 1 . infini ; 
or example, 2 =1+t +3 +--+ +--is an infinite series. 

If we add the first two terms of the series > u,, that is, if we find out u; + uy and then add u, 
to it, and go on adding each term to the sum of the previous terms, we see that, as there is no last 
term of the series, we will never arrive at the end of the process. Thus, in the ordinary sense, the 
expression ‘the sum of an infinite series’ has no meaning. A meaning is assigned to this expression 
by employing the notion of limit in the following way: 

Let S,, denote the sum of the first n terms of a series. That is, S, = uj + uy +++: + u,;S,, is 
called the n' partial sum of >u,,. If {S,,} tends to a finite limit (as a sequence) to, say s, as n tends 
to infinity, then the series & u,, is said to be convergent and s is said to be its sum. 


aa 1 1 1 
EXAMPLE 9.11 Consider the series don a ol ee an 


Here, 


led) ay 
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1 
lim S, = lim 2{1 = x) =2. 


no noo 


Hence, the series SS is convergent and 2 is its sum. 


EXAMPLE 9.12 Consider the infinite geometric series 1 + r+ 7° +--+ 7" + 


l= 7) 
Here, 8, = 7 r#1; S, =n, wherer = 1. 


We examine lim S,, for different values of r: 
noo 
If7 = 1, then S,, = 1 which tends to oo as n tends to oo. 
1 


If |r| < 1, then nus r, = 0, therefore = S, = i . 
—r 





Ifr > 1, then Jim ee oo, thus Jim S, = 003 
Ifr sl, iien =k r’ and lim S, Ae not exist. 
n—oo noo 

Hence, we see that the infinite geometric series =r" converges if and only if |r| < 1 and the 
sum of the series is 7—,. 
9.3.1 Taylor and Maclaurin Series 
Here, we further generalize the concept of Taylor Polynomial to obtain an infinite power series from 
a given function f- 


DEFINITION: Let / be a function having derivatives of all orders throughout 
some interval containing a as an interior point. Then the ‘Taylor series’ generated 
by fat x = a is the power series 


f(a) f"(a) 5 f"(a) 


f(a) + i (Ce Gi) as s Oe Vat a (Cea aroce 


n! 


The Taylor series generated by fat x = 0 is called the ‘Maclaurin series’ gen- 
erated by f. Thus the Maclaurin series generated by fis the series 


FO), (0) (0) 


PARE sei lls, a MCI ( Patio ree 
f(0) + 7a Sn a a Spee st 





Beane Find the Taylor series generated by f(x) = — ~ at x = 2. When does this series 


converge to 1, 
x 


SOLUTION 
We need to find (2), f’(2), f” (2), f'"(2), --- 


1 21 =1)731 
Now, f(x) = E f'(x) a = f'(x) = ( 1)’ =i Fs = ( } wo 
x x x x 
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I 2) on 3! 
ant (2)= ae f (2)= ae 





1 
Thus, f(2)=4, (2) = 
; 1 
Therefore, the Taylor series for f(x) = atx = 2 is 


"(2) » fQ) 


f(2) + f'(2)(x — 2) 4 (x — 2)? 4 (x — 2)? 4 ‘4 (x —2)t 4-5 


; ( a 2)4 @e a | ( a\e = | (“\e a - 


i 9=2 <a 2) . G2) ea 2p 

















2 2? oe a 2 
ee 
2 a NS 2 “<Q 
This is a geometric series with common ratio r = ae. It converges for |r| < 1, that is, for 
1 1 


1 
0 <x < 4 and its sum is — * ——"—_~- = -. 
214s 


EXAMPLE 9.14 Find the Taylor series generated by f(x) = e* at x = 0 andat x =a. 
SOLUTION 


Since 

Fz) = FR) = FF) = F(R) = es PG) = 
we have, 

AO) = 1 POSH 1710) =H Lea lO = 

F(a) = &, f(a) = 8, f(a) = 8, f"(a) = e800, Fa) = 0%... 


Therefore, the Taylor series generated by fat x = 0 is 








comin at Chee at OV ayo. «a es 
f(0) + f"(0) T 2 x T 31 x? es ST nl x ie es 
x2 x3 x? 
=1lte+—t— +++ 4 
2! 3! n! 
7 a 


Similarly, the Taylor series of f(x) = e* at x = a is given by 


x — a) x - 1) x— a)" 
Hla) + faye a) + (aS + pm(ay@F™ 4 p@QQP— +. 











=e a) + a: Gea) bee 4 aS ay «| 
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« REMARK: (i) By definition, the first series in Example 9.14 is also the Maclaurin 
Telco 0) oa 
(ii) The series generated by f(x) need not converge to f(x). For example, take the 
function f(x) defined by 


OF x=0 
Cees er eee Oh 


Here, f has derivative of every order at x = 0 and f"(0) = 0 for all n. This means 
that the Taylor’s series generated by fat x = 0 is 


f"(0) 


f"(0) 
y a ore Aes ao esr 
f(0) + (0) - x + ies ap 205 4p gs af 


=0+0-x+0-x74++°4+0-x"+--=0 


Thus, this series converges for every x (its sum is 0) but it converges to f(x) only 
at x = 0. 





EXAMPLE 9.15 Find the Taylor series generated by f(x) = sinx at x = 0. 
SOLUTION 
Here 
J (x) = sinx, f’(x) = cosx, f"(x) = —sinx, f” (x) = —cosx,..., 
f(x) = (-1)"sinx, f?"*1(x) = (—1)"cosx 
At x = 0, we have 
DY F OH PORK PO) shes Pr Hb = El 


Therefore, the Taylor series generated by f(x) = sinx at x = 0 is 


2° BPO 3g PO ne FO gt 











F(0) + f'(0).x 3! (2n)!* (Qn + DI 
— 3 7 ent 
ee ah Gt (2n + 1)! 
ent 
22 em 


Again, as in Example 14, this also is the Maclaurin series for the function f(x) = sinx. 


In Questions 1—10, find the Taylor series generated by fat x = a. 
f(x) = 2x4 + - 3x +7, a=1 
)=r-at+4, a=2 
x) =3x4-23+x-4, a=-1 
f(x) =x44+2P4+1, a= -2 
) 


nr won 
Ss 
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6. f(x) =e, a=1,2 

7. f(x) =e*, a=I1n2 
1 

8. IO) SS a=-l 

9. f(x) = sinax, a= > 

10. f(x) =Inx, a=1 


In Questions 11—18, find the Maclaurin series generated by the function /- 





11. f(x) =e 
12. f(x) = cosax 
13. f(x) = sin3x 
1 
14. f(x) = fans 
15. f(x) = 9cos (—x) ee 
16. f(x) = coshx int coshx = ote] 
17. f(x) = sin hx 
18. f(x) = xsinx 
19. f(x) =x - T+ 27-4 
20. f(x) = (x - 1) 


m@ 9.4 CONVERGENCE OF TAYLOR SERIES 


1 . 
In the example of f(x) = 2 of the previous section, we have seen that the Taylor series generated 


1 
by the function f(x) = atx = 2 converges to f(x) if x lies in the interval (0, 4). That is, we 
indeed have, 


eae a ae 
ee 2 2 2 2 
provided, 0 <x < 4. 
Here, the question arises: given a function /, that has derivatives of all orders at x = a, does 
there exist an open interval containing a, such that f(x) is the sum of its Taylor series at x = a for 
each x in that interval? In other words, when can we have, 


fla) = fla) + (a - a) + OO 


The answer to this question may be obtained by invoking Taylor’s Theorem provided in Section 9.2. 
Taylor’s Theorem states, that if a function f possesses derivatives upto (n + 1)-order in an inter- 
val I and a € I then, for every x € I, 











(x — a)? ove 


f(x) = Pala) + Ra(x) 
where P,,(x) is the n" order Taylor polynomial at x = a and R,,(x) is the remainder of order n. 
First let us assume that f possesses derivatives of all orders throughout the interval I (which 
may be open or closed), so that we may talk of the Taylor series of f atx = a. Then the Taylor poly- 
nomial P,,(x) is nothing but S, (m = 0, 1,2,...) forming the sequence of partial sums for the 
Taylor series of f at x = a. Since f(x) = P,(x) + R,(x), in view of the Taylor’s Theorem, the 
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Taylor Series at x = a converges to f(x) if R,(x) tends to zero as n tends to infinity. Thus, if 
R,(x) — 0 as n — oc for all x in the interval, we say that the Taylor series generated by / at 
x = aconverges to f(x) and we write, 
S f(a) 
fo=> (x — a)§ 
K=0 ik! 





If 0 eI, then by taking a = 0 in the above case, we say that the Maclaurin series generated by 
f converges to f and write it as 








S (0) 
$= Sy 
k=0 
EXAMPLE 9.16 Show that the Maclaurin’s series for cosx converges to cosx for all x; that is 
oo 2k 2 4 ,6 
= ee a es 7 
ese 2 api > | eT a ee (—oo < x < 00) 


SOLUTION 


The function f(x) = cosx, possesses derivatives of all orders in the interval (— oo, oo) and for all x, 








f" (x) = +cosx or =f "*"(x) = +sinx 


Thus, we have, | f”*!(x)| < 1. Now, by Taylor’s Theorem with a = 0 and Lagrange’s form of 
remainder, 


Pe) inl 


F(x) = Pa(x) + Ra(x), where R,(x) = (n + 1)! 


for some c between 0 and x. Therefore, we have 


|x|"! 
=IR, So: 
n 


x 
Since lim ~ 0, it follows that R,(x) — 0 asn — ov. Hence, we have 
non 





"(0 "(0 4(0 
fea) = 0) + pox +O 4 FO) a 4g A) ws. 
That is, 
x xt 
OR NS ae ag 


REMARK: In the same way, we can prove that the Maclaurin series for sinx 
converges to sinx for all x in (—co, oo). That is 


ae Loar 
SY Sa fe eres 
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EXAMPLE 9.17 Use Maclaurin series for sinx to approximate sin 3 to five decimal-place accuracy. 
SOLUTION 


The function f(x) = sinx possesses derivatives of all orders, and for all x in (—0o, co), we have 








f"(x) = £sin x or f"(x) = £cos x 


We take x = a the radian measure for 3 , as the differentiation formulas for the trigonometric 
functions are valid only for radian x. Thus, we have, on applying Taylor’s Theorem with xp = 0, 
T(x) = Py(x) + R,(x), that is 











w" 0 0 
f(x) = f(0) + f'(0)x re bee re) + R,(x) 
: 60)? 60)° 60)’ 
sin3 = sin = - wr ) is ) (ais ) + +++ + R, (77/60) 


‘We must now determine how many terms in the series are required to achieve five decimal place 
accuracy. That is, we need to choose z, satisfying 


60 





2, (=| < .000005. 


Now, 


ntl 


R,(x) = f"*!(c) Peshy 


(Lagrange’s form of remainder) 


for some c between 0 and x, so that 


ol) 





60/| (n+ 1)! 
re a 
Therefore, we choose n satisfying “fe Ot = .000005. 


With the help of a calculating device, it can be verified that the smallest value of n that meets 
this criterion is n = 3. Thus, for the values of sin3° upto five places of accuracy is 


. a /60)? 
sing? we 7 — (7/60) 9.95034 
60 3! 


« REMARK: In the above example, we need not use the concept of R,(x) — 0 


as n — oo. Thus, it was in fact a problem of Section 9.2, except for the word 
‘Maclaurin series’ used in the statement. 








EXAMPLE 9.18 Show that the Macluarin series for e* converges to e* for all x; that is 


oo ae ee (-co < x < ow) 
—& k! 2! 3! k! 
SOLUTION 
Let f(x) = e*, so that f"*1(x) = e* for all x in (—00, 00). 
We need to show that R,(x) — 0 as n > oo for all x in the interval (—oo, 00), in the 


Taylor’s formula 
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F(x) = Pal) + Ra), 


where a = 0 and 


n+l +1 
ie) xitl = ec. ze . (Lagrange’s form of remainder) 
(n+ 1)! (n+ 1)! 





R,(x) 


for some c between 0 and x. Pe 
It follows, from the formula lim a 0 that R,(x) — 0 asn — oo. Thus, we have, 


f(x) = f(0) 4 i x ee oat fcr 


x3 


That is, e=Hltxtoi+idg¢: 
2! 3! 


EXAMPLE 9.19 Expand In(1 + x) as a power series of x,-1 <x = 1. 


SOLUTION 
—] n ! 
The function f(x) = In(1 + x) has derivatives of every order for x > —1 and f"*!(x) = ee 
x 


Therefore, by Taylor’s formula with a = 0, f(x) = P,(x) + R,,(x), for every x > —1. However, the 
remainder R,,(x) tends to zero only for —1 < x = 1. Thus, the Maclaurin series for In(1 + x) 


converges only for—1 < x < 1. We explain below how R,,(x) — 0.asn — on for different val- 














ues of x. 
Case I: 0 =x = 1. In this case, we consider the Lagrange’s form of remainder, that is, 
ntl 
R(x) = f"*(c) : ene for some c between 0 and x. 
(-1)"-n! xl 
~ (L4ey"! (n+ 1)! 
+1 
=(-1)"- ar ( z 
nl 1+e¢ 
x n+1 
Since, 0 = <1: ( —> 0asn > ow. 
Lie l+ec 


Thus, R, — 0asn — o. 
Case II: —1 <x < 0: In this case, we consider Cauchy’s form of remainder, that is, 
m1 (@x) 


R,(x) = — — 9)"x"*!_ where 0 is some number lying between 0 and 1. 


ay n n+ 


= caper (128) 
1 + 0x 1 + 0x 














1-90 1 2 
Now, 0 < 1— 6 < 1+ @x so that 0 < <1; hence ( J 0 as no. 
1+ 0x 1 + 0x 


Also, x” — 0 asn — oo. Thus, 


R,(x) > 0asn > w. 
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Therefore, R,(x) — 0asn — oo for—1 < x = 1; so the Maclaurin series converges to f(x) 
for—1 <x = 1. Hence, 


f"(0) f'"(0) 
2 x T x? 


F(x) = (0) + F(0)x + 7 


Now, f(0) = 0 and f"(0) = (—1)""!(n — 1)!. Thus, we have 
re x? xt 


In(1 4 = t bores l<xsl 
eae os - 





a REMARK: (i) The Lagrange’s form of remainders in the above example involve 


n+1 
the terms Gen and x”"*' respectively, which do not converge to finite limits 


asn— ow, if x > 1. 


(ii) The Cauchy’s form of remainder mentioned in the Taylor's Theorem is 
iH Ged) 
my eae) 


For a = 0 and writing c as 6x (where 0 < 6 < 1, so that O < 6x < x) we get 
Cauchy’s form of remainder also as 
#"*1(6x) 


3 @ a Og - ana 








EXAMPLE 9.20 Find the Maclaurin series for cos 2x. 
SOLUTION 


We have already shown that the Macluarin series for cos x converges to cos x for all values of x in 
(—oo, 00). That is, 
x x4 x6 


cose = Te ar er 


Substituting 2x for x in the above series, we get Macluarin series for cos 2x as 
(2x)? (2x)* (2x)? | 
27°! 6 





cos2x = | 


which holds for —co < 2x < on, so the newly created series converges for all x. 


EXAMPLE 9.21 Find the Macluarin series for x sinx. 
SOLUTION 


We can find Maclaurin series for x sinx by multiplying the Maclaurin series for sinx by x: 


, . x 
SUK HI RS a 
3! St! 7! 


+ 
3! 5)! 
The new series converges for —co < x < oo because the series for sinx converges for all x. 
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EXAMPLE 9.22 Find the Maclaurin series for e*/”. 
SOLUTION 


The Maclaurin series for e* converges to e*. That is, 


x3 


e=1t+xt—-4+—H4+::: 
2! 3! 


Sade x : : 
Substituting 75 for x in the above series, we get 


2 3 
e/2 1 x ( x) 1 ( * 1 
2 Deal 2/ 3! 




















EXAMPLE 9.23 Find the Maclaurin series for (1 + x)”. 


SOLUTION 
The function f(x) = (1 + x)” has derivatives of every order. In fact, we have 
f'(x) = m(1 +x)" 1, f"(x) = m(m — 1)(1 + x)", .., 
f*(x) = m(m—- 1)... (m—k+1)\(1+x)"* 


In case m is a non-negative integer, then f"(x) = 0 for all n > m. Thus R(x) = 0 whenever 
n =m. Therefore, by taking f"(0) = 0 for n > m in Taylor’s Theorem f(x) = P,(x) + Ry(x) 
with Lagrange’s form of remainder, and letting n tend to oo, we get 








“f(0) (0). £0) 
fx) = 90) + + eb Om 
That is, 
=" Soyer 
(faa =1em4 mn ) 2 Ea m(m 1 x”, 


whenever m is a non-negative integer, and -co < x < oo. 

We now discuss the case where m is not a non-negative integer. It can be proved that if m is not 
a non-negative integer, then the Macluarin series of (1 + x)”, which is also called the binomial 
series, converges for |x| < 1. The Cauchy’s form of remainder is 








f"** (6x) a 
R,(x) = —, SO) where @ is some number lying between 0 and 1, 
m(m — 1)(m — 2)-*-(m—n 
= ( )( ) ( da x)m—n—l 7 (1 os Q)" . xntl 
n! 
m(m — 1)(m — 2)-::(m—n)f 1 —@ \” 
= ( ¢ ) ( ( 2 (1 1 @xy"—! . ttl 
n! 1 + 0x 
We observe that 
: mim — 1)**:(m—n 
(i) lim ES SE A) ase =0 
noo n!} 
m(m—1)-++:(m—n 
In fact, by taking u, = eS og we get 


n! 
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Unt+1 m—n-I1l ( m 
= x= 1 }x 








Uy n+1 n+ 1 
u, 
so that A ep ye 

Un 

u, 
Now, from the result “If lim a = land |/| < 1, thenu, — 0”, it follows that for 
noo 
m(m—1)-:-(m—n 
|x| <1, lim MAES AP A) et =0 

no ni 





(ii) lim (7=%)" =o 











noo \ 1 + 0x 
1-06 

This follows from the facts thatO < 6 < 1 and -—1 <x < 1 sothat0O < ie <1 
(iii) (1 + @x)”"~! remains unchanged as n tends to oo. 

Thus, it follows that for |x| < 1, 

lim R,,(x) = 0. 
Hence, we have, 
f(0) FO),  f"@), 
f (x) f(0) 4 ane 2 T 31° T 
That is, 
m(m— 1 m(m—1)(m—-2 
(l+x)"=14 ened ( 24 ( Mt ) 24 for |x| <1. 


EXAMPLE 9.24 Find the binomial series for 





1 1 
GQ): (i) ——= (il) Vil+x 
(1 + ale Vilt+x 
SOLUTION 
From the binomial series 
(+xy"=14 m(m — 1) 2 ' m(m — 1)(m — 2) 3s m(m — 1)(m — 2)(m — 3) 4 
2! 3! 4! 


it follows that 

















1 = —2 

(a) Gage @ +2) 

a ay (=2)(=3) CES) a) a 

2! 3! 4! 
=1-2x+ 37-434 54¢--- 
1 1 

; ; I ea ') 
(ii) Ta (l+x)'?=14 ( s)s ji x 
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ie ee Tee, 
2 a 83 
1/1 1/1 1 
1 2a? 221 /\y~? 
Gi) Vit x=(1 tx)? =14+—=-x4 x4 34 
2 2 3! 
1 


Find the Maclaurin Series for the functions given in Questions 1-8. 
1. f(x) = xcos ax 


1 
2.. f(x) = sin*x [Hint: sin?x = 5 — cos 2x)] 


x2 


1 = 2x 
4. f(x) = sin( x) 


5. f(x) = cos*x 





6. f(x) = xIn(1 + 3x) 


2 

7. f(x) a a 1 + cos x 
3A 

8. f(x) = sinx —x +37 


In Questions 9-13, Maclaurin series of a function at some point is provided. Identify the function 
and the point. 





























0.1)?  (0.1)° aor 
9. (1) -$ yy git 
3! 5! (2n — 1)! 
01)? .01)4 —1)""1!(.01)2""2 
ie OY oa 
2! Al (2n — 2)! 
9 4 —jyrl 2n—-2 
Hehe a ee eG ee ae 
gt) oF Al 227-2. (2n — 2)! 
a? . (2P 2) —1)""1(.2)" 
fe i a a 
2 3 4 n 
2; a av 
414+ ye ~S ) jesscae ) + 
2! 3! n! 
3 5 —|)\" 2n+1 
Mee ee ee 
3 33-3! 38 5! 3°"*1 . (2n + 1)! 
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CHAPTER TEN 


Functions of two Variables 





@ 10.1 FUNCTIONS OF TWO OR MORE VARIABLES 


There are many familiar formulas in which a given variable depends on two or more other variables. 
For example, the area A of a triangle depends on the base length b and height h by the formula 


1 
A= 5 bh; the volume of a rectangular box depends on the length /, the width w and the height h 
by the formula V = /wh; and the arithmetic average x of n real numbers, x), x2, ..., x, depends on 


those numbers by the formula x = (x; + x2 +++: + x,)/n. Thus, we may say that 


A is a function of the two variables, b and h; 
V is a function of the three variables /, w and h; 
x is a function of the n variables Xx}, X2,.. ., Xp. 


The terminology and notation for function of two or more variables is similar to that of func- 
tions of one variable. For example, the expression 


z= f(%)) 


means that z is a function of x and y in the sense that a unique value of the dependent variable z is 
determined by specifying the values for the independent variables x and y. Similarly, w = f(x, y, z) 
expresses w as a function of x, y and z and wu = f(x), X2,...,X,) expresses u as a function of 
X15 X2,-++ Xp. 

As with functions of one variable, the independent variables of a function of two or more vari- 
ables may be restricted to lie in some set D, which we call the ‘domain’ of /. Sometimes the 
domain will be determined by the physical restrictions on the variables. If the function is defined 
by a formula and if there are no physical restrictions or other restrictions stated explicitly, then it 
is understood that the domain consists of all points for which the formula yields a real value for 
the dependent variable. We call this the ‘natural domain’ of the function. The following definition 
summarizes this discussion. 


2) DEFINITION: A function of two variables x and y is a rule that assigns a unique 


real number f(x, y) to each point (x, y) in some set D in the xy-plane. 
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EXAMPLE 10.1 Let f(x,y) = eV + 2x +1. Find (0,0), f(-1, Dt, t), f (2a, b). 
Also find the natural domain of f. 
SOLUTION 
By substitution 
eV0+2-0+1=1 
(-1)°VI + 2(-1) + 1 =0 
(7) 
(2 


0, 








ev +1 = 1/2422 +1 
a?’Vb + 2(2a) +1 = 4aVb + 4a +1 





0) 
= 
“We t) 
f (2a, b) = 

The natural domain of f consists of all those points in the xy-plane for which f(x, y) is real. This 
restricts the choice of y, that we must have y = 0. Thus the natural domain of f consists of all points 
in the xy-plane that are on or above the x-axis. 


< 


y=0 


>X 


™ O Fig. 10.1 


EXAMPLE 10.2 Sketch the natural domain of the function f(x,y) = log(y? — x). 


SOLUTION 
log(y” — x) is defined only when y’ — x > 0, that is, for y* > x. We first sketch the parabola 
y” = x. The region y* > x consists of all the points above and below this curve. 


>< 


y*>x 





Y Fig. 10.2 
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10.1.1 Graphs and Level Curves of Functions of Two Variables 

Recall that for a function f of one variable, the graph of f(x) in the xy-plane was defined to be the 
graph of the equation y = f(x). Similarly, if f is a function of two variables, we define the graph 
of f(x, y) in the 3-dimensional xyz-space to be the ‘graph’ of the equation z = f(x, y). In general, 
such a graph will be a surface in space. 


EXAMPLE 10.3 Describe the graph of the following functions: 


(a) f(x,y) =1-—x-2y (b) f(y) = V4-x% -y¥ (c) f(y) =-Vert+y 


SOLUTION 
(a) By definition, the graph of the given function is the graph of the equation 
z=1-x-2y 


which, being a first degree equation, represents a plane. This plane will intersect the three axes 
at A(1, 0, 0), B(0, 1/2, 0) and C(0, 0, 1) respectively. The triangular portion ABC of the plane 
is shown in Fig. 10.3. 





A(1, 0, 0) 





Fig. 10.3 


(b) By definition, the graph of the given function is the graph of the equation 
Garay 
After squaring both sides this may be written as 
Pt+y~t+7=4 


which represents a sphere of radius 2, with origin as the centre. Since z can take only non-negative 
values in the original equation, therefore graph is the upper hemisphere of this sphere. 








Fig. 10.4 
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(c) The required graph is the graph of the equation 
pay 
After squaring, we get 
Part y 


which is the equation of a circular cone. Since z = 0 in the original equation, the required graph 
is the lower half of this cone. 


Before going for further discussion on function of two variables, first let us be familiar with 
the standard equation of a few common 3-dimensional surfaces. 


Fig. 10.5 


Ellipsoid: Its equation is 


N 


2 2 


| (1) 


+ 
ce 


mS 


ge 


It is symmetric with respect to all the three co-ordinate planes, meets the axes at (+a, 0,0), 
(0, +b, 0) and (0, 0, +c); is bounded by the parallelopiped with surfaces x = ta, y = +b,z = +c. 


Elliptical cross section Zz 
; A 
in the plane z = k 





2 2 
The ellipse ~; + % = 1 
a 


in the xy-plane 








in the yz-plane 


Fig. 10.6 
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The curves obtained by the intersection of the surface with the co-ordinate planes are 
y 
x =0: theellipse | + | = 1; 
i 
oe 
y = 0 > theellipss~5 + | = 1; 
a c 
x ? 
z= 0: theellipse >= + —~ = 1; 
ae ae 
Any plane z = k(|k| < c) parallel to the xy-plane intersects the surface in an ellipse 


x y 


+ = 
5) #(-43) 
2 2 
@| 1 == be 1 = 
(1-3) 4-3 
If any two of the semi-axes a, b, c are equal, the surface is called an ‘ellipsoid of revolution’. It 
xX 
may be noticed that if b = c, the surface may be generated by revolving the ellipse > + a = 1 
a 
about the x-axis. If all three are equal, it is a sphere. 
Elliptic paraboloid: Its equation is 
2 2 
x 
b2 
It is symmetric with respect to the co-ordinate planes x = 0 and y = 0 and meets the axes only 
at the origin. The surface lies entirely above or below the xy-plane, depending on the sign of c. 


2 (2) 
Gc 


S|5 


2_a xe 
The parabola x°= 2-2 | The ellipse ~5 + a =4 
a 






ine ep lane in the plane z = c 





y 
Fig. 10.7 


The curves obtained by the intersection of the surface with the co-ordinate planes are 
2 


b 
x = 0 : the parabola y* = 23 
2 
24a 
y = 0: the parabola x* = “a 
z= 0: the origin (0, 0, 0). 


Any plane z = k parallel to xy-plane, intersects the surface in an ellipse 


2 
x y 


fe =] 
ka’/c kb? /c 
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If a = 5 in (2) then we get the surface of an ‘circular paraboloid’, also called ‘paraboloid of revo- 
lution’. Shapes cut out from a circular paraboloid are used for antennas in microwave transmissions, 
radio-telescopes, radars and so on. 


The elliptic cone: Its equation is 


N 


2 
x 
at 

a b 
It is symmetric with respect to all the three co-ordinate planes and meets the axes only at the ori- 
gin. The curves obtained by its intersection with the co-ordinate planes are: 


(3) 


| No 


x=0: the lines z= > y 


c 
y = 0 : the lines z —i7% 


z=0: the origin (0, 0, 0). 


j —__ fc. 
The line z = b y 


2 
The ellipse ~ + % = 1 
in the yz-plane ab 


in the plane z=c 





The li = £&x 
e line Zz b 


in the xz-plane 








Fig. 10.8 


Any plane z = k, parallel to the xy-plane intersects the surface in an ellipse 


2 
x y 


sas FST == 1 
ak?) Bk? /c? 
If a = b, the cone is a ‘right circular cone’. 


The hyperboloid of one sheet: Its equation is 


: 2 
ae ee @) 
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It is symmetric with respect to all the three co-ordinate planes, meets the x-axis at (+a, 0,0) and 


the y-axis at (0, +5, 0). 


z2 


x2 
Part of the hyperbola —- — —~ = 
a2 2 


1 in the xz-plane 





2 
: X y 

The ellipse —5 + = = 2 
aa: b? 


in the plane z = c 







2 2 
: x y 
The ellipse —- + > = 1 
F az pb? 


in the xy-plane 


2 
Part of the hyperbola x ate 1 


in the yz-plane 





HYPERBOLA 








Fig. 10.9 


ELLIPSE 


The curves obtained by its intersection with the co-ordinate planes are 
2 


x = 0 : the hyperbola a eM 
x2 

y = 0: the hyperbola 5 — —5 : 
a 


z=0: theellipse > + >= 1. 
a i 
Any plane z = k parallel to the xy-plane, intersects the surface in an ellipse 
2 2 
: = =1 
i Ke 
a(i +*) ali +*) 
c c 
If a = b, the hyperboloid is a surface of revolution. 


Hyperboloid of two sheets: Its equation is 
Be -gel (5) 


It is symmetric with respect to all the three co-ordinate planes; intersects only the z-axis at, 
(+c, 0, 0). The curves obtained by its intersection with the co-ordinate planes are 


Zz 
x = 0 : the hyperbola > — Bz =1; 
c 
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2 x 
y = 0: the hyperbola > — > = 1; 
c a 


z = 0: no intersection. 


2 2 
: x y 

The ellipse —- + 5 = 1 
a2? 


in the plane z = cv2 


The hyperbola 









zz x? 

i 6 Bet O 

ce at y _ The hyperbola 
in the zx-plane (0,0,-c) z? x? , 


Vertex 2 Be 
in the yz-plane 








ELLIPSE 


Fig. 10.10 


Any plane z = k(|k| > c) parallel to the xy-plane, intersects the surface in an ellipse 


- ¥ 


+ — 
a7) #(3-)) 
2 2 
=-1) Pl=-1 
AG-1) #G 


Hyperbolic paraboloid: Its equation is 
2 2 
y x Zz 


2 c>0 (6) 


a ¢ 
It is symmetric with respect to x = 0 and y = 0 and meet the co-ordinate axes only at the ori- 
gin. The curves obtained by the intersection of the surface with the co-ordinate planes are 
b 
x = 0: the parabola a = — gz; 
c 


2 
a 
y = 0: the parabola x = 2 


z=0: the lines y = 4° 
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2 2 vA 2 2 
The parabola y*— Bz Part of the hyperbola % ~~ = 4 
in the yz-plane in the plane z=c 2 





x2? 
Part of the hyperbola — — —~ = 
ge pF 


2_¢ 
The parabola x“ — erie in the plane z=—c 





in the xz-plane 


Fig. 10.11 


Any plane z = k (k > 0) parallel to the xy-plane, intersects the surface in a hyperbola 


2 
y x 


b’k/e  — a’k/c a 


If we move towards origin along the surface in the yz-plane, the origin appears to be minimum. 
On the other hand, if we move along the zx-plane, it appears to be a maximum. Such a point is called 
a ‘saddle point’, as the surface is shaped like saddle with such a point. 








REMARK: Except the equations (2) and (6), none of the above equations can 
represent a function (why7). In fact, all the remaining equations represent pairs of 


functions. For example, equation (1) provides the functions 
2 2 

aS y 

CEN)) = ON 1) = 

(x y) ae 


and g(x,y) =—¢ 


respectively which represent the upper half (above xy-plane) and lower half (below 
xy-plane) of the surface of the ellipsoid. 





Level Curves: When a plane intersects a 3-dimensional surface, we get a curve in space. If the 
plane is parallel to the xy-plane, that is, if the equation of the plane is of the type z = k, then the 
corresponding curve has a special name. It is called the contour line of the surface of height k. The 
projection of a contour line on the xy-plane is called the level curve of the surface of height k. 
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Countour line 


Level curve 


SS 


(meters) 


4 k=5 








Countour map 


Fig. 10.12 


2 DEFINITION: (i) For a function f(x, y) of two variables x and y, the set of all 
points (x, y, f(x, y)) in space, for (x, y) in the domain of f, is called the ‘graph’ of f. 
The graph of fis also called the ‘surface’ z = f(x, y). 

(ii) If the surface z = f(x, y) is cut by the horizontal plane z = k, then the set of 


all points of intersection is called the ‘contour line’ of the surface of height k. 


(iii) The projection of a contour line on the xy-plane is called the ‘level curve’ of 
f of height k. A collection of level curves of z = f(x, y) is called a ‘contour 
map’ or ‘contour plot’ of f 





Contour lines are used to locate the positions at the same height on an elevated surface such as 
a hill, mountain, buildings and so on. They help in determining the shape of the surface at different 
heights. A contour map gives an idea about the steepness of the surface. See Fig. 10.12. 


EXAMPLE 10:4 Draw the level curves of f(x,y) = y* — x of height k = 0, 1, 2,... 
[DU, B.Sc., (Ph.Sc.), 2006] 


SOLUTION 
The level curves of the surface f(x,y) = y” — x* of height k = 0, 1, 2 are respectively, 
yoxr=0, p-r=al, ~p-vr=2 


While )* — x* = 0 represents a pair of straight lines y =x and y =—x, y — x7 =1 and 
y? — x* = 2 represent hyperbolas. 
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(0, 1) (0, (2 ) 








O} (0, -1) O} (0, -/2 ) 
y2—x2=1 y2— x2=2 
Fig. 10.13 


EXAMPLE 10.5 Describe the surface represented by the following equations: 
(i) z=xr+y 
(ii) z = 9x" + 257 
(iii) z = 16x* — 9° 
(iv) z= V16x? + 25)? 
ee ae 


x ee 
i = 54/— + >= 1 
(vi) Zz 16 9 
[2 
“a __ (a 
(vil) Zz 25 9 


(vill) z = —2x — 3y + 5 
Draw the level curves of the above surfaces of height 1, 2, 5 and 7. 


SOLUTION 


(i) The intersection of the surface z = x° + )” and the yz-plane (that is, x = 0) is the parabola 


y* = z with vertex at the origin, z-axis being the axis. Any plane parallel to the yz-plane, say, 


x = c, will intersect the surface in a parabola y* = z — c’. 


Similarly, intersection of the surface with zx-plane (that is y = 0) is the parabola x* = z, 
with vertex at the origin and z-axis being the axis. 

Intersection of the plane z = k is a circle x7 + y* = k. 

The surface is defined for z = 0 only. 

Thus the surface is a paraboloid, z-axis as its axis, existing in the upper half space only. 
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k=1,2,5,7 





Fig. 10.14 


The level curves of height 1, 2, 5, 7 are concentric circles with radii 1, V2, V5, V7 respec- 
tively given by 


r+y=al rt+tyr=2, P+yr=5, P+yY=7 





(ii) z = 9x? + 25y* 


1 
The plane x = 0 intersects the surface in the parabola y* = 357° Any plane x = c parallel to 


x = 0 intersects the surface in a parabola. 


1 
Similarly the plane y = 0 intersects the surface in a parabola x* = a? Any plane y = c paral- 


lel to y = 0 will intersect the surface in a parabola. 


W 


x Fig. 10.15 





The plane z = & intersects the surface in an ellipse 


x ae we =] 
(Vk/3)  (Wk/s)2 
The surface exists for z = 0 only. 
Hence the surface is an elliptic paraboloid, with z-axis as its axis, existing in the upper half 
space only. 
The level curves of height 1, 2, 5, 7 are ellipses with centre at the origin, given by 


97 + 5y=1, 9x7 + 25y? = 2 
97 + 25y=5, 9x7 + 25y =7 
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am < 








as) 
CE 





Fig. 10.16 


(iii) z = 16x? — 9y* 


1 
The intersection of the surface and the plane x = 0 is the parabola yr = (-2)s. Intersection of 


the surface and the planes parallel to x = 0 are also parabolas. Similarly, intersection of the surface 
and planes y = 0 and planes parallel to y = 0 are also parabolas. However, inberset sion of the 
2 
x y 
surface and the planes of the form z = &, parallel to z = 0, are hyperbolas k/16 = /9 = 1(n 
case of z = 0, the hyperbola degenerates into a pair of straight lines). 
The graph of the surface is a hyperbolic paraboloid. 





Fig. 10.17 


The level curves of this paraboloid of height k =1, 2, 5, 7 are respectively 
16x* — 9 = 1, 16x* — 9 = 2 
lox? -9° =5 and 16x? - 9% =7 
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mm < 





k=7Tk=5 k=2k=1) kK=1kK=2 kK=5k=7 











Fig. 10.18 


(iv) z = V 16x" + 25)? 


The graph of this surface is the portion of the surface 
2 = 16x? + 25y" 


on and above the xy-plane (that is, z = 0) 

The intersection of the surface with the plane x = 0 is the pair of straight lines z = +5y. 

The intersection of the plane z = & (k constant) with the surface is an ellipse 16x + 25)" =P. 
The graph of the surface is the upper half of the elliptic cone 


16x? + 25)? = 27 





x Fig. 10.19 


The level curves of height k = 1, 2, 5, 7 are respectively, 
16x? + 25 = 1, 16x* + 25y° = 4 
16x* + 257? = 25, = 16x? + 25)" = 49 
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Fig. 10.20 
(vy) z=V4-xr-y¥ 
The graph of this surface is the upper half of the sphere 
P+y+2=4 


on and above the xy-plane. The centre and radius of this sphere are (0, 0, 0) and 2 respectively. 
The level curves are 
r+ y = 3, vy+y=0, 


for k = 1 and k = 2 respectively. For k = 5, 7, the level curves donot exist. 











Fig. 10.21 
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(vi) Given surface represents the portion of the surface 


ry yp 2 
—+—-aT=1 
16 9 25 

on and above the xy-plane z = 0 

The intersection of the surface with x = 0 is the hyperbola 


on yz-plane above the plane z = 0. Similarly, intersection of the surface with y = 0 is the hyperbola 


ey. 


= 1 
16 25 


on the zx-plane above the plane z = 0. The plane z = 0 intersects it on the ellipse 


2 2 
Fe 
16 9 


The plane z = &, parallel to xy-plane, intersects it in the ellipse 
ey kr 
a 
16 69 25 


Thus the graph is the hyperboloid on and above the plane z = 0. 


>< 


© 





> 
ul 





Fig. 10.22 


The level curve of height c = 1, 2, 5, 7 are respectively, the ellipses 


rv yy 26 vr? yy 29 


16. 9 25° 16 9 25 


x? a x2 yy 74 


16 9 16 9 25 
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2 4 


(iil) z=—-4,/1 -2 - 


(viii) 


7 sae 
25 9 
The given surface is the portion of 


2 2 
ae ey: 
9 16 


Ble 


on and below the xy-plane. 
The intersection of the surface and the plane x = 0 is the semi-ellipse 


ry 2 
5 + 16 = 1, z = 0 on the yz-plane (that is, x = 0). Similarly, the plane y = 0 intersects it in 
the semi-ellipse, 

2 

b> = 1, z=0 

25 16 
on the zx-plane (that is, y = 0) 

ry 

The surface that intersects the plane z = 0 is the ellipse 5 + a 1. 
The surface is finiteas —-5Sx=5, -35y<3, -452z=0. 


The graph is the lower half of the ellipsoid with centre at the origin and semi-axes along x, y 
and z-axes of length 5, 3 and 4 unit respectively. 
There are no level curves of height k = 1, 2, 5, 7 as the surface exists below the xy-plane. 


Zz 


x Fig. 10.23 


g=-2y — By +5 

The surface is plane through A (0, 0, 5), B(0, 5/3, 0) and C (5/2, 0,0). The triangular portion ABC is 
shown in Fig. 10.24. The surface is extended infinitely. Its level curves of height k = 1, 2,5, 7 are 
straight lines, 


2x + 3y = 4, 2x + 3y = 3 
2x + 3y = 0, 2x + 3y = —2 








Fig. 10.23 
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Describe the graph of the functions in Questions 1-10. Also draw the level curves at heights 0, 1, 
2, —2, 3, wherever they exist. 


lz=V9-xYr-y 2,.Z2=2-x-y 
1 ee 
3.2=--( +7) 4,.z=,/¢+—-1 
2 4 
2 2 
5295 io i 25-37-5924 
x2 
L2= ra 8.2 =—-V4 + 2 
2 yr 2 y 
x x 
a a= 24) La 10.z=2,/—+-—-1 
16 9 i 16 9 


@ 10.2 PARTIAL DERIVATIVES 


Ifz = f(x, y), then the effect in z with the change in only one of the two independent variables may be 
of interest to us. For example the ideal gas law in physics states that under appropriate conditions the 
pressure exerted by a gas is a function of the volume of the gas and its temperature. So a physicist may 
be interested in the rate of change of the pressure if the volume is held fixed and the temperature is 
allowed to vary or if the temperature is held fixed and the volume is allowed to vary. The mathemati- 
cal tools for studying this type of situations is known as partial derivatives, which we define below. 


DEFINITION: If z = f(x, y) and (Xo, yo) is a point in the domain of f, then the 
‘partial derivative’ of f with respect to x at (Xo, yo) (also called the partial derivative 
of z with respect to x at (Xo, a) is the derivative at xq of the function when y = yo 
is held fixed and x is allowed to vary. The partial derivative is denoted by (Xo, Yo) 


of 4 


eee or ax and is given b 
(X0,Yo) (X0,Yo) g y 


d _ F(X + A, Yo) — F(Xo, Yo) 
f,(X0, Yo) = pti’ iy) = ===. fg" 
x 


Similarly, 


f (Xo, Yo + h) — F(Xo, Yo) 
pa ee AUER Lal EA 





The slope of the tangent by z = f (x, yo) at the point P f (xo, vo» S (Xo, yo) in the plane y = yo is 
the value of the partial derivative of f with respect to x at (xo, vo). The tangent line to the curve at P 


) 
is the line in the plane y = yo through P with this slope. The partial derivative ~ at (xo, 0) gives 
x 





Functions of two Variables 


the rate of change of f with respect to x when y is held fixed at the value yo. This is the rate of 
change of fin the direction parallel to x-axis at (xo, yo). 

Similarly, the slope of the curve z = f (x9, y) at the point P(xo, vo. f (Xo, yo)) in the vertical 
plane x = Xo is the partial derivative of f with respect to y at (x9, vo). The tangent line to the curve 
at P is the line in the plane x = xq that passes through P with this slope. This partial derivative gives 
the rate of change of f with respect to y at (x9, v9) when x is held fixed at the value xg. This is the 
rate of change of / in the direction parallel to y-axis at (x9, yo). 


0, 0, 
EXAMPLE 10.6 Find the partial derivatives a and au at (4, —5) if 
IX 


y 
f(x,y) =x + 3xy ty], 


























SOLUTION 
of a 2 1 4 = 4 
= a + 3xy + y— 1) = 2x + 3y 
a 
if 2X 4+ 3(-5) 7 
0x | (4,5) 
of a 2 4 4 , 
ay a + 3xy +y— 1) =3x+1 
a 
a = 3(4) + 1 = 13 
dy |(4,-5) 





EXAMPLE 10.7 The plane x = 1 intersects the paraboloid z = x* + y” in a parabola. Find the 
slope of the tangent to the parabola at (1, 2, 5). 


SOLUTION 


0 
The slope is the value of the partial derivative - at (1, 2, 5). 
ry 


0. 0 

5 = (8 +9) = 
oy oy 

Oz 

hs =2xX2=4 
9} (1,2,5) 


0. 
EXAMPLE 10.8 Find = if the equation 
IX 
yz -Inz=x+e 
defines z as a function of two independent variables x and y and the partial derivative exists. 


SOLUTION 


We differentiate both sides of the equation with respect to x, holding y constant and treating z as a 
differentiable function of x: 


0 0 ax de” 
oS ye) Spe 
ge Ge) aS 
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y ae 1+ 0 (since y is constant Ta = oo 
Ox ZOx . Ox ox 
ond 
Z/ Ox 
Oz Zz 
ox y= 1 


EXAMPLE 10.9 Find the slope of the sphere x7 + y? + 2 = 1 in the y-direction at the points 


(242) a(2.4.-2) 
Beg es ay 


SOLUTION 
21, 2 21 2 
The point (2, 3° 2) lies on the upper hemisphere z = V1 — x* — y*, and the point (2, 3° -2) 
lies on the lower hemisphere z = —V1 — x — yr. We could find the slopes by differentiating each 


; : ‘ wg 2 1 
expression for z separately with respect to y and then evaluating the derivative at x = 3 and y = a 


However, it is more convenient to differentiate the given equation 
x + yr +7=1 
implicitly with respect y, since this will give us both the slopes with one differentiation. To perform 


the implicit differentiation, we view z as a function of x and y and differentiate both sides with 
respect to y, taking x to be fixed. The computations are as follows: 


87242 _ 9 
ay Le ae ay 


oz 
0+ 2y + 2z— =0 
dy 





Oz y 

ay 
az --1/2--4 az --1/(-2) =3 
OY | (2/3,1/3,2/3) ~ 3/3 2? ay|(2/3,1/3,-2/3) aa: 7 





0 0, 
Suppose that f is a function of two variables x and y. Since the partial derivatives a and o are 
IX 


y 
also functions of x and y, these functions may themselves have partial derivatives. This gives rise 


to four possible second-order partial derivatives of f, which are 


rf ala rf ala 
-)-n 2-3(8)-5 








ax2 ax \ ax oy dy \ dy 
Of. 2 (#) - Pf (a) = 
dyox dy\ ox ~ oxdy odx\dy a 


EXAMPLE 10.10 Find the second-order partial derivatives of f(x, y) = x°y°> + x‘y. 


SOLUTION. 
We have 


0 
ca = 2xy + 4x°y and a = 3x°y? + xt 
ox 0 


yy 
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so that 
af a/(a a 3 3 3 2 
ae 2(2 = axe + 4x°y) = 2y? + 12x*y 
2 
ve (=) 2 (3x*y? + x4) = 6x°y 
ay ay\ ay) ay 
om a(a a 
f ( " (3x2y? + x4) = 6xy? + 4x3 
Ooxdy odx\dy ox 
a a(a a 
f ( ‘) (2xy> + 4x7y) = 6xy? + 423 
oyox  dy\ dx oy 


Third-order, fourth-order, and higher-order partial derivatives can be obtained by successive differ- 
entiation. Some possibilities are 


of. 4/2) _ of. 4/21) _ 
ad ax \ ax aK at ay\ ays yyy? 


EXAMPLE 10.11 Let f(x,y) = ye“ + y. Find f,,. 
SOLUTION 
rf a? (4) a7 


0 
2X x x 
yy = = CoS 2ye") = 2e". 
fs ayax ay? ox ap” ) ay ye) 


1. Find all the second order partial derivatives of 


(i) e& ” (ii) rid (iii) tan(tan”!x + tan!y) 





om a 
2. Verify that —_ ae where z is 
Oxdy  dyox 
: ‘ . = xy ese s 1 ( X 
(i) In(yvsinx + xsiny) (Gi) ———— (iii) sin™’| - 
V1l+x? + y y 


1 #& 1 0 
3. Find the value of — - —< i. oy oS 


+ —, where 
a Ox Bb ay 


ax? + by" —°7 =0 
: Oz Oz 
4. Verify that x— + y— = nz, where 
Ox oy 
(i) z = ax? + 2hxy + by’, n=2 
(ii) z= (PP +xy+y’)!, n= -2 


5 pe 7 
(iii) z = sin Ny + tan - n=0 


(iv) z = “Ine, n=k 
ay eettty a 
1/5 + yl?’ 20 
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5. Ifz=3xy -pt+(y- 2x)3/?, verify that 





az az a°z  a7z ( az ) 
= and : = . 
Oxdy  dyox ax2 ay? Ox Oy 
az 2 a°z 


6. Ifz = f(x + ay) + (x — ay), prove het 2 = a —. 
y 


7. Ifu = f(ax? + 2hxy + by’), v = (ax? + 2hxy + by’), prove that 


2 *) 2 *) 
rN gg Mh 
oy\ Ox ox\ oy 


8. If@ = re"! 40 find the value of n which makes 
1 0 00 00 
1 a(2at) 
r + or ot 


9. Ifu = f(r), where r = Vx" + y” prove that 


au au 


1 
s+ = f"(r) + f(r). 
gat gt LO + FO) 
10. If v = log(x? + y° + 2), prove that 


av av av 











Xe y Zz 
Oy OZ Oz Ox Ox Oy 
11. Ifv=7", where 1? = x? +)” + 2. Show that 


ay ay i 
5 +t St SS = mm t 1), 
axe ay? a 
1 a7 Fe a 
12. If «= ———————.. + f +7 #0, show that + —< + — = 0. 


V (x7 + y? + 2) ox oy Oz 
13. Find the slope of the following surfaces 
() z = Vx? + 2y’ along x-axis at (1, 2, 3) 
(ii) z = —V4 — x — y’ along y-axis at (1, 1,-V2) 
11 V23 
(iii) z = V1 — (4x* + 9y”) along x-axis at (5 7) 
49 6 
14, A point moves along the intersection of the elliptic paraboloid z = x? + 3)” and the plane 
y = 1. At what rate is z changing with x when the point is at (2, 1, 7)? 
15. Find the slope of the tangent line at (—1, 1,5) to the curve of intersection of the surface 
z=xrt+ Ay* and 
(a) the planex = —1 (b) the plane y = 1 
16. The volume V of a right circular cylinder is given by the formula V = 7h, where r is the 
radius and / is the height. 
(a) Find a formula for instantaneous rate of change of V 
(i) with respect to r if r changes and / remains constant 
(ii) with respect to A if h changes and r remains constant 
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(b) Suppose that r has a constant value of 8 cm, but / varies. Find the instantaneous change of 
V with respect to 4 at the point where A = 6cm. 

(c) Suppose that 4 has a constant value of 4 ft, but r varies. Find the rate of change of V with 
respect to r at the point where r = 6 ft. 


17. According to the ideal gas law, the pressure, temperature and volume of a gas is related by 
kT 

P= v? where kis a constant of proportionality. Suppose that V is measured in cubic inches (inch)’, 

T is measured in kelvins (K) and that for a certain gas the constant of proportionality is k = 10 


in Ib/K. 

(a) Find the instantaneous rate of change of pressure with respect to temperature if the temper- 
ature is 80 K and volume remains fixed at 50 (inch)°, 

(b) Find the instantaneous rate of change of volume with respect to pressure if the volume is 
50 (inch)? and the temperature remains fixed at 80 K. 


18. The temperature at a point on a metal plate in the xy-plane is T(x, y) = 4x* + Ixy + 
degrees Celsius. Find the rate at which the temperature changes with respect to distance if we 
start at (2, 3) and move 

(i) to the right and parallel to the x-axis ; 
(ii) upward and parallel to the y-axis . 


@ 10.3 APPLICATIONS OF PARTIAL DERIVATIVES 


10.3.1 The Wave Equation 

Consider a string of length L that is stretched taut between x = 0 and x = L on the x-axis, and sup- 
pose that the string is set into vibratory motion by “plucking” it at time ¢ = 0. The displacement of 
a point on the string depends both on its coordinate x and the elapsed time f, and hence is described 
by a function u(x, t) of two variables. For a fixed value t, the function u(x, t) depends on x alone, 
and the graph of u versus x describes the shape of the string — think of it as a “snapshot” of the string 


: ; : : este OU . 
at time ¢. It follows that at a fixed time ¢, the partial derivative = represents the slope of the string 
x 


2 
at x, and the sign of the second partial derivative a tells us whether the string is concave up or 
concave down at x. ax 

For a fixed value of x, the function u(x, ¢) depends on ¢ alone, and the graph of w versus f is the 
position versus time curve of the point on the string with coordinate x. Thus, for a fixed value of x, 








; . . OU, : . ; . au. 
the partial derivative a is the velocity of the point with coordinate x, and =P. is the acceleration of 
that point. 
u 
0 L 


Fig. 10.25 
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It can be proved that under appropriate conditions the function u(x, t) satisfies an equation of 

the form 

aru 2 aru 

ee eee 

ar’ ax? 
where c is a positive constant that depends on the physical characteristics of the string. This equa- 
tion, which is called the ‘one-dimensional wave equation’, involves partial derivatives of the 
unknown function u(x, f) and hence is classified as a partial differential equation. 


EXAMPLE 10.12 Show that the function u(x, t) = sin(x — cf) is a solution of the wave equation. 


SOLUTION 
We have 
a a7 
. = cos(x — ct), = —sin(x — ct) 
ou a7u 2 


— =-—ccos(x — ct), = —c’sin(x — ct) 


at ar 


Thus, u(x, ¢) satisfies the one dimensional wave equation. 


10.3.2. Laplace’s Equation 


a7z a°z ; : 
For z = f(x, y), the equation of the form ao + oe = 0 is known as ‘Laplace’s equation’. 
x y 


EXAMPLE 10.13, The following functions satisfy Laplace’s equation: 
(i) z= x° — y* + 2xyp 


(ii) z = e*siny + e’cosx 


SOLUTION 
iy oe ag oF 5 
i) — = 2x , ee 
ox - ax2 
Oz az 
— = —2y + 2x, aoa 
oy ay 
az az 
=0 


ds 
Thus, a 32 ay 


(11) Can be done similarly. 


10.3.3 Diffusion Equation 

Assume that we inject a substance into a tube filled with a solvent liquid. The molecules of the sub- 
stance are in random motion. They will spread in all directions. We assume that the solvent liquid 
is not in motion. 

At locations with high concentration, the molecules will tend to decrease in number and con- 
versely, at locations with low concentration they will tend to increase in number. This random 
migration process, called diffusion, will finally end with the molecules at equal density throughout 
the tube. 
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(NC Ht =7, 
a 


0 X 
(a) (b) (c) Fig. 10.26 





We place the x-axis parallel to the axis of the tube. For simplicity we assume that concentration 
of the substance varies only in the x-direction. At each x, the concentration also depends on the time 
instant t. Thus we my denote the concentration by 


C = C(x, t) 


Its unit here is gm/ cm?. The function C(x,t) is plotted in Fig. 10.26 (c) for some time instant f). 
It can be shown that 


ac rc 

— = )D—, i 

a a (i) 
where D is some positive constant, known as diffusion constant. The equation (i) is called the ‘dif- 


fusion equation in one dimension’. 
EXAMPLE 10.14 Find coefficients a and 5 such that 
C(x, t) = exp(ax + Dt) 


satisfies the diffusion equation. 


SOLUTION 
C(x, t) = exp (ax + bt) 
ac = ack tht ac = be tht 
ax , ot 
vc 2 ,axtbt 
— = a e® 
ax” 
si ; ee ac 
Substituting these values in the diffusion equation ae =D aa we get 
x 


bet tht me Da? etxt bt 


This equation is satisfied for all values of x if we choose the coefficient arbitrarily and if we let b = Da’. 


EXAMPLE 10.15 Verify that 
C(x, t) = £7 exp (—x?/4D1) 
is a particular solution of the diffusion equation. 


SOLUTION 


oe 
Here C(x, t) = pi/2 .e@ 4Dz, so that 


a€ =f, ee /4Dt ‘ (-) = _| 3p pea ee /4Dt 

ox 2Dt 2D 

ac L & ( 2 ( 1 x 
=>. —3/2{ .-x°/4Dr -x?/4Dt/__ ¥ —_{_* 3/2 —5/2 \ -x°/4Dt 
= t +yx-. = t ae t 

az «2D 2 ope 2D 4D2 i 
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le = lap . ee /4Dt 4 pl, or - 
ot 2 4DP 


1 379 - 5/2 2/4D 
= |-—f / de Se / ex! it 
2 4D 
1 x2 2 
=D ——— 3/2 a 5/2 e* /4Dt 
2D AD? 
ac 


ax? 


=D 





10.3.4. Heat Equation 









0-t}------------- {_,-x 
2 w (x, ft) is the temperature 
x=0 here at time t Fig. 10.27 


If w(x, t) represents the temperature at position x at time f in a uniform conducting rod with per- 
fectly insulated sides, then the partial derivatives w,, and w; satisfy the following equation: 


This equation is called ‘one-dimensional heat equation’. The value of the positive constant c’ is 
determined by the material from which the rod is made. It has been determined experimentally for 
a broad range of materials. For example, for dry soil c* = .19f/day. 

You might have observed the similarity between the heat equation and the diffusion equation. In 
electrical engineering, the heat equation appears in the forms 

Vyy = RCv, and iy, = RCi, 

which are known as ‘telegraph equations’. These equations describe the voltage v and the flow 
of current i in a coaxial cable or in any other cable in which leakage and inductance are negligible. 
The function and constants in these equations are 

v(x, t) = voltage at point x at time ¢. 

R = resistance per unit length 

C = capacitance to ground per unit of cable length. 

i(x, t) = current at point x at time f. 


EXAMPLE 10.16 Verify that 


is a solution of the heat equation. 
[DU, B.Sc., (Ph.Sc.), 2006] 


SOLUTION 
w(x, t) = ee! sin ax 
cla me °Tt cos TX, a’w = =e OT sin rx 
Ox ax? 
~ = ee * sin wx 
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1. Show that the function u(x, t) = sinwt + sinwx, satisfies the wave equation for all real val- 
ues of @. 


2. Show that a function of the form u(x, t) = f(x + ct) + g(x — ct) satisfies the wave equation. 


Verify that the function in Questions 3-9 are all solutions of wave equation. 
w = sin(x + ct) 

w = 4cos(2x + 2ct) + eX *% 

w = In(3x + 3ct) 

tan(2x — 2ct) 

cos (5x + Sct) 

= sin(x + ct) + cos(3x + 3ct) 


f(u), where fis differentiable function of wu and u = k(x + ct) where k is a constant. 


2 SSS ee Se 
==: 


Verify that the functions in Questions 10—16 satisfy Laplace’s equation. 





10. f(x,y) = e * cosx 
11. f(x,y) = nV (x? + y’) 
12. f(x,y) =x -y 
13. f(x,y) =r -y 
14. f(x,y) = an "(2) 
2. 
15. f(x,y) = tan 
x 7~y 


16. z = In(x? +’) + 2an(”) 


Verify that the functions in Questions 17—18 are solutions to the heat equation. 
2 de = 
17. u(x,t) = e 7 ‘(Ae™* + Be ™); A, B are constants. 


18. u(x,t) = Px + Q;  P, Qare constants. 


Verify that the functions in Questions 19-21 are solutions of diffusion equation. 
_2 : 
19. c(x,t) = &° Pig coskx + bsinkx); a, b are constants. 
2 = 
20. c(x, t) = ef Pt aek + be); a, b, k are constants. 


21. c(x, t) = ax + b; a, b are constants. 
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CHAPTER ELEVEN 


Geometry of Complex 
Numbers 





@ 11.1 INTRODUCTION 


The inadequacy of real numbers in solving quadratic equations of the type x? + 1 = 0 gave rise to a 
new type of numbers. Euler first defined the number /, called ‘iota’ or ‘imaginary unit’, as the num- 
ber whose square is —1. With the help of 7, square roots of a negative number can be interpreted in 
the following way: 


V-5 = $s) =V5i, J-9 = (9-1) =3iete. 


Also, i2 =—1, i? =-i, i+ = 1 and so on. 
The numbers ,/—5 , ./—9 etc. are called ‘imaginary numbers’. 


A complex number is a number of the form a + ib where a, b are real numbers and i = J-1 .Acom- 
plex number is usually denoted by z. If z =a + ib, then a and b are called ‘real part’ and ‘imaginary 
part’ of z and denoted by Re(z) and Im(z), respectively. Since any real number a can be expressed 
as a + io, every real number is a complex number. Thus, R c C where R and C represent the set of 
real numbers and complex numbers, respectively. 

We know that members of R are uniquely represented by the points of a number line. In the 
same way, members of C are uniquely represented by the points of a co-ordinate plane. The complex 
number x + iy is represented by the point whose co-ordinates are (x, vy). A co-ordinate plane used 
for representing complex numbers is called an ‘Argand plane’ or ‘Gaussian plane’. The x-axis and 
y-axis are, respectively, called the ‘real axis’ and the ‘imaginary axis’. The point P(x, y) is called 
the ‘image’ of the complex number z = x + iy, and the complex number z is called the ‘affix of the 
point P. The point P is also referred to as P(z) or simply as z. 


x, 


O'wR 
AMA* AX 





Fig. 11.1 
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O' vA*AX 


N 
‘onkd( ‘hmhsh’kAl Fig, 11.2 


Another way of representing a complex number is in its polar form, that is, z= 1 (cos 8+ i sin 0), 
where r € [0, a) and 0 € [0, 27). Here r is the distance of z from a fixed point O called the pole and 
@ is the angle made by OP in the positive direction, with a fixed line through O, called the initial line. 
The number r is called the ‘modulus’ and @ is called the ‘amplitude or argument’ of z. The modulus 
of a complex number z is usually denoted by | z | and its argument is denoted by arg(z) or amp(z). 
For z # 0, the modulus and argument of z are uniquely defined. Howeve , for z=r(cos 0+ isin @), 
6 € [0, 2 z), we have z=r (cos (9+2kz)+isin(@+2kz)),k € Z, where Z is the set of integers. 
The set 


Argz={a:a=0+2kz2,keZ,0€(0,27)} 
is called the ‘extended arguments’ of the complex number z. Two non-zero complex numbers z, and 


Z,, represented as z, =r, (cos 0, + isin @,), z, =r, (cos 6, + i sin @,) are equal ifr, =r, and 0, — 6, 
=2kz, wherek € Z. 


« REMARK: For defining argument we have taken the limit of 6 from 0 to 217. That 


is, 0< @< 2m. In some books, it is taken from —m to 1r. Geometrically, they mean 
the same thing as cos (—a) + i sin (-~) = cos (2T1-x) + / sin (21-2). 





there is yet another approach to represent a complex number. Let P(x, vy) denote the complex number 
= 
z=x + iy in arectangular co-ordinate system. Then the vector OP has magnitude = x+y and 
its direction is given by tan 0 = - . Due to this fact, we can represent the complex number z by the 
x 


—s 


vector OP. 





Fig. 11.3 
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« REMARK: (i) The complex number x — iy is called the ‘conjugate’ of the complex 
number z = x + /y and is denoted by Z. It follows that 


(i) zZ =x2+y2=|z|? (ii) (Z) =z (ii) z+ Z =2Re(z). 





EXAMPLE 11.1 Represent the complex numbers 2 — 37, —4i, 2, -3 + 27 on the Argand plane. 


SOLUTION 


First draw two mutually perpendicular straight lines X’OX and Y’OY to represent the real axis and 
the imaginary axis. With suitable scale, plot the points (—2, —3), (0, —4), (2, 0) and (—3, 2), respec- 
tively, and name them as P, Q, R and S. The given numbers —2, —3i, —47, 2, -3 + 27 are represented 
by P, Q, R and S, respectively. 





x 
R' b2A*AK 
w<+—+ + *—+—+— >) 
. Q'1( 
O' HA Fae | P' E31 
x! Fig. 11.4 


EXAMPLE 11.2 Find the polar representation of the numbers 





(a) z,=-1-i (b) z,=1-iv3 
also determine their extended argument. 
SOLUTION 
(a) The image of z, is (-1, -1) which lies in the third quadrant. 
A 
4.3 
< ad > 





O'forAfo( sy Fig. 11.5 
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(b) 
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Taking r (cos 9+ i sin 0) =—1 —i, 
we get, cos 0=—1,rsin@=-1 


rey eel’ = 2 


1 
cos 0 =——=, sin 9 =——= 
J/2 V2 
. G=nt oe 37 
4 4 


Hence, z, = V2 cos Ts da att 
4 4 
52 
Arg z, = A ee 


The image of z, = 1 —i V3 is d,- 3 ) which lies in the fourth quadrant. 


A 





\2 dulduegeudbea deeds ie i — 
i O0+AYAA Fig. 11.6 





Taking r (cos 0+ isin 0) =1—iv3 , 


we get,rcos0=1,rsin 6=-V3 
squaring and adding 7? = 4 


r=2,cos0= 1 nga 82 
2 
O0=27- oe a 
3 
Hence Z,=2 [cos SF sin 3 


Argz, = {92 +2bn [ke z} 
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EXAMPLE 11.3 Find all complex numbers z such that | z | = 1 and E + 4 =1, 
ZZ 


SOLUTION 
Let z=cos 0+ isin (.|z|=lLr=)) 
— € [0, 2 x) 


|z7 + 2| |z7 + 2°| 


|2z| |z 





Then, 1 + 





Zz 
Zz 





Zz 
Zz 
Now, |z|=1, z*=(cos 0+ isin 0) 

=cos20+isin20 


z?2=(cos O—isin 0)" 


=cos24-—isin20 








=> 2|cos20|=1 
1 1 
> cos 2 0= — orcos2 0=-—— 
2 2 
If cos2 0 Sep 2 oy I 
2 6 6 6 6 
If sea oe See ar 
2 3° 3 3 3 


Hence, there are eight solutions 
z,=cos@,+isin@,, k=1,2,...,8 


; mam nm 2n Sa Tn 4n Sa 11a . 
and 0,’s are —, —, 7 ‘ ; : 7 , respectively. 
: 6 3 3 6 6 3 3 6 





EXAMPLE 11.4 Let z,, z,, z, be complex numbers such that z, + z, +z, = 0 and|z,|=|z,|= 
|z,|=1. 


Prove that: z/ +z; +23; =0 
SOLUTION 
z + 253 $e =(Z, +z,+2z,)°-2 (Z, 2, + 25 2, +23 2Z,) 


=—2 (2, 2,+2,2, +2, 2,) 
_-9 1 1 1 
=-22,2,2,;)—+—+— 

730% 22 


Z: Zi Zi 

3 1 2 
= 2 Z, 2, Z, a pa 
2323 212) 2929 
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Gt+A+H) (6 z,% = |2f =1,i=1,2,3) 


=22,2Z 2; 


17273 
=-2 2,252, (2, +2 +2) 
=0 (! z, +z, +z, =0) 


11.1.1 Geometrical Representation of Sum, Difference, Product and Quotient 
of Complex Numbers 


Sum of two complex numbers 


Let z, =x, + iy, and z, =x, + iy, be two complex numbers. The sum of z, and z, is defined b 
Z, +2) =(x, +x,) + iy, + y,). 
> 5 
Let P and Q be the images of z, and z, in the Argand plane. Then the vectors OP and OQ represent 
the complex numbers z, and z,, respectively. We complete the parallelogram OPRQ with OP and OQ 


as two adjacent sides. By the law of parallelogram of vectors, OR is the resultant of OP and OQ. 


Hence, OR represent the complex number z, + z,. Thus, image of z, + z, is the point R, where OR 
is the diagonal of the parallelogram OPRQ. It may be verified that the co-ordinates of the point R 


are (x, + x5, y, +>). 


Q'y,gAy,( 





1 
' 
' 
1 
1 
1 
1 
' 
' 
! 
1 
' 
' 
1 
1 
t 
1 
1 
1 
' 


Difference of two complex numbers 


The difference of two complex numbers z, = x, + iy, and z, =x, + iy, is defined b 
21 —2Zy = (1 —¥y) + 1, — y) 
As in the previous case, let OP and OQ represent the complex numbers z, and z,, respectively. Then 


> > 
OQ’represent the complex number —z,, where OQ’ is equal in magnitude but opposite in direction 


to the vector OQ. The diagonal vector OR represents the resultant of OP and OQ’. Hence, OR 


represents the complex number z,—z,. Thus, image of z,—z, is the point R, where OR is the diagonal 
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of the parallelogram OPRQ’. It may be easily verified that the co-ordinates of the point R are (x, — 
Xy, V1) — Vp). 





P"Ly,( Fig. 11.8 


Product of two complex numbers 


Let the polar forms of z, =x, + iy, andz, =x, + iy, bez, =r, (cos 0, + isin 6,) and z, =r, (cos 6, +i sin @,). 


Then 2, Z,= (x, + iy) (& + iy) 


=r, 1, (cos @, +i sin @,) (cos 0, +i sin ,) 





=r,1r, [cos (6, + 6,) +i sin (A, + 8,)] 


Let P and Q be the images of z, and z,, respectively. Then, OP =7,, OQ =r, ZPOX = 0, ZQOX = 0). 


W Fig. 11.9 





Let A be a point on the real axis such that OA = 1. Join PA. Now draw triangle OQR similar to triangle 
OAP. From these two triangles, we get 


oR _ oP 
OQ OA 
OR 4 
=> ——<" 
In 1 


> OR=r,r, 
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ZROX = ZQOX + ZROQ 





= ZQOX + ZPOA 
=0,+0, 


Hence R represents the complex number z, z,. 


Quotient of two complex numbers 


Let z, =x, + iy, and z, = x, + iy, be two complex numbers having the following polar forms 
Zz, =1, (cos 0, +isin O,), z, =r, (cos @, +i sin @,) 


Then 
Zz _ 7 (cos 8, +isin 4) 


Z, ‘I (cos @, +i sin 8,) 


A [cos (0, — 6,) +i sin (8, — 8,)] 

io) 

Let P and Q represent the complex numbers z, and z,, respectively. Let A be a point on the real axis 
such that OA = 1. Now construct the triangle OPR similar to AOQA. 


x 





Fig. 11.10 
We have 
OP _ 0Q 
OR OA 
i 2 
OR 1 
4 
=> OR=— 
'y 
Also, ZROX = ZPOX — ZPOR 
= ZPOX — ZQOX 
=6,-9, 


r, Zz 
Thus, R has modulus + and argument 0, ~ 0,. Therefore, R represent the complex number a 
r ° Zz 
2 2 
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« REMARK: If P and Q represent the complex numbers z, = x, + iy, and Z, = x, + iy, 
respectively in the Argand plane, then co-ordinates of P and Q are (x,, y,) and (X., Y>), 
respectively. Therefore, we get, 


eR Ce, ae Oe Ae 
= | Cre) +1 (Yo-Y4)I 





EXAMPLE 11.5 Interpret geometrically: (3 — 27) — (—2 — 4i) =5 + 2i 
SOLUTION 


With a suitable scale on the Argand plane, P(3, —2) and Q(-2, -4) are plotted. Point Q’ is plotted 
on the line QO at a distance equal to OQ but in the opposite direction. With OP and OQ’ as adja- 
cent sides, parallelogram OPRQ' is completed. Then, R represents the complex number (3 —2i) — 
(—2 —417). Co-ordinates of R are (5, 2). 


P"1+3( 








P'H1+}3( 7 





y Fig. 11.11 


EXAMPLE 11.6 Find the product of z, = 1 —iandz, = V3 +i using polar representation of com- 
plex numbers. 


SOLUTION 

z,=1-i 
= SB [eos F + isn a (verify) 
= 73 +i 
=2 [cos F+isin 

6 6 

Hence 22 = 24/2 | cos © += |+isinf +2 
4 6 4 6 


23a 
= 2V2 —+ —_ 
[cos 2 isin 2 
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EXAMPLE 11.7 Show that the modulus of the sum of two complex numbers is always less than 
or equal to the sum of their moduli, that is, 


|z,+z,| S$ |z,|+]z]|. 
SOLUTION 


Let the points P and Q represent the complex numbers z, and z,, respectively, in the Argand plane. 
Complete the parallelogram OPRQ. Then R represents the complex number z, + z,. Thus, we have 





OP =| z, |, OQ =|z, | and OR =|z, +z, |. 
x » 
A Q'y, Ay, ( 
Pry, ( 
O'y,( 
n w Fig. 11.12 


Using the property that sum of two sides is greater than the third side in a triangle, we get 
OR < OP + PR 
=> OR<OP+0OQ (-- OQ = PR) 
=> |2z,+2,|<|2,|+|2| 
Alternatively, we have 
|Z) +22? =(& +29) (z, + z) 








= + z5)(Z +Z,) 
HZ, 2,2) 2442, Zy+2Zy Z 
2 2 = (= 
=|z,+]z, [+2 Zt (zz) 
2 2 = 
=|z, | +|z [ +2 Re (z, Z,) 


<|z, P+ |z,P?+2|z,z, | 





=((z,|+|2z, |? 
(12, 4+2,/S12,1 +12, | 


If O, P, Q are collinnear, then OR =OP+PR=OP + OQ; thus 


2pe3 |= 2p le) 25 
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EXAMPLE 11.8 Prove that modulus of the difference of two complex numbers is always greater 
than or equal to the difference of their moduli, that is, 


I2,-2,12112,|-14 11 


SOLUTION 


Let the points P and Q represent the complex numbers z, and z,, respectively, in the Argand plane. 


x 
Piya 
O'y,( 
n “Fig. 11.13 
Then, 
OP =|z, |, OQ=|z, | and PQ=|z,—z,|=|z,—-zZ, 
In the triangle OPQ, 
OP+PQ>=0Q 
OQ + PQ= OP 
> |z,|+]2,-2,]212| 
|z,|+]z,-2,/21]2,| 
=> |z,-z,|2|/2,1-|2, | 
and |z,-z,|2|z,|-|z| 


=> |z,-2z,|2112,|-l2/1 


EXAMPLE 11.9 Prove that | z, +z, |? +|z,—z, |? =2(|z, ? +|z, [’) for any two complex numbers 
z, and z,. Also interpret the result geometrically. 


SOLUTION 
We have 
2 a ane = = 
|Z +2 | =@ +2) (z, +2)=(, + 2z)) (7, +Z) 
or, |Z, +2, P = 2) By Pid Zo Gy 25 F252 = |Z; ? +|z, P +2, 2,424 Z; (1) 
Similarly, 
2 2 2 ee 
[4-2 =|4 +120 -4%-% 2% (2) 


Adding (1) and (2), we get 


[22 PS [2a P= 2 2; P|, P) (3) 
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Geometrical Interpretation 


Let P and Q represent the complex numbers z, and z,, respectively, in the Argand plane. We complete the paral- 
lelogram OPRQ with OP and OQ as adjacent sides. Then, we have 


x 





Q'y gy, ( 


W Fig. 11.14 


OP =| z, |, OQ =|z, |, OR=| 2, +z, |, QP=| 2, —2, | 
Hence (3) implies that 


OR? + QP? = 2 (OP? + OQ?) 
=2 OP? +2 OQ? 
= OP? + QR? + OQ? + PR? as OP = QR, OQ = PR 


This shows that the sum of squares of diagonal is equal to the sum of squares of four sides in a parallelogram. 


EXAMPLE 11.10 Let z,, z,, z, be the affixes of the points P, Q and R, respectively. If | z, | =| z, | 
=|z,|andz, +z, +z, =0, prove that the triangle PQR is equilateral. 


SOLUTION 
We have z, + z, =—Z;, so that | z, +z, |=| Z; |. 
.. From the identity, 


a, -#2, P+ (2, —2; FF =2 4/2, P+] z, 


We get [=a =a (+ 12, |=12)1=123D) 
Similarly, | Z,—Z, P=3 |Z, P, |z,-z,|=3|z, ? 
|Z, -zZ,|=|2Z,-2z,|=|25-2, | 
=> PQ=QR=RQ 


Hence, triangle PQR is equilateral. 


11.1.2 Point Dividing a Line Segment in a Given Ratio 


Letz, =x, + iy, andz, =x, + iy, be two complex numbers and let P, Q be the points on the Argand plane 
representing z, and z,, respectively. Then P, Q have co-ordinates (x,, y,) and (x,, y,), respectively. 
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Fig. 11.15 


Suppose R divides the line segment PQ in the ratiod : 1,4 4-1. Then PR: RQ=/:1 


Therefore, the co-ordinates of R are 


144 > 14a 


XxX +A Xx, a yy ta yo 
1+aA 1l+aA 
Mtin , Xo tive 
1+a4 1+aA 
Z +A Z 
1+a - 


Gr. | 


The affix of R is, therefore 


« REMARK: The affix of the midpoint of PQ is ca + Z5): 





1 Show that the centroid of a triangle whose vertices are z,, 2,, Z, iS iL (2, +z, +Z,). 
3 


SOLUTION 


Let P, Q, R be the points on the Argand plane for the affixes z,, z, and z, respectively. Let 
Z, =X, + I, 2 =X + iy, Z, =X, + iy3, So that the co-ordinates of P, Q, R are (x,, 1), (%>, >) and 
(x, 3), respectively. 


Let G be the centroid of A PQR so that its co-ordinates are (aru =) . Then affix 
of the point G is 3 3 


[ATH ) +1 (tate) 
3 3 

1 

3 

1 

3 


[x + iy) ay (x, + iy) + (x3 i iy3)] 
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Alternatively, let P,Q and R be the points on the Argand plane representing z,, z, and z,, respectively. 
Let G be the centroid of A PQR. 


O'y,( 





Fig. 11.16 
If D is the mid-point of Q and R, then affix of D is 5, + z,). Now, by property of centroid, G 
divides PD in the ratio 2 : 1. Hence the affix of Gi 


2s (ata)tla 


2+1 
eee 
a (2, +2, + Z,). 


11.1.3. Regarding Angles in the Argand Plane 


The following result, regarding angles formed in the Argand plane, is a direct application of the geo- 
metrical representation of division of complex numbers. 
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« REMARK: The points z,, z,, Z, will be collinear if and only if a = 0 or Tr, in which 


(aa 7A) 
case —“—— is purely real. 








Find ZPOQ and ZQOP where P and Q are two points on the Argand plane with 
affixes z, = 1 +iandz,=—l +i, respectively. 


P'y,( 
O'y,( 








Fig. 11.18 
SOLUTION 
Here z,=1+i 
z=-lti 
“. ZPOQ = arg es arg = ae 
Z lt+i 
(=Le8)(-1—4) 


=ar 
. 2 
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=argi 
ae 
2 
1 
ZQOP = arg =) =arg - =arg(-i)= a 
Zy i 2 


EXAMPLE 11.13 For P(z,), Q(z,) and R(,) on the Argand plane, find ZQPR and ZRPQ if z, =4 + 3i, z,= 


4+ Ti, z,=8 + Ti. 


P'y,( 


Q'y,( 








Fig. 11.19 
SOLUTION 
Here Z,=4 +4 3i,2,=4+ Ti,z,=8+7i 
e-% 4h. sla). tee 
ge 4447 (l4i7)(1=3) 2 
. ZRPQ = arg 22 —71 = arg iti a 
Z,— 2 2 4 
Zy—Zy 2 . 72 
and ZQPR=arg 3"! =arg —— =arg (1 —i) = — 
Zy — [ti 4 


The following result can be proved by using the previous result. 





P.T.O. 


EXAMPLE 11.14 Ifz,, Z,, Z, are vertices of an isosceles triangle, right angled at the vertex z,, 
prove that 





z+ 23 t+ zy =22,(¢,+2,) (D.U., B.Sc. (Ph.Sc.) 2009) 
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SOLUTION 
Let A, B and C be the points in the Argand plane whose affixes are z,, z, and z,, respectively. Now 
A(Z,) 
B(z,) C(z3) Fig. 11.20 





Z,—Z, _ AB ma 1. 
cos — +7sin 
2 2 





Zq— By BC 
=i 
=> Z,—Z,=1(Z,-Z,) 
Squaring both the sides 
(z, -2,)°=— (2, -2,)° 
> ze + z —22,2,=-(z3 + 23 -22z,2,) 
=> zy +223 + 23 =2 (Z, 2, + ZZ) 
=22, (2, +2,) 


EXAMPLE 11.15 If A (a, 5), C (c, d) be two opposite vertices of a square, find the other two 
vertices. 


SOLUTION 
Let z,, Z,, Z, and z, be the affixes of the points A, B, C and D, respectively, in the Argand plane. 


C'y,( B' y,( 
' b+¢ 


@y,( A’y,( 
Fal Fig. 11.21 


In a square, the diagonals bisect each other perpendicularly. Therefore, the middle point M of AC is also the 


middle point of BD; also the angle between AC and BD is . . Accordingly, we have 
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zy +23; _ 2+ %, (1) 
2 2 
_ Zn 4 24 
and. i 2 ain 0 ead iy 
> Zz, + 2, = CM eS eS 
Z,—-—— 
2 
=> 747 72-7 = (* DM=CM) 
23 ~ 21 
=> Z4—Z,=1(Z,-2Z,) (2) 


Now, from (1) and (2), we get 
2442, =2, +2, 


=(ct id) +(atib) 

=(cta)+i(d+b) 
24-2) =i[(c + id) — (a+ ib)] 

=(b-d)+i(c-—a) 











z= 5 We+a b-d)+i(d+b+c-a)] 











=5 lat c-d)+iCat+b+c+d)| 


5 le+a~b d)+i(d+b-c+a)] 





and Z= 

















=5 [la-b+e d)+i(at+b-c+d)] 


EXAMPLE 11.16 Show that a necessary as well as sufficient condition for the points P z,), Q(z,) 
and R(z,) to represent the vertices of an equilateral triangle is that 


Di 0 a) > 
Zy +25 423 =2, 2+ 2 23423 2, 


SOLUTION 
The triangle PQR is equilateral if and only if PQ = QR and ZPQR = * or a= , and this holds 
if and only if 3 3 
O'y,( Q'y,( 
1a }A.2 
Q'y,( O'y,( 
P' y,( P'y,( Fig. 11.22 
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Zq— Z a 
“3 "2 93 ~ tisin ~ 
Zy — Zy 3 2 
We write 2-2) =G,2,—2,=8 
and Z,;—zZ,=y. Then, 
-B = i sg 
a 2 2 


a ‘i 3 
=> | 24 =-- @ 
St) 
=> @+P+aB=0 


Similarly, we have f? + y? + By =0, y?+ a? + ya = 0, so that on adding, we get 


2(@ +f +) + (af + By + ya) =0 (1) 
Again a+ Bt+y=z,-2,+2,—-2,+2,—-z2,=0 
= a+ f+ +2 (ap+ y+ ya) =0 2) 


From (1) and (2), a2 + f? +77 =0 
= @,-2F"@,-2)+@,-2)"=0 


2 2 2 
=> Zz + 27 + 23 =2,2,+2,2,+232, 


« REMARK: In the above example, from (1) and (2), we get 


Chae ae aaa 
rTM Ce) Bas ap + By + ya =0 


; PE on (OO ny) = Haart 2 2 Die 
Ada iC Cate BY 8a line om ON (44) ©) [f= Sse) a 4a 4) le ah 45) a) 
as well as FA ay At i Ee Sr a ee i ee ar 

i z g | Ga" Sa ea ay ce 


2, Z2 23 
Zo Zz Z,| =0, 
a 


from ap + By + ya = 0, wo ae + 


cra Led AF C) 
2 eee 

All these expressions provide necessary and sufficient conditions for the triangle 

PQR to be equilateral. 
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10. 


11. 


12. 


13. 


14. 


15. 


EXERCISE 11.1 


. Represent the following complex numbers on the Argand plane 


Z,=3 +i, Z,= 4+ 2i, z,=—5—4i, 2, = 2i, zZ,=4 
. Find the polar representations of the numbers 
(a)2+2i (b) -1 +iv3 (c) 1+ cosatisina (d) 2 (e) -3i 
. Find all the complex numbers z # 0 such that z + : ER. 
Z 
: 1 
. Find all complex numbers z such that | z| = |—|. 
Zz 
. Let z,, z, be two complex numbers such that | z, + z, | = V3 and | z, |=|z, | = 1. Compute 
|Z, — 2, |. 
. Find | z |, arg z, Arg z, arg z , arg (—z) for 
(a) z=(1—1) (6+ 6i) h)2=(7-7V30C1-) 
. Compute the following products using polar representation of complex numbers: 
(a) (1 + i) (2 -2i) (i) (b) -2i (-4 + 43%) 3 + 31) 
1 
(c) (1—’) (5 +5) (d) E-) (3 + 31) (2V3 +21) 


Verify your results using algebraic form. 


. If P,Q, R are the points of affix z,, z,,z, + Z,, respectively, show that OPRQ is a parallelogram. 
. Find the modulus and argument of the centroid of the triangle whose vertices are given by 


8 + 57, -3 + 7, and —2 — 31, respectively. 

The points A, B, C represent the complex numbers z,, z, and z,, respectively, and G is the cen- 
troid of the triangle ABC. If 4z, +z, + z, = 0 show that the origin is the midpoint of AG. 

Show that a necessary and sufficient condition that the points P, Q, R representing the numbers 
Z,, Z, and z,, respectively, on the Argand plane are vertices of an equilateral triangle is that 


1 a 1 i 1 0. 


4) — 29 Zo — 23 23 — 2 








Show that the modulus of the sum of two complex numbers is always greater than the difference 
of their moduli. 


If z,, Z,, Z, be the affixes of the vertices of an equilateral triangle and z, be the affix of the cen- 


troid of the triangle, prove that 
2 2 2 2 
4) + 22 + 23 =370. 
Prove that the complex numbers z,, z,, z, represent the vertices of an equilateral triangle if and 
4, 22 %3 
only if }z, z, z,| =0. 


1 1 1 


The numbers 2 + 37, 8 + 11i, 17i are represented on the Argand diagram by the points A, B and 
C, respectively. Show that A, B and C are three vertices of a square. Find the fourth vertex. 
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16. OPQ is an equilateral triangle, named in counter-clockwise direction. If P and Q represent the 


| 


complex numbers z, and z,, show that z, =z, [; =f— |, 
2 2 


17. The vertices of a square taken in order in anti-clockwise direction represent the numbers z,, z,, 
z, and z,. Prove that 


1 , 1 , 1 ; 1 : 
aa at ee B= Seo ay Ae 


@ 11.2 STRAIGHT LINES IN ARGAND PLANE 
11.2.1 General Equation of a Straight Line 
The general equation of a straight line in the Argand plane is 
q z+qZz +r=0, where r is real. 











Let z =x + iy be any complex number. Then Z =x — iy, so that x = eae and y = a : 
We know that the general equation of a straight line is 
ax + by+c=0 (1) 
Substituting the values of x and y as obtained above, in (1), we get 
(E(B) 
2 2i 
=> ia(z+7Z)+b(z- Z)+2ic=0 
=> (iat+b)z+(ia—b) Z7+2ic=0 
Multiplying by 7, we get 
(-a + bi)z+(-a-— bi) Z —2c=0 
We write q=-a-—bi, g =-a+t biandr=-2c. 
The above equation then reduces to 
qzt+qz +r=0 (2) 


We can make the following observation: 


(A) Ifthe straight line passes through two points with affixes z, and z,, respectively, then 


qz4+q9%+r=0 (3) 





Z,+q 27, +r=0 (4) 


Q| 
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From (2), (3) and (4), we get 


Zz Zz 
z z W=0 (5) 
Zy Zy 1 


Also, from (2), (3) and (4), we get 
q (2-2,)+q(Z —2%)=0 


q (2-2) + 4 (2% — Zz, )=0 
Z= 2 Z= 2 
aed © 6 
27% 27 3 - 
The equations (5) and (6) both represent a straight line passing through the two points whose affixes 
are z, and z,. 
(B) From (5), it follows that three complex numbers z,, z, and z, are collinear if 
Zz Z 1 
Z, Z, | =0 


Zz, 2; 1 


ES) REMARKS: 
(1) We may rewrite equation (2) in terms of x, y as 


gzt+tqztr=0 
= q (x+ly)+q(x-iy)+r=0 
=(q +Q)x+i(q-Q)ytr=0 
Comparing this equation with equation (1), that is, 
ax+by+c=0, 


We get 
m = slope of the straight line (1) 
Fe) 


b 
haan] 
i(q-q) 


= Cal 
CPG 


Forg# q,miscalled the angular coefficient of the line (2). 
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(Remember: (1) and (2) in the above discussion represent the same straight line, 
only difference being that in (1), we have used Cartesian co-ordinates, whereas in 
(2) we have used complex co-ordinates). 


(2) /ket-qiz*q,z +7,=0 
and qo Z+q, Z +r,=0 


be two straight lines in the Argand plane. Then proceeding as in above, we 
can conclude that the two lines are 


parallel if and only if ee = specs that is, 9g, 9, = 9, Pa 


°F eee? 92-2 


whence, ail ue 
4 qo 


orp op G1 eo 


perpendicular if and only if “Gos x a ade id mae Ce eA a da =0 
qo - 


concurrent if and only if Ss Fa Ger Ware) aoe el ¢ G2 
er OP) 


lle (oie Ps 





11.2.2 Parametric Equation of a Straight Line 


The parametric equation of a straight line which passes through a point Q(z) and is parallel to the 
straight line joining the origin to the point R(z,) is 


Z=2Z,+t2Z9, 


where ¢ is a real parameter. 





n 
Let P(z) be any point on the straight line. Following vectorial approach, 


=> 


> => 
OP = OQ + QP 
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= > 
Now, QP =f OR for some real number ¢. Hence we have, 
= = = 
OP = OQ +t OR 
>2=2,+tZ, 


which is the required equation. 


« REMARK: If the above straight line also passes through a point with affix z.,, 
then we get 


Z, = Z, + ty Z) for some real number tp. 


Hence, we get z = z, + - (Zoe) 
0 


= Z=/.2, + (1-4) z,, where” = 1 — LS 


) 
which is the parametric equation of a straight line passing through two points 
whose affixes are z, and Z,, respectively. 









EXAMPLE 11.17 Find the equation of the straight line joining the points whose affixes are 1 i 
and 2 — Si. 


SOLUTION 
The equation of a straight line passing through two points with affixes z, and z, is 
z-% _ F-% 
2-20 Ay 
Taking z,=1-—i,z,=2-—5i, we get 
z-(1-i) z-(1-i) 
(2-5i)-(1-1)  (2-5i)-(1-2) 


z-lti _ z-l-i 











1-451 4-4; 
=> (1+ 4)z-(1-4iz -6i=0 
=> (4-iz+(4+i)7 +6=0 


EXAMPLE 11.18 Find the equation of the right bisector of the line joining the points z, and z,. 
(D.U., B.Sc. (Ph.Sc.) 2009) 


SOLUTION 


Let P(z) be a point on the Argand plane. Then P lies on the right bisector of the line joining the points 
Q(z,) and R(z,) if P is equidistant from Q and R. Therefore, PQ? = PR? 


=>|z-z, P=|z-z, P 
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= (@-z) (2-4) =@-z) (2-4) 

= (¢-z) @ -%)=@-z) & - %), 

>z(% - %)+ Z7@,-z2) + % -% %)=0, 
which is the required equation. 


EXAMPLE 11.19 Prove that the points with affixes z,, z, and z, are collinear if and only if 





2,(Z — 23) + 2,(%3— 2%) +2,(2 — 2) =0 
SOLUTION 
The equation of the straight line passing through the points z, and z, is 
Z-Z, Z—Z, 
S41 =2 4 (1) 
Spe Ee] 
The points z,, z, and z, are collinear iff z, lies on (1). 
Hence the three points are collinear iff 
2372 _ 2377) 


29 ~ 2; 29°~ By 





> Z, (Z% — %3)+2,(2, — 7) +2,(% — %)=0 


EXAMPLE 11.20 Show that point z, is the reflection of point z,, with respect to the line gz + 
qz +r=0if Gz,+q% =r. 
SOLUTION 


(A point Q is called reflectio or inverse of the point P with respect to a line Lif Lis the perpendicular 
bisector of PQ). 


Necessity: Let P(z,) and Q(z,) be two points in the Argand plane such that Q is the reflection of P with 
respect to the line L. Let R(z) be any point on L. As per the given condition, 





O'y,( 
Z ‘ 
“ay( 
P'y,( Fig. 11.24 
PR=QR 

=> |z-z,|=|2-2,| 
=> |z-2, P=|z-z,P 
> -2)(@ ~ Z,)=(@-2,)(Z —Z) 
=> 2, — %)+ Z(2Z,-2,)+ &, 2-227) =0 (1) 
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Since R is any arbitrary point on the line, (1) can be treated as the equation of the given line. Hence 
(1) and 


qzt+qzt+r=0 (2) 


represent the same straight line. Comparing (1) and (2), we get 


Zy~F_ ym _ AA 20% 


= =k (say) 
q q 
. 7 a 1 >. . > 
-G%+q % = 7 [(2, - Z,)2Z,+(2,-2,) 7] 
1 = = 
= k [Z, 7-2, 2%] 
=r 
7 2Z,+q2Z, =r, which is the required condition. 
Sufficiency: Conversely, let the condition hold. That is, 
G2.+q% =r (3) 
Subtracting (3) from (2), we get 
q (Z-z,)+q(zZ -%)=0 (4) 
Taking conjugates on both the sides, we get 
q(Z -%)+ G(@-z,)=0 (5) 


From (4) and (5), 


(@-2)(Z ~%)=@-2)(Z -%) 
=> @-2) (2-4) =@-2) (2-2) 
=> |z-z,P=|z-z,P 
=> |z-z,|=|2-z,| 


.. The given line is perpendicular bisector of PQ. 
Hence z, and z, are the reflections of each other with respect to the given line 


11.2.3 Half-Planes 

Any straight line drawn on a plane divides the plane (excluding the line) into two halves; each half 
is called a half-plane. For example, the x-axis creates the half-planes {(x, y) : y > 0} and { (x,y): y 
<0}, respectively. Treating the plane as an Argand plane, these half-planes are {z : Im (z) > 0} and 
{z : Im (z) < 0}, respectively. 

Given a straight line and two points, how to know that the two points lie on the same half-plane 
or not? The rule is same for both the Cartesian plane and the Argand plane. If the affixes, when put 
in the equation of the straight line, one by one, result in answers having the same sign, the points lie 
on the same half-plane, otherwise not. 
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EXAMPLE 11.21 Check whether the points 1 + 27, —2 + i and the origin lie on the same side of 
the line 


(3-Si)z+(3+5i)z7 +4=0 


SOLUTION 


n= 


mn 


Let f)=(3—-Si)z+(34+5i)7 +4 
Then, f(1+2i)=(3-5i) (1+2)+( +51 (1-21) +4 
=30>0 
f+ h=0=50 24) +0459 CO-)4+4 
-2>0 
f+ i0)=4>0 


Since all of f(1 + 27), f(—2 + i) and f(0 + i0) bear the same sign, all the three points lie on the same 
side of the line. 


EXERCISE 11.2 


. Show that the points | + 67, 3 + 107 and 4 + 122i are collinear. 
. Find the equation of the straight line joining the points whose affixes are 1 i and 2 — Si. 
. Find the point of intersection of the two lines given by 


azta,z+b,=0, a,z+a,z +b,=0, 
1 1 1 2 2 2 


b,, b, being real. 


. Prove that the complex numbers a (cos a + i sin a), b (cos # + i sin f) and c (cos y +i sin y) will 


be represented by collinear points on the Argand plane if ab sin (a — 6) + bc sin (B—y) + ca sin 
(y-—a)=0. 


. Find the equation of the right bisector of the line joining the points z, and z,. 
. Ifa, b, c be the affixes of the vertices of a triangle ABC, show that the equation of the perpen- 


dicular bisector of the side BC is 


z(b —f)+7Z (b-c)=bb -cE. 


. Show that the points representing the numbers | + 27 and—1 + 4/ on the Argand plane are refle - 


tion points for the straight line 


z(l+)+ 70-)+6=0 


. Show that the straight lines 


qz+q,z7 +r,=0 
and $2+9,7 +1r,=0 


are parallel if 4 q, = 4, and are perpendicular if 4, q, + 4, q, =9 


. Show that the points | + 37 and 3 — 57 lie on the same side of the line (2 + 3/)z + (2 — 31)Z + 


8 = 0. Does the origin also lie on the same side as these points? 
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@ 11.3 CIRCLES IN THE ARGAND PLANE 


11.3.1 Equation of a Circle with Given Centre and Radius 


The equation of a circle with centre a and radius r is 


zz -azZ —aztaa —-r=0 


Let P(z) be any point on the circle whose centre is C(a) and radius r. 


x 
G) 
n W Fig. 11.25 
Then 
CP=r 
=> |z-al=r 
=> |z-aP=r 
=> (z-a)(Z-a)=r 


> 27 -a@z-azZ+aa-r=0, 


which is the required equation of the circle. 


EXAMPLE 11.22 Find the equation of the circle whose radius is 3 and whose centre has affix | —i. 
SOLUTION 


Equation of the circle whose centre is a and radius 1s r is given by 
zzZ —-az-az +aa-r=0 
Here,a=1-i,r=3, a =1+i 
waa =(1-)(1+)=14+1=2,° =9 
Therefore, the equation of the circle is 


zz —-(1+i)z-(1-i’) Z -7=0 
EXAMPLE 11.23 Find the centre and radius of the circle whose equation is 


|z-i|=3|zti| (D.U., B.Sc. (Ph.Sc.) 2008) 
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SOLUTION 


We have 
|z-i|=3|z+il 


>|z-if=9|z+iP 
= (z-i) (z-i)=9@+)(z+i) 
==) (7=7) =9e+) (+7) 
>82z7z -10iz+10iz7 +8=0 
=>zz Pee iz +1=0 

| 


Comparing this equation with 


We get 
ge ae aa -r=1 
4 4 
5 25 3 
> a=-—-1 Sy 6a) == 
4 16 4 


2 ag Sle 
Hence, the centre is — 4 i and radius is i’ 


EXAMPLE 11.24 If arg [2-3] = arg [=] show that 


Z, — 23 Zy— 24 
(i) the points z,, z, are on the same side of the line joining z, and z,; and 
(ti) Z,, 25, Z3, Z, are concyclic. 


SOLUTION 
Let A, B, C and D be the points on the Argand plane representing the complex numbers z,, z,, z, and 
Z4, respectively. 


C'y, By, ( 


A' 
@y,( “ Fig. 11.26 


Then, 





an{ 2 =) ZACB, the angle through which AC is to revolve to coincide with BC and 


ai "25 





arg #2 #4 ) ZADB, the angle through which AD is to revolve to coincide with BD. 
2-24 


.. ZACB = ZADB, both in magnitude and sense. 


Hence both C and D must be on the same side of the side AB. (otherwise one of ZACB and ZADB 
will be greater than 180° while the other one will be less than 180°.) 
Also, D must lie on the circle passing through A, B and C. Hence A, B, C and D are concyclic. 
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@ 11.3.2 The General Equation of a Circle 


The general equation of a circle in the Argand plane is of the form 
zz+azt+az7+b=0 


Let z =x + iy be a complex number so that Z =x — iy and then 


genes 2 _ 277 
pe 


Now the general equation of a circle in the Cartesian plane is 








x? +y? + 2ex + 2fy+c=0 (1) 


— in (1), we get 
2i 


—\2 che a = 
Z+Z Z=Z ZHZ ZF 
a + 2¢ +2f +c=0 
1 2 =)! = 1 2 =9 2 = B= Zz 
ela +7 PeeE er + 7°-2zz7)+g(zt+7)+f rea 


i 





: Z+Z Z 
Putting x = “ger 

















>727+g¢(2+7)-if(2—-7)+c=0 (- t=-1] 
i 





>2z7+(g-if)zt+(gt+if)zZ +c=0 
Writing g-if= a,g+if=a,c=b, we get 
zz +az+az7+b=0 (2) 
as the general equation of a circle in the Argand plane. 
Centre and radius: The centre and radius of the circle 


x? +5? + 2ex + 2fv+e=0 


so that-a = -g+i(/S),a@ =¢* +f? 
.. Affix of ( g, S) is—aand g? + f?-c=aa —b. 
Hence affix of the centre of the circle (1) is aand radius is .faa -—b. 


EXAMPLE 11.25 Find the radius and centre of the circle zz —(2 + 31) z-(2-3i)z7 +9 =0 
SOLUTION 


Comparing the given equation 
zzZ-(2+3i)z-(2-—31) 7+9=0 
with the general equation of a circle 


zz +a@zt+az+b=0, 
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whose centre is —a and radius is Jaa —b , we get 
a =-(2+3i),a=-(2-3i),b=9 
. Centre is 2 — 37 
Radius = jaa -b 
- (@4 C= 3-9 


=2 


11.3.3 Equation of a Circle with Given Endpoints of a Diameter 


The equation of a circle having z, and z, as the affixe of the endpoints of a diameter is 
(2-2) @- %)+@-z) & — 7) =0 
Let A(z,) and B(z,) be the endpoints of a diameter of a circle. Let P(z) be any point on the circle. 


Then ZAPB = . _ Hence, 




















Zy—Z BP Tw 240 0 : BP 
= =ik, where k = — 
=e AP (cos isin, ) ik, where AP 
Taking conjugate on both the sides, 
Zo —Z 
2 =-ik 
2, -—Z 
=> 72 =-ik 
2, —Z 
Hence, a 
Zo =2Z __ Zo +2 
Z-2Z Z-Z 


=> @-2z,) (2 — %)+@-z)(Z — %)=0, 


which is the required equation. 


1 
Alternatively, since ZAPB = > We have 


AP? + PB? = AB? 


=>|z-z, ?+|z-z,P=|z,-z,/ 








= 2-2) (Z- %) + (@-2)(Z — H)=@,-%) (4 — 2) 








=> @-2) 7 +(@-2)z% —@-2) % -@-2)% -@,-%) ({- %)=0 
=> (¢-2z,)Z+(2-z,)% —22, —27%, +2, 72,7, =0 
=> (¢-z,) (7 - %)+(@-z,) (Zz - 4) =0, 


which is the required equation. 
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EXAMPLE 11.26 Find the equation of the circle described on the join of the points (1 + 7) and 
(2 —i) as extremities of one of its diameters. 


SOLUTION 


If z, and z, are the extremities of a diameter, then equation of the circle 

(z-2z,)(Z — Z%)+(2-z,)(Z - %)=0 

Putting z, = 1 +i, z, =2 —i, we get 

(zg-(1+i)) (7 -(22+1))+@-(@-i))(zZ -(-1))=0 

>27 -(1+i)zZ -(2+i)z+(t+i)2+i)+27 -(-i)z-(2-i)7 +(2-i)(1-i)=0 


a a +1=0, 
2 2 


which is the required equation. 


: ce . : _ 1 
Alternatively, if z, and z, are the extremities of a diameter, then centre of the circle is 3 (z, + Zz) 
ae | 
and radius is — | z,—z)]. 
2: 
Here z,=1 +i, Z,=2-i 


1 
.. Centre is . (+i+2-)=5 


Radius =51@-)-0+9| 
=a 
2 + 


we 
2 


Now equation of the circle is 


zz —-@z—-az +aa-r=0 
Here on. 
2 2 


11.3.4 Discs ina Plane 


Let z, be a fixed point in an Argand plane. Then the set {z : | z—z) | <r} is the collection of all points 
of the plane whose distance from Zz, is less than r. They are precisely the collection of all those points 
which lie strictly within the circle whose centre is z) and radius is r. Such a collection is called an 
open disc of radius r centred at z,. On the other hand, the set {z: | z—z,| <r} is called a closed disc 
of radius r centred at z,. 
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EXAMPLE 11.27 Sketch the set {z:|z+1|<2} 
SOLUTION 


This is a closed disc of radius 2 centred at— 1 +70 


The shaded portion including the boundary is the required part of the sketch. 


10. 


x 


(ah. 
ey 


Fig. 11.27 


EXERCISE 11.3 


. Find the radius and centre of the circle 


zz +(2-3i)z+(2+3)7 +4=0 


. Show that the points represented by —4 + 27, 1 — 37, 5 + Si and —2 + 6/7 are concyclic. 
. Find the equation of the circle described on the line joining the points given by —1 —3i and 


5 + 7i as diameter. 


. Find the equation of the circle whose radius is 3 and whose centre has the affix 1 —7. 
. Represent graphically the set S= {z:|z|>|z—1]}. 


5 
. If| (¢—1)/(z+ 1) | =2, prove that the locus of z is a circle whose centre has affix [-}.°] and 


whose radius is ; . Show that the point representing the number (—5 + 4/7)/3 lies on this circle. 








ee = 5 is purely imaginary, then prove that the image of z in the Argand plane lies on a circle 
p= 
of radius + . Find the complex number represented by the centre of the circle. 
. Ifa and b are two points and z is a variable in the Argand diagram, then prove that if a 
a= 








= 2, the locus of z is a circle. 


. Find the centre and radius of the circle given by | z—z, ?+|z- 25 |? =k, where k is a real posi- 


. 1 2 
tive constant not less than 5 |Z; —Z, [- 


‘ 2 
If z=x + iy and z moves on a circle | z| = 1, find the locus of —. 
Zz 
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@ 11.4 FUNDAMENTAL THEOREM OF ALGEBRA 


Solving algebraic equation has been historically one of the favourite topics of the mathematicians. 
While linear equations are always solvable in real numbers, not all quadratic equations have this 
property. We mentioned in the beginning of this chapter that solving quadratic equations of the type 
x* + 1 =0 gave rise to the idea of a complex number. Although Leonhard Euler introduced the notion 
i= J-1 , it was Karl Friedrich Gauss, who fully exploited the idea of a complex number for solv- 
ing an algebraic equation. He is credited with the following result which is known as ‘Fundamental 
Theorem of Algebra’. 







>» THEOREM 4 





Every polynomial of degree n 2 1 has at least one zero. 


The zero in the above theorem belongs to the set of complex numbers. Therefore, it need not be a 
purely real number. 
From the above result, it immediately follows that 


Every polynomial equation of degree n has exactly n zeros. 


Here the zeros need not be all distinct. This result may be stated in the following form: 







>» THEOREM 4 


Every polynomial equation of degree n has exactly n roots. 





The above results tell us about the existence of roots of the polynomial equations. They do not hint 
at the methodology of solving such equations. In fact, there is no fixed method for solving poly- 
nomial equations. Below we mention few more results which will help us in solving a polynomial 
equation. 


>» THEOREM 4 


Let 
ay xt hake ah a= 0 (1) 
be a polynomial equation of degree n. Then we have the following: 


(a) (Real coefficients with complex roots If ao, a,, ..., a, are all real numbers 
and p + iq is a complex root of (1), then p — iq is also a root of (1). 

(b) (Rational coefficients with irrational roots If ap, a,, ..., a, are all rational num- 
bers and p + Jq is an irrational root of (1), then p — Jq is also a root of (1). 

(c) (Integral coefficients with rational roots If ap, a,, ..., a, are all integers and 
p/q is a rational (in lowest form) root of (1), then p is a divisor of a, and q 
is a divisor of ap. In particular, if a) = 1, then every rational root of (1) is an 
integer which divides a,. 
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EXAMPLE 11.28 Form an equation in lowest degree with real coefficients which has 2 — i, 
3 + 2i as two of its roots. 
SOLUTION 


Since in a polynomial equation with real coefficients, complex roots occur in conjugate pairs, the 
required equation will have at least four roots, namely, 2 + 37, 3 + 27. 











.. A lowest degree equation with the given roots will have the form 
(x — (2 + 32)) («— (2 — 37) &@— (3 + 21)) (®- (3 — 21)) = 0 

=> ((x — 2) — 34) (x —2) + 31) (x3) 28 (%-3) +: 2) =0 

=> (@- 2)? + 9) (&- 3 + 4) =0 

=> (x?— 4x + 13) Q?- 6x + 13) =0 
EXAMPLE 11.29 Form an equation in lowest degree with rational coefficients which has 
1+ a2. and 2 — V3 as two of its roots. 
SOLUTION 


Since in a polynomial equation with rational coefficients, irrational roots occur in pairs, the required 











equations will have at least four roots, namely | + afd soe V3 ; 
*, A lowest degree equation with the given roots will have the form 


(«-(1+ V¥2))@-(- ¥2))@-@+ V3) @-@- V3) =0 
> (@-1)- V2) (@-1) + V2) (@-2)— V3) (2) + V3 )=0 
> ((x- 1)? - 2) (@- 2-3) =0 
=> (x? —2x - 1) @?2- 4x + 1) =0 


EXAMPLE 11.30 Find the rational roots of the equation x? + x? — 5x +3 =0 
SOLUTION 


Since the given equation is a polynomial equation with integral coefficients with a) = 1, any rational 
root of this equation must be an integer. Moreover, the root must divide a, = 3. 

Hence the possible roots of the given equation are 1, —1, 3, —3. 

By applying factor theorem, we find that x = 1 is a root of the given equation. We divide the poly- 
nomial expression by x — 1 to obtain 


xe +x7- 5x +3 =(x-1) (x? +2x-3), 


Now x? + 2x —3 can be factored into (x — 1) (x + 3). 
.. The roots of the given equation 1, 1, —3. 


EXERCISE 11.4 


1. Form an equation of lowest degree with real coefficients having 2 + ,/(—3) and 3+ ./(—5) as 
two of its roots. 

2. Form an equation whose roots are 1, —-1, 2 + 3 : 

3. Form an equation of lowest degree with rational coefficient having 2 + V3 and V5 —2 as two 
of its roots. 

4. One root of the equation 3x3 — 23x? + 72x — 70 = 0 is 3 +i V5 . Find the other roots. 

5. Find the rational roots of the following equations: 
(i) x*— 4x3 + 6x? -4x+1=0 
(iit) 2x7 — 3x? - 11x +6=0 
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CHAPTER TWELVE 


De Molvre’s Theorem 





H 12.1. DE MOIVRE’S THEOREM FOR A RATIONAL INDEX 
Consider two complex numbers 
Zz, =r, (cos @, + isin 0,) 
and Z,=1, (cos 0, + isin 4) 
By definition of multiplication, we hav 
Z,2Z,=1, 1, [cos (6, + 8,) + isin (0, + 4,)] (1) 
Similarly, if z,, Z,, ..., Z,, are 7 complex numbers, then by repeated use of (1), we get 
Zy Zy 10 Zy = VV  F, [COS (A, + A, +... + B,) 
isin (@, FO, 248) (2) 
If, in (2), we put z, =z, =...=z,=z=r(cos + isin @), then 
z"=r"(cosn 6+isinn @) 
or [r (cos 8+ isin @)]" =r" (cosn @+isinn 0) (3) 
If now we take r = 1, we can write (3) as 


(cos 8+isin 8)” =cosn@+isinn 


This is called De Moivre’s Formula for a positive integer n. In general, the formula holds for any 
integer (positive or negative). This is the statement of De Moivre’s Theorem for an integral index. 
The general form of this theorem for a rational index is proved below. 
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Proof: 
Case I: 


Let 1 be a positive integer. We shall prove the theorem by principle of mathematical induction. 
For n = 1, the theorem is obviously true. 
We assume that the theorem is true for n = k. Then 
(cos 0+isin0)'=cosk@+isinké (1) 
Now, 
(cos 0+ isin 0)! = (cos 9+ J sin 0)‘ (cos 6+ i sin 0) 


=(cosk@+isink @) (cos 8+isin 0) 
(Using (1)) 
= (cos k 8 cos 0— sink @ sin 8) 
+i(cosk@sin #+ cos @ sink @) 


=cos (k+1)@+isin (k+ 1) 0. 


This shows that the theorem holds for n = k + 1. Hence by the principle of mathematical induction, 
the theorem is true for all positive integers n. 
Case II: 


Let 1 be a negative integer = —m (say), where m is a positive integer. Therefore, 
(cos +i sin 0)" = (cos 9+ isin 0)” 
1 
(cos @ +i sin 0)” 


1 
oo : 
cosm@+isinm@ (by Case I) 


cosm@-—isinm@ 


(cos m @ +i sin m@) (cos m @ —i sin m@) 


=cosm6—isinmé 
=cosn@+isinn@ 


Case II: 
Let n be a fraction (positive or negative). 


Létaa = , where p and gq are integers and g > 0. Using Case I of the proof, we have 
q 


q 
cs? o+isin2 6 = cos q Pog +ising Po 
q q q q 


=cosp@+isinp 0. 





So, cos 26 +isin 26 is one of the values of (cos p 0+ isin p 0)'4, 
q q 
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Also, cosp 9+isinp 6=(cos 8+ isin @)?, so 
(cos p 0+ isin p 0)!" = (cos 9+ isin 0), 


Hence cos 26 +i sin 26 is one of the values of (cos 9+ isin 0), 


REMARKS: 1. If nis an integer, then 


va] 
(cos 6 isin @y1= | ——_! __ 
cos 8 +/sin@ 


1 
(cos @ +i sing)’ 
ee SL Pa 
cosné+isinné@ 


eros fae AW de) 


2. Many authors use cis 6 for cos 6 + / sin 8. In this notation, the De Moivre’s 
theorem for integral index is 


(cis 0)" = cis nO 


3. If we put r, =r, =... =, = 1 in equation (2) of the discussion before the 
theorem, we obtain 


(cos 6, +/ sin 6,) (cos 6, + / sin @,) ... (cos 6, + / sin 6,) 


melo (er apy a moreanatc/a) arr INN (CeieMicy ar enue ace eb 





__... (cos@ +i sin a)’ 
EXAMPLE sinpiry (082+! sin a) 





SOLUTION one ssp) 
(cos a + isin a)" _ (cosa +isina)* 
VS eee ; 
(sin 6 +i-cos B) cos{ $—p]+esin( 5-11) 


-5 
=(cosa+isina)* foos[ 5-2} isin( 5-0) 
= (cos 4a +i sin 4a) cos (- 8) 5-8} +e sin ($-]| 
Lae 5a boat 5x 
= (cos 4a + i sin 4a) eos(50-5E) isin 50-52) 


51 


= COS [4a+sp— 5) +i sin [42+ 58 - 7] 
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= Cos [F-e+s0)| —isin [Fe +58)| 
= sin (4a + 58) —i cos (4a + 5h) 


EXAMPLE 12.2 Prove that 


eg Eee crepe OT ces nies Ue ay 
1+ sin @ —icos @¢ 2 2 





SOLUTION 





1+sin ¢—-icos @¢ 


1 bait 
, |itcos] —-@ |+isin 
beer é 

















2” cos” 2 cos( 5-5} tsi ‘a 
4 2 4 9 4 2 
2” cos” ¢ cos( 4 | isin| ~ 4 
2 4 2 4 2 
- fo(F-$}+50( 5-5} [ z§)-1(5- 3] 
4 2 4 2 4 2 
= oos($-$) +i -$)| cos 5 -$)sisin(=-)| 
4 2 4 2 4 2 4 
2n 
cos( $$) sin #-$)| 
4 2 4 


ey 
x+y 


=itan 








EXAMPLE 12.3 If x =cos 6+ isin 6 and y=cos @ + i sin g, prove that 
SOLUTION 

x-y  (cos@+isin 0) -(cos¢+isin ¢) 

x+y (cos 0 +i sin @) + (cos @ +i sin ¢) 





_ (cos 6 — cos ¢) +i (sin 6 — sin ) 
(cos 6 + cos @) + i (sin 6 + sin #) 
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EXAMPLE 12.4 Find an equation whose roots are the nth powers of the roots of the equation 
x?-2xcos0+1=0. 


SOLUTION 
The roots of the equation x? — 2x cos 9+ 1 = 0 are given by 


es 2 cos 9 +4/4 cos’ 9-4 


2 


=cos@+ -sin’ 0 


=cos@0+isin@ 





Let a=cos 0+isin @and f =cos 0 —i sin 0. 
We have to find an equation whose roots are a” and f”. 


Now a" + B" =(cos 0 +i sin 0)" + (cos O—i sin 0)" 





=cosn@+isinn@+cosn6O—isinnd 
=2cosn 80, 
and a” B" =(cos 0+i sin 8)" (cos O—i sin A)" 


=(cosn @+isinn 0) (cosn@—isinn 0) 





=cos?n 0+ sin? n 0 
=1 
Hence the required equation is 
x2—(a" + B") x +a" p"=0 


or x"—2xcosn0+1=0 





EXAMPLE 12.5 If cos a+ cos f+ cos y=sina+ sin f+ sin y = 0, prove that 


cos 3a + cos 3h + cos 3y= 3cos (a+ fry) 





and sin 3a, + sin 36 + sin 3y = 3sin (a+ B+ y) 
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SOLUTION 


Leta=cosat+isina,b=cosf+isinf,c=cosytisiny. 





Then at+b+c=(cosa+cosf+cos y)+i(sina+sin f+ sin y) =0. 


Therefore, a?+b°+c3=3abe 








or (cos a+isin a) + (cos £ +i sin f)> + (cos y + isin y)P 
=3(cosatisina) (cos f +i sin f) (cos y +7 sin y) 
=> (cos 3a +i sin 3a) + (cos 3f +7 sin 3f) + (cos 3y +7 sin 3y) 
=3[cos(a+ft+y)+isin(at+f+y)] 

or (cos 3a + cos 36 + cos 3y) +7 (sin 3a + sin 3f + sin 3y) 


=3[cos(at+fB+y)+isin(at+fty)] 























Equating real and imaginary parts on both sides, we get 


cos 3a + cos 36 + cos 3y = 3cos (a+ P+) 











and sin 3a + sin 36 + sin 3y = 3sin(at+f+y) 
EXAMPLE 12.6 If (1+x)"=p,+p,x+p,x°+...+p, x", then prove that 
Py — Py t+ Da» = 2" cos F) 
and = p,—p;+p,;—...=2"" sin F) 
SOLUTION 
We have 
(L+xy=pytp,xtp xt pie tpt t... +p, x", (1) 


Putting x =7 in (1), we get 








2 4 ;3 


(+P =pyt pit pt +p, tan tpt 
= (Py Pot Pg ++) FE (DP, —P3 + Ps +) (2) 


Now, let 1 +i=r (cos 0+isin @). Then 





rcos@0=1andrsin@=1 


This implies r = V2 and 0 = Z , so that 


l+i= V2 cos” +isin ™ 

4 4 

(+i) =2"? cos = + isin = 
4 4 


=> (1+i"=2"? [cos + isin | (3) 
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Using (3) in (2), we get 





nt. mm 
an [ew yt isin =(p)-P) + P4----) +i, -P,+D5----) (4) 


Equating real and imaginary parts on both sides of (4), we get 


Po — Pot Pan ++ = 2"” cos ee 





and P\-P3 +ps—...= 2"? sin | 


EXAMPLE 12.7 By expanding (1 +z)" by the binomial theorem and then putting z= cos 20+ isin 260, 
prove that 


n 


n 
z"cos"@ cosnO= >, "C, cos2r, 
r=0 


n 
. n : 
and z"cos"@sinnO= > "C, sin2r 6, 
r=0 


n being a positive integer. 


SOLUTION 


Expanding (1 + z)” by the binomial theorem, we have 
(1 | zyt="G, | "C2 { "Coz ft AG zn 


= x 1G: gf 


r=0 





Putting z = cos 20 + i sin 20, we get 


(1 + cos 20+ isin 20)"= ¥. "C, (cos 20+ i sin 20)" 


0), 
or (2 cos? 0+ 2isinO cos 0)"= ¥ "C, (cos2rO+isin2r 0) 
r=0 
or (2 cos 0)" (cos +i sin 0)" = Y rh (cos2r@+isin2 rd) 
r=0 
or 2" cos" O(cosnO+isinnO)= ¥)"C, cos2rat+i ¥,"C, sin2r@ 
r=0 r=0 


Equating real and imaginary parts of both sides, we get 


2" cos" A cosnO= >) "C, cos2ro 


r=0 


and 2" cos" @sinnO= >) "C, sin2r 


r=0 
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. Find the modulus and argument of the complex number 


EXERCISE 12.1 


. Simplify each of the following: 


(cos 30 + i sin 30)” (cos 20 — i sin 20)" 
(cos 20 + i sin 20) (cos 6 —i sin 0) 


10 10 
a oo FE 1 oo 
cos — +1 sin — +} CoS — — 1 SIN — 
15 a 15 . 
(b) 


T ola x\° 
cos — +1 sin — 


(cos 6 +i sin 0)" 


(sin 6 + i cos 0) 





(a) 





(c) 


(d) prise ae 
1+cos 6 —i sin @ 


n 
, n being an integer 


(e) [(cos 6 + cos @) + i (sin 8+ sin @)]" + [(cos 8+ cos @) — i (sin 8+ sin @)]", n being an 
integer. 





. Show that (1 + cos 8+isin 8)" + (1 + cos @—i sin 0)" 


0 
=2"*1! cos? a cosn 0 


where 7 is an integer. (1 sepa p hein 0) 


(cos 6 +i sin 0) 


r _. 2 . 
. Ifx,.=cos — +isin —, prove thatx, x,x,... ad. inf. =—1 
r r r 12 "3 


. Ifx=cos @+isin 6 and 4/1 — c? =nc — 1, show that = (1 + nx) c + :) =1+ccos@. 
. If is a positive integer, show that . ms 


(a) (V3 + i) + (v3 - i)’ =2"*! cos 7 


(b) (i tt iy'+ (1 3 i)” = 2(n/2)+1 cos Le 


. nn 
. Ifaand f are the roots of the equation x” — 2x + 4, prove that a” + B" = 2”*! cos —P Hence 


find the value of a + f°. 


min min m/2n a 
8. Prove that (a+ib)””" + (a-ib)” =2(a" + b) cos (2) tan! 2] 
2n-1 i a 
9. Ifz=cos 6 +i sin 6, show that [> =i tan nO 
Zz 
10. If(a, +ib,) (a, +ib,)... (a4, +ib,)=A+ iB, prove that 


b, b b B 
(a) tan”! + + tan! 4 +...+tan-! “=tan! — 
a ay a, A 


(b) (ay + by) (az + BS)... (a, + By) =A? +B? 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Ifsina+sinf + sin y=cosa+cos f+ cos y=0, prove that 
sin 2a + sin 28 + sin 2y = 0 
cos 2a+ cos 26 + cos 2y = 0 





3 
cos? a+ cos* £ + cos? y = = 





If cos a+ 2cos f + 3cos y = sina + 2sin f + 3sin y = 0, prove that 
cos 3a + 8cos 36 + 27cos 3y = 18 cos(at+fty) 
sin 3a + 8sin 36 + 27sin 3y = 18 cos (a+ f+y) 





ify seoca sina bth Hh oon ened © —_1, prove that 
cos (B— y)+ cos (y—a) + cos (a— f) + 1=0 bc a 
es ie = (a+b) (b+c)(c+a) 
ak a a en 
abc 
Be el Gi © eee Oe 
2 2 


Ifa=cosatisina,b=cosf+isin f,c=cosy+isin y, d=cos 6 +i sin 6, prove that 


ger heres ps in BHP a yee 








USL 


a-B y-6 
(a) (a + b) (c+ d)=4 cos : cos ec 5 7 


2 





2 2 2 
atp-y-6 feos PP A+ a ae Pept 


(b) (a—b) (c—d) =—4 sin oF sin 2° feos SPP TL AD 4 jig APTI 


(c) (ab + cd) =2 cos 


Use the identity 
(=F) -d)=(@ ~c*) @ -d)-@ -d*) @ =e”), 
to prove that 
sin(a — B)sin(y —d)=sin(a — y)sin( B —6)-—sin(a —6) sin( B — y). 
(a) From the De Moivre’s Formula 
cos nO + i sinn@ = (cos 8+ isin 8)", where v is a positive integer, deduce that 
cos nO = cos” 6—"C, cos"~? @ sin? 6+ "C, cos"~4 6 sin* O—... 
sin nO ="C, cos"! @ sin @—"C, cos"~3 6 sink A+... 
"C, tan — "C; tan? +... 
1—"C, tan? 6+ "C, tan’ @-... 








+i sin 
2 2 














tan nO 


[Hint: Expand (cos 6 + i sin 8)" by binomial theorem] 
(b) Use part (a) to express sin 6 6 and cos 6 @ as powers of sin 6 and cos 0. 
(a) Ifz=cos 8+ isin @ and x is a positive integer, prove that 


1 1 ; 
re =2 cos n 0, 2” -— =2isin 0. 
Zz 


Hence show that 
2"~! cos" 9 =cos nO +"C, cos (n—2)0+"C, cos (n—4) 4+... 
[Hint: (g+z!)"=z"+2-"+ *C, (22-2 +2 @-AY 4] 
(b) By the method of part (a), prove that 
16 cos? @ sin? @=— cos 5 8—cos 3 8+2 cos 0 


is 





1 1 
If 2 cosa=x+— and 2 cos f= y +—, prove that one of the values of x” y" + —— 
2 cos (ma + np). * y xy 
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@ 12.2 ROOTS OF COMPLEX NUMBERS AND SOLUTION OF EQUATIONS 


The De Moivre’s Theorem for fractional indices say that cos P 6+ isin 2 Gis one of the values of 
. . 0... 0. Z 2 . 
(cos 0+isin 0)?'4, In particular, cos — + i sin — is one of the values of (cos 6 + i sin 0)!7, where g 
q q 
is a positive integer. We now show that (cos 0+ i sin @)'4 has exactly gq distinct values given by 


O+2kn  .. O+2kan 
s ——— +1 sin ————— 


co , k=0,1,...,q-1. 
q q 
Let z=cos +i sin 6 and u = cos Cae oe +i sin oar where & is any integer. t hen by 
q q 


De Moivre’s Theorem for integral indices, 


; O+2kn,.. O+2kx)’ 
ut = | Cos —————— + 1 sin —————— 
q q 


O+2kn ee O+2kn 
=cos gq | ————— | +1 sing | ————— 
q q 


=cos(06+2k %)+isin(@+2k 7) 
=cos@+isind 


=Z 


; : : +2k ; +2kr. 
Therefore, u is a gth root of z. That is, for any integer k, u = cos ree +i sin eee, isa 


value of (cos 0+ isin 0)!'4. q q 

Now any two values of u are equal if and only if the arguments of the two values have the same 
sine and cosine. In other words, the two arguments must differ by a multiple of 27. If this is the case, 
then the corresponding values of k must differ by a multiple of g. Therefore, w has only q distinct 
values, namely those given by 


bo ce 


Thus the gth roots of z = cos 0 +7 sin 0 are given by 


S O+2kn +i7sin EAI heed, 1, ae0'9 q-l. 
qd q 


If p and q are two integers prime to each other, then (cos 0 +i sin 0)?’ has gq distinct values given by 


co 


cos 2 (0+2kn)+isin 2 (04+2k2m),k=0,1,...,q-1 
q q 


Let us formally state it as a theorem. 


>» THEOREM 4 


If p and q are integers prime to each other (q # 0), then all the values of 
(cos 6 + isin @)?9 are given by 


cos [(o+2Kn)2 + isin [(o+2 4x) 2], where k= 0, ioe =4 
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« REMARK: If z = r(cos @+ /sin @) is a complex number and n is a positive inte- 
ger, then the nth roots of z are given by 


z"" = [r(cos 6+ isin @)]"" 
=r" (cos @+i sin 6)!" 


ae ea 


=e ce 


WV a\=1k= 6 AMM CM LaYeM OOS cM al alantsilCom ile M cele) mola a 





1/3 
EXAMPLE 12.8 Write down all the values of (v3 +1 ) . 
SOLUTION 


Let V3 +i=r(cos 6 +isin 0) 
Then rcos 0= V3 andr sind=1 


This gives r=2 and 0= . : 


Therefore, V3+i=2 [cos E+ sin ‘| 
ie 13 
So (v3 +:) =2!4 | cos * +i sin ™ 
6 6 
=2"3 doe A e2kn epee 7 +2ka||,k=0, 1,2 
3\ 6 3\ 6 


= 218 [cos (1412k) Z + isin (+124) 2 |,k=0,1,2 


=2"3 | cos 2” 4.3 sin 2* , where p = 1, 13, 25 
18 18 


Find all the nth roots of unity, where n is a positive integer, and prove that they 
lie at the vertices of a regular n-gon inscribed in a unit circle centred at origin and with one of the 
vertices at 1. 








SOLUTION 
The nth roots of unity are the solutions of the equation z” — 1 = 0. So the nth roots of unity are given by 
z= (1yi" 
= (cos 0 +i sin 0)!” 
= cos ee +i sin ake ,k=0,1,...,.n-1 
n n 


Writing the mth roots explicitly, we have 
Z)=cos0+isinO=1 
2n . 20 
Z,;=cos — +isin — 
n n 


.. A 
Z, = COS 4m + isin 2% 


n nN 
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2(n-1 . 2(n-1 
Z,, = COS 2(%=)) Me +isin 2021) de 
n n 
Suppose Ay, Aj, ...,A,,_ , are the images of the complex numbers z,, z;, ..., Z,,_, respectively on 


= 
the Argand plane. Then the vector OA, represent the complex number Z, where k € {0, 1, ...,.1— 


1}. Since OA, =| Z,|=1 fork € {0, 1,....7 —i, therefore the points A, lie on the unit circle with 
centre at origin. Also, the measure of the arc A, A, , , is equal to 


2(k+l)n 2kn Ax 





arg Z arg Z, = 
B44, — WE 4, ; if 
for allk € {0, 1, ..., 2 —2}, and that of the remaining arc Ke hy is 
2(n-1 2 
ag 2a aa _ 2a 
n n 


Therefore all the arcs AA» AA, aa A,_1Ao are equal and hence the polygon Ay A, ...A,_, isa 
regular polygon. Also note that Ay is the image of Z, = |. Hence, the images of the nth roots of unity 
are vertices of a regular n-gon inscribed in the unit circle with one of the vertices at 1. 


REMARK: As a particular case of the above example let us find the cube roots of 
unity. The cube roots of unity are roots of the equation z? — 1 = 0 and are given by 


PAN eer ee eRe 


Hence 
Yipee 3a TO a 
Z, = cos CL a ee 
3 3 2 2 


Z, = cos on Sa el ee 
i) i) y y) 
1, w, w? are the vertices of an equilateral triangle inscribed in the unit circle with 


centre at origin, as shown in the figure below 


D4 





De Moivre’s Theorem 


EXAMPLE 12.10 Find the five fifth roots of unity and prove that the sum of their nth powers al- 
ways vanishes unless 7 is a multiple of 5, in which case the sum is 5, n being an integer. 


SOLUTION 
We need to find roots of the equation z° — 1 = 0. So the fifth roots of unity are given b 


z= 1! =(cos 0+ isin 0)!/° 





= COS v +isin FA k= OMe 


By De Moivre’s t heorem, we can write 


cos 2kn +i sin 2kn 








k 
=| cos ot in ah ,k=0, 1, 2,4 
5 5 
20 ,.., 20 : k 
Let w =cos = +i sin = so that the fifth roots of unity are g ven by w“,k=0, 1, ..., 4. 


Now, the sum of the nth powers is 





S=1+w" (w?)" 4 (w3)" 4 (w4)" 


me S=1+w"+(w"? + (wy + (wry? (1) 














Let n be a multiple of 5, say, n = 5 m for some integer m. 
5m 
20 _ 20 
Then wi=wo™= [ew a i sin a 


=cos2am+isin2a2m=1 
So (1) becomes, 


S=ltw"+t+ (w")? + (ws 4 (w")4 





=1+1+1+1+4+1 


='5 
If7 is not a multiple of 5, then 


ji Qn ., Wy 
w"= | cos —+ i sin — 
=cos | 27 S +isin |27 = 
> 5 


# 1, since 5 1s not an integer. 


Now (1) is a geometric series with common ratio w” #1, therefore we have 


oe 
l-w l-w 


but w>” = 1, therefore, S'= 0. 
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EXAMPLE 12.11 Solve the equation z+ + 1 =0 


SOLUTION 
We have z*=-1 =cosa+isinz 
Therefore, z=(cosa+isinz)!/4 
= cos Qk + 2) 2 tisinQkatn)2, k=0, 1, 2,3 
Te ss 1 
eet ae) io k=0, 1, 2,3 


On putting / = 0, 1, 2, 3, we get the roots as 





na .. 0 3x ss«wsis 5x... OS (ae 
cos + isin —, Cos +71sin , COS +7sin and cos +71sin 
4 4 4 4 4 4 4 


Hence the four roots are 
1 1. -l 1 -l 1 


ia 
one i, Ba” P fr! and Ya v2! 








EXAMPLE 12.12 Using De Moivre’s theorem, solve the equation z’ + z = 0 
SOLUTION 


The given equation is z(z° + 1) = 0 

This gives z=0 or 7®+1=0 

Now the roots of equation z° + 1 = 0 are given by 
z=(-l)!/6 

1/6 


=(cosa+isinz 


= cos (2k +1) e +isin(2k+1) 7 2k= 051, 5 
=cos p= +isin pX,p=1,3,5,7,9, ll 
6 6 


On putting values of p, the roots of z° + 1 = 0 are seen to be 


























Hs: 8 f ..3 8 We ope 
cos — +isin —,cos — +isin —,—cos — +isin 
2 2 6 6 6 

Thus the roots of z°+ 1 are 

4,841 Ba; 

2 2 2 
Hence the seven roots of z7 +z =0 are 
V3.3 -vB i 


Oe ae, 














EXAMPLE 12.13 Use De Moivre’s t heorem to solve the equation 


zi—-z4+7-1=0 


SOLUTION 
We have 
z’-z4+3-1=0 
or (24+ 1) (2-1)=0 
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De Moivre’s Theorem 


This gives z+1=0 or 2-1=0. 


So the seven roots of the given equation are the roots of the equations z+ + 1 = 0 and 23-1 =0. 
Now, the roots of z4 + 1 = 0 are given by 


z=(-1)!/4=(cosz+isinz)!/4 





=cos (2k +1) a +isin(2k+1) 77k=0,1,2,3 


So the four roots of z+ 1 =0 are 
-l 1 


oe +i 
We aa a a 














Thus, the three roots of z7— 1 = 0 are 0, + 4 j 


Hence the seven roots of z’—z*+z3—1=0 are 


- 3 1 | 1 


OD eo) a* a 2* yp! 
EXAMPLE 12.14 Solve the equation z° + z+ 1 =0. 
SOLUTION 


The given equation 2° + 23+ 1=0 











3 











Solving the given equation as a quadratic in z’, we get 
-l#Jl-4 -1 
nF OO” OhDrMmU6E Oo EL 
2 2 2 
Let = +7 v3 =r(cos@+isin@). 
2 2 
Th jer dr si p82 
en reos@= | and rsin@ =~, 
20 
=> r=landd= — 
3 
B=] eon ae 
) 3 
Qn... 20)” 
or z= | cos — +i sin — 
3 3 





z 
3 


= COS Sepa +isin ee Z ,k=0, 1,2 
3 3 )3 


= cos [(64 +2) =] «sin (6k +2)=|.6=0, 1,2 
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So, the six roots of the given equation are 


























20 , 2.2. 20 8m... 8a 
cos ——+isin —, cos — +isin — 
9 
14x ,.... 142 An os An 4n |... 4x 
and cos —— +isin —— =cos | 2a — — | +isin | 2” - — |=cos — +i sin — 
9 9 9 9 9 9 
Hence, the required roots are given by 
Z=COS PO isin PS p=0 4S 
q q 


EXAMPLE 12.15 Solve the equation (2 + z)® + (2 —z)®=0. 
SOLUTION 


The given equation is 
(2 +z) +(2-z)®=0 


6 
or (+3) i) (1) 
2-z 


+2 
Let w= — Therefore (1) becomes 
-—Z 





we+1=0 
> w=(-l)!/6 


= (cos z+isin z)!/6 


= COS [(2ka+n) =| +i sin [2k m+n) 2]. b=0. 1.049 


= cos (2x +1) =| +i sin [(24+1) 2], a=0, ly ges 








Now, w= = implies z = ewe) 
-—Zz wtl 
2) cos (24 +1) 2} + sin {(ox+1)2}-1] 
So, 





cos {(2k +1) 2} +isin)(2 4-41) Z| +1 
2| isin (2K-+1) 7} cos{i24+1) 2} 2 sin’ {(2e+1)7}] 


2 cos? (2441) 2} + 2vsin{ (24 +1) 4 | 00s (24+ 7} 


| isin {(24 +1) 2} | 
jrisin (ae +1) 2] 


ja 


4i sin \(24 +1) xt cos cz +1) 


[ox fees: 


jJajs 
jajs 


2008 {(24 +1); 


N 
N 
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=2 i tan (24+) =] e=0 Tose 


On putting k= 0, 1, 2, 3, 4, 5, the roots are seen to be 


+2itan = , +2 i tan 3% , +2i 


12 12 
EXAMPLE 12.16 Show that the roots of the equation (z — 1)° + z> = 0 are given by 


1 
ce iio [FE] p= 1.3, 5,7, 9. 























SOLUTION 
The given equation is 
(z—1)P+2=0 
-1yY 
or - +1=0 
° ail 
or w> + 1 =0, where w = = 
Zz 
= w=(-1)!/5 
=(cosa+isinz)!/> 
=cos [2k +1) Z]+ssin[ (24-41) 2], 4=0, lens 
=cos 2” + isin EY p= 1.3.5,9,9 
5 5 
Now w= — implies z = —— 
Zz —w 











sin Pp +i cos P 
2 sin ae 
10 
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EXAMPLE 12.17 Solve the equation 


foe te tet 1=0 


SOLUTION 


oe) 


Multiplying both sides of the given equation by (z — 1), we have 
(g-1) @4#+2342?2+2+1)=0 
or 2>-1=0 


Thus, the roots of the given equation are the roots of z> — 1 = 0 except the root z = 1. 
Now, 2 -1=0> z=(1)!/5 


2kan 








or gene = +i sin =O, 1s ccs 


On putting k = 0, 1, ..., 4 we get the five roots ofz> — 1 =0 as 


20 ese { 20 4n .. (470 
1, cos | — }+isin , cos | — |+isin | —— 


Hence the roots of the equation z+ + 27+ z?+z+1=0 are 


20 .. (20 4n .. (42 
cos | —— | +isin , cos} —|+isin | — 




















EXERCISE 12.2 


. Find all the values of each of the following: 


(a) (-I)!/4 (b) @ a+? 
(a) ( “4 a (e) E pad By ( (3 _ iy* 


. Find all the fourth roots of unity and prove that they lie at the vertices of a square inscribed in 


the unit circle. Also draw a figure 


. Prove that the product of the nth roots of unity is (-1)"~ 1. 
. Find the seven seventh roots of unity and prove that for any positive integer n, the sum of their 


nth powers vanishes, unless 7 is a multiple of 7 in which case the sum is 7. 


. Use De Moivre’s t heorem to solve the following equations: 


(a) 2+1=0 
(b) 25-1=0 
(c) 2-z=0 


(d) z!°9-2+1=0 

(e) 24+427+16=0 

(f) 2 +2+24+1=0 

(g) 2-2 +23-1=0 

(h) (z+ 1)°+(z—-1P=0 














. Show that the roots of the equation (1 —z)’ + (1 +z)’=0 





are z=+icot [Fe 1, 2, 3. 
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10. 


11. 
12. 


13. 


14. 


De Moivre’s Theorem 


. Solve the equation: 


(5+xp—(5—x)P=0 


. Using De Moivre’s theorem solve the equation (1 + x)” = (1 — x)", n being a positive integer. 
. Solve the equation (z + 1)?” + (z—1)?"=0 


and show that the roots are purely imaginary. 
Solve the equation 2° + z++23+22+z+1=0 
Solve the equation z!? + z!!+z!9+...+z+1=0 


Use De Moivre’s theorem to solve 
zA-z3+z*-z+1=0 





Find the roots of the equation 
x8— x6 + x43? + 1=0 
by using De Moivre’s Theorem 
[Hint: (x? + 1) 8 — x6 + x4#— x7 + 1) =x! 4+ 1] 
Solve the equation 
(1 +iz)!©+(1-i2!°=0 


3/1 
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Answers to Exercises 





m@ CHAPTER 1 


. o 3 
i, @ass=| 3 | 
ie as 2 4 ‘| 
ee =a: Ga 
2. (a) A+ B= k ‘] 
6 26 
Ce - 1 A 
3 14 -19 
3. (a) BA=| 4 -8 -2 
=§ i =i 
% = 
(d) A(2B — 3C) = i, Z 


15. (a) ke |, a and b arbitrary 


(@A(B + C) = i. 


3 2 4 
() A-B= oe | 
ee ' 0 ; 
4 =o if 
¢ 4 8 7 
(bt) A-B= F | () 3A-C= |? | 
fil 10 an ie 
= ee | (ee) = & | 
° i -s 12 “| 
@Ac=|, @ cha |—s- ia si 
e =—- =% 


1 { 4 
4 (f) AB + AC = E 4 


a 


Al a and b arbitrary 


—2, 
(b) Be 


b 
16. |“ a where b and ¢ are arbitrary, and a is any solution of the equation a2 = —be. 


17. f(A) = a “1 
1 —62 
18. Ao = : : 124 


—sin nd ne 
cos n@ 


cos n@ 
20. A” = 
| sin nd 
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i 2 1 3 
21. A? = ee | 
F ‘| 0 1 
2 2 4 4 gel gaol 
2 5B = 
22; A= c a AP = |: ih Av = 2 il 


2 1 3F <2 5. 3 8 5 
2 = 3. 4_ 5 — 
melt} eb ike ab tL ol 


F F 
At | at " for n > 2, where F,, is the n" term of the Fibonacci sequence. 


27. (a) and (d) 


29. AB gives the total cost of producing each kind of product in each city: 


Delhi Chennai 
(* ) Chair 
67 78 Table 
30. A B C OD cost of one unit 
Units (6.3 3.3 3.6 5.0); 15 Food — I 
13 Food — II 
Rs. 469. 33 Food — II 


1. Different methods will give different answers. 


1 0 0 3 0 0 1 0 -4 
3.(a)/0 O 1 (b)} 0 1 O (c)| 0 1 
0 1 O 0 oO 1 0 0 
1 
> 
1. (a) Inverse does not exist. (b) 3 
3 =1 =5 
De 
@) les | ”) ee Al 
1 3 
== = —1 
4 4 
3 | 3 1 4 3 
3. (a) A= 4 “a 0 (b) A’ = | -15 
1 1 2 
= 1 
4 4 
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1 0 0 
@)/o 1 0 
j) —@ 1 


Answers to Exercises 


























0 1 -1 
(c) A ! does not exist. (d) Als 2 —2 = 
-1 1 1 
I 11 
2 2 2 l 2 -1 
«@ A'=|-4 3 =] @A'=|-4 -7 
= = 2 =—4 = 5 
2 2 2 
noo, ot 2 41 1 
3 3 5 5 5 
7 2 1 1 
Al=] -— : =. Al=]|— 0 _ 
(g) 3 3 (h) 5 5 
2g 2 30 4 2 
3 3 5 5 5 
8. ad — be #0 
d —b 
9 ad — be ad — be 
: —c a 
ad — be ad — be 
1. (a) 2 (b) 3 (c) 3 (d) 2 
2. (a) 3 (b) 3 (c) 3 (d) 3 (e) 3 
(f) 2 (g) 3 (h) 2 (i) 4 (j) 2 
lLx=1, y=3,7z= 
35 29 5 
2 x= aren y = eo me ae 
18 18 18 
3. Inconsistent 
1 2 
4. x 5 a y - Z z=k 
7 7 7 7 
1 1 
. x = ~(5 — 3k), = —(k — 3), = 
5. x 5 3k), y 7 3), z=k 


6x=y=z=1 
7x=—-ly=4z72=4 
8 x =3+2k,y=H=1—-khz=k 


9. Inconsistent 


10.x=1l,y=2,z=3 


3fs 
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10 7 
ll. x = 3k -2, y= —k-=2z=k 
x y 3 Pe 
12. Inconsistent 
1s 1 
13. x =—-—k, y=—-xk, z=k 
x 7 y 7 Zz 
14.x=y=z=0 
5.x =y=z=0 
1 
(Ge peek 
7 7 


17.’ =1lor2 whenA=1,x = 1+ 2k, y =—3k,z =k 
when A = 2,x = 2k, y= 1- 3k,2=k 
re 
A+ 6 2 3A —- 6 
2 a ee 

Av + 2A 4+ 15 Av + 2A 4+ 15 Av + 2A 4+ 15 
19. (a) unique solution for A # 3, whatever mw be 

(b) no solution for A = 3, w # 10. 

(c) infinitely many solutions for A = 3, w = 10. 








18. If A # 2, then x = 





20. When k 4 +2, x = y = z = 0 is the only solution 
When k = 2, x = y = z = 011s the only solution 
When k = —2,x = 4p, y = p,z =p. 


m@ CHAPTER 2 


2. (a) V5 (b) 0 (c) V2 
3. (a) 0 (b) —4 (c) 4 
3 ‘ 
4, (a) cos6é = ——= (b) 6 = 45 
V10 
7.c= +3 





Lxsv= [5] x= [2] oer [4] x -v= [8] ven ["] 
2. (a) X + Y = (0,8), X — Y = (4,—2), 2X = (4,6), 3X — 2Y = (10,-1) 
(bh) X + Y= (1,7), X — Y = (-3,-1), 2X = (-2, 6), 3X — 2Y = (-7,1) 
() X+ Y= (1,3,-5), X — Y = (1,1,-1), 2X = (2,4,-6), 3X — 2Y = (3, 4,-5) 
(@ X+ Y= (5,2,-3), X — Y = (-1,-2,-5), 2X = (4,0,-8), 3X — 2Y = (0,—4,—-14) 


. (a) V10 + 97 (b) 4V/10 (c) 3V/17 (d) V61 


9. 5 miles per hour 
10. 13 pounds 
11. The resultant force is (3, 4). To double the magnitude, replace (0, 3) by (3,7). 
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- (a) (7,5) = —3(1,-1) + 2(5, 1) 

(b) Not a linear combination 

(c) Not a linear combination 

(d) (0, 10,8) = (2 — c)(-1, 2,3) + (2 — 2c)(1,3, 1) + c(1, 8, 5) where c is any real number. 


5. (a) and (b) 


6. (a) only 
1 — 
14 : 3 : 8 : 
- (a) |} 3 = Is 2 +5 —1 ie 5 
2 3 0 4 
1 _ 
5 31 2 8 2 
(b) | 3 | =—5} 1 ar 0 ae —3 
—2 3 1 —1 


. (a) Y is a scalar multiple of X 
(b) Any set of three vector in R? is linearly dependent (See Theorem 1). 
(c) Y is a scalar multiple of X. 


. (a) linearly independent (b) linearly dependent 
(c) linearly dependent (d) linearly independent 
(e) linearly independent (f) linearly independent 

. X = 3X; — 2X, — 5X3, S is linearly dependent 

1 1 0 0 1 
2}=]0]/+2}1]+3)0] +010 
3 0 0 1 1 
1 1 0 0 1 
and |2]=]0]+2}1]+2}/0]+4+ 0] 0 
3 1 0 1 0 
.(a)c=2 (b) ¢=—7,c=0 
.(a) A =1 b) A=-3a=1 


. (a) A basis of R” must contain two linearly independent vectors. 
(b) X27 = —2Xy. .. X; and X> are linearly dependent. 
(c) A basis for R? must contain three linearly independent vectors. 


2. (a), (d) and (e) 
3. (a), (c) and (d) 


8. All values of A except 0 and —3 make the given set a basis for R°. 
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9. (i) False (ii) True (iii) False (iv) False (v) False 
(vi) True (vii) True (viii) True (ix) True (x) True 


. (a), (b) and (c) 
. (a) subspace : line y = 2x 
(b) subspace : y-axis 
(c) Not a subspace 
(d) Not a subspace 
(e) Not a subspace 
(f) Not a subspace 
(g) Not a subspace 
. (a) Yes (b) Let X = H andc = —1. ThencX ¢ V, 
No 
. (a), (c) and (e) are subspaces of R? 
. (b), (c), (f) and (g) are subspaces of R? 
. Wis the plane x + y + z = 0 passing through origin - dim W = 2. 


we NY 


Se eoenn S 


10. only (c) is a subspace of R? 


12. No x 
14. Set of all vectors of the form | y |;x,yveER 


y 
15. Span S = R? 


m@ CHAPTER 3 


EXERCISES 
(Le) Lab) - bs 


. (a) and (d) 

- (a), (b), (©) and (d) 

. (a), (b) and (d) 

No 

. (4, 11) 

~ (a) (3, —3) (b) (1, 2) (c) (4, 1) 


= 


Sonn kw N 


Answers to Exercises 


. (a) reflection w.r.t. the line y = x 


(b) reflection w.r.t. the line y = —x 
(c) anticlockwise rotation through 90° 
(d) reflection w.rt. origin 


5. (a) reflection in xz-plane 
(b) reflection in xy-plane 
(c) reflection in the x-axis 
(d) reflection in the z-axis ‘ 5 
6. (a) (2V3, 4) (b) (3, 2) (©) (- men =.) (a) (V3, -1) 
V2 V2 
Va A fet 1 _N3 
: s vo 43 2 2 
ve ee | ae 
2 2 V2 V2 2 2 
_1 _N3 
‘i ? 4 2 2 p | 
@], 4 Oye 1) Lo +1 
2 2 
7 
8. (@) O= | (b) 0=a7 
11. (b) = (i) projection onto x-axis (ii) reflection w.r.t. y-axis 
(iii) projection onto y-axis (iv) reflection w.r.t. line y = x 
(v) reflection in origin (vi) rotation through 90° 
yy 
14.—+—=1 
9 4 
15.x°+y=9 
1 8+ 5V3 
16. (a) y = —2x (b) y= ha (c) y= -($53), (d) y = 2x 
17. (a) y = 3x (b) y = 3(x + 1) 
19. (a), (c), (d) 
20. Distance between two points is invariant under (a), (b), (e) and (f). 
Area of triangle is invariant under (a), (b), (e) and (f). 
22. m = 7andn = 5 
1 8 9 
23. T(X) =| 4], T(Y) =|] 7], T(Z) =] 1 
1 8 9 
EXERCISE 3.3 
2 
uf? 3] 
1 2 
ref] of] of 3 
- (a) 1-1 (b) 01 (c) 9 
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1 
0 0 -1 0 0 1 2 
3. (a) ? | o | ; | (©) k | @) 
2 
of ge 1 4 
V2 VW |? | 3 | 1 
(e) too. (f) 0 3 (g) ; 1 (h) 0 
Vi Wa 3 
VB 1 
2 2 i 3 5 0 1 0 
4@) 1 V5 (b) I; | (©) |? | (a) E | 
5 2 
1 0 0 2 0 0 a ae 
5.(a)|0 -1 0 (b) |0 3 0 «| 0 1 1 
0 0 0 0 0 4 =f <@ 4 
io i. -1 1 0 0 1 0 
q@)}1 0 1 (| 0 0 0 (9/0 0 1 
a -1 01 1 0 0 
4 0 0 1 0 0 0 0 0 1 0 
6. (a) }0 4 0 (b)|0 1 0 () |0 0 0 (d)}0 1 
0 0 4 0 0 0 001 0 0 
1 0 0 1 0 0 =f % 9 
(e) |0 -1 0 (|0 -1 0 (g)| 0 -1 0 
0 01 Oo & <1 a | 
nati wo oe aie 
(a) (b) (c) 102 (d) 1 > 
0 1 i <i 
: a b 
(e) (0 1 0 (f) | -1 (g) | a 
0 Cc 


8. (a) 1 X n identity matrix I, (b) 1 X n zero matrix O 
— F | 
- (b) 0 k 
0 =-1 
af? oF 
14. (a) y= 3x +8 (b) triangle with vertices (0, 0), (4, 8) and (12, 4) 
15. Triangle with vertices (—10, 15), (3, 12), (5, —2) 
16. x? + y = 
= ° a 3 | () E "| 
“Ml, 9  }o -3 ge ih 
-1 0 0 0 
«@ | ; | ) ; i 
2 
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| 
; 
ua 


20. (a) Yes 


1 
21. (a) | 2 
0 


nf? 
=. 43 


23. (a) (8,—2) 


m@ CHAPTER 4 


1A, =1,4=4 


nN 


(b) No 
(e) Yes 


3 
(b) | 6 
9 


(b) (7, 1) 


oON|e 


(c) 


1/5 
(c) 0 


0 


(c) Yes 


1 
(c) | —2 
2 


EXERCISE 4.1 


. (a) P= 44 = 5 = 054, = Land ag = 55|_ 


Answers to Exercises 


i 


0 0 
—1/5 J 
0 1/5 


=1 
(d) | -2 
3 


2k 
] na exo 
k 


(b) A? — 2A = 0;A, =O & A, = 2; I" and | where k # 0 


k k 
(c) 7 — 5A +4=0;A, =1&A, =4; |_| and || where & # 0 


—k k 
(d) P= 24 = 0:4) = 02 = 2:| tana | F]. «#0 


(e) = 02-054 


and «||. #0 


@® G-ay=:A= 3:49 | and é| |. #0 


0 


k k 
(g) A? — 2A = 0; Ay = 0,A> = 2; | *] and HE #0 


-1/V2 1 
(8) 32 = 34 = 05a) = 0.2 = 3:4] Ml mata | Aheeo 
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-2 -1 
4. (a) 2 — 742 + LIA — 5 = 0; Ay = 1, AD = 1, AZ = 5; For A; =A =1, A} 1] and k| OO]; 
1 0 1 
ForA=5,k| 1 |,k #0. 
1 
k 
(b) (A — 2) = 0; Ay = 2,A2 = 2,Ag = 2; | 01,4 = 0. 
0 
6 0 0 
(c) (A — 1)(A — 3)(A — 2) = 03 Ay = 1, Ap = 3,A3 = 234} 3 |, ALS |, KL O |, KO. 
8 2 1 
k 2k 
(d) A? — 18A2 + 45A = 0; Ay = 0,Ay = 3,A3 = 15; For A = 0, | for A = 3, | —k | and for 
2k 2k 
2k 
A = 15,| —2k |, where k # 0. 
k 
1 —2 8 
(e) A> — 5A2 + 2A + 8 = 0; A, =—1,Ap = 2,A3 = 4; 4] 0], k| -3 | and &| 5 | where k 0. 
-1 2 2 
1 0 
(f) (3 — A)(A2 — 10A + 21) = 0; Ay = 3,An = 3,A3 = 7; For A = 3, | 0| and | —V%3 | are two 
0 1 
0 
linearly independent eigenvectors. For A = 9, 1 | is an eigenvector. 
V3 


k 
. A= kK#A0O;A= 
5. (a) 0, f 0; 1 [P) «#0 


=k k 
b) A=1, ,kK#0;A=—-1, KA. 
*) i i : 


(c) No eigenvalues 
(d) A = 3; every nonzero vector in R? is an eigenvector 
(e) A = —1; every nonzero vector in R’ is an eigenvector 


0 k 
6. A, = 13 ,k#0; =-1; ; 
(a) Ay H 0; Az 1 [A] exo 


(b) A = = all nonzero vectors in R? are eigenvectors 
(c) A = —1; all nonzero vectors in R’ are eigenvectors 
0 Pp 
(d) A=0,/ 0};A=1,] ¢ 
k 0 
0 k 
l,Jp|j;A=—-1,)0],4 40. 
qd 0 
14. (a — d)* + 4bc > 0. 


(e) A 
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EXERCISE 4.2 


. (a) For A = 0, eigenspace is r and for A =—1, eigenspace is | ql rseER. 


(c) For A = 6, eigenspace is r and for A = | eigenspace is | |: rseER. 


0 2 
(b) For A = 1, eigenspace is ‘| and for A = 5, eigenspace is | 1 |: rseER. 
(d) For A = 3, eigenspace is ‘| 


1 
and for A =—1, eigenspace is |_1 | rseER. 
1 O}|. . : 
(e) For A= 1, oll 4 is a basis for the eigenspace. 
—1 1 
(f) For A = 0,r 1 and for A = 2, s 1 ;r7,sER 
kl. : 
. (a) Set of vectors of the form 0 i.e. X-axis 


0 
(b) Set of vectors of the form | "| i.e. y-axis 


k 
(c) For A= 1, set of vectors of the form ff i.e. the line y = x and for A = —1, set of vectors of the form 
Sh | . 
k ie. the line y = —x. 


0 k 
(d) For A= 0, set of vectors of the form I? i.e. the y-axis and for A = 1, set of vectors of the form if] 


Le. the x-axis 


0 k 
(e) For A= 0, set of vectors of the form "| i.e. the y-axis and for A = 1, set of vectors of the form | ‘| 


ie. the line y = x. 
(f) R’ is an eigenspace. 


1 
. (a) For A = 1, basis =| , dim = 1; 
0 
For A =—1, basis 
For A = 3, basis 
(b) For A = 10, basis 


For A = 1, basis 
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—1 0 
(c) For A = 3, basis 1 },) 0 | ?, dim =2; 
0 1 
1 
For A = 1, basis 1}7,dim=1 
0 
—1 0 
(d) For A = 2, basis 0 |.) 1] ?, dim=2; 
1 0 
=—2 


For A = 1, basis 1}7,dim=1 


EXERCISE 4.3 
p= || “Da | 
i 0 4 
- No 
3. Yes 
1 1]. [3 0 
mien {1 he=[e | 
‘ p=|] “ee | 
PS le hele 3 
p< E >= [i | 
Fo tre le 3 
_ 1 sev ! a 
@P=| as 1 re Lg 


Nn 


. (a) Not diagonalisable 


1 2 
(b) Diagonalisable, P = E | Paar 7 ‘| 


(c) No diagonalisable 
(d) Not diagonalisable 


-1 0 -2 2 0 0 
6. (a) P=] 0 1 #1/),P'AP= | 2 0 
10 1 00 1 
3.2 2 1 0 0 
(b) P= - 1 | P'AP=/0 2 j 
3 0 1 0 0 2 
2 1 2 0 0 O 
ore 22 1 ao 9 0 
1 2 -2 0 0 -9 
1 0 0 0 0 0 
wre] 0 1 sho. 0 1 J 
101 0 0 1 
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Answers to Exercises 














7. (a) Not diagonalisable 
1 <1. =1 1 0 0 
(b) Diagonalisable, P = | —1 1 0|;,D=]0 -2 0 
1 0 1 0 0 -2 
(c) Not diagonalisable 
1 1 1 4 0 0 
(d) Diagonalisable P=|4 2+ V3 2-V3]1,D=|0 24+ V3 0 
6 74+4V3 7-4V3 0 0 2 V9 
0 
8. A=0: | 1 I k # 0. A is not diagonalizable 
9. (a) Diagonalisable 
(b) Diagonalisable 
(c) Not diagonalisable 
cos@ —sin@ 1 0 
10. Di lisable, P = PAP = 
0. Diagonalisabls: ie a) E | 
12. (a — d)? + 4bc > 0 
mM CHAPTER 5 
ay" 2n—1 re 
1G) (b) (©) —— = @r”-1 © (-1)"'(4n - 2) 
eo 2n (n+ 1)Ve 
yt ste @34+(-1) jae ( — Nase 
a (g (h) 7 Om Mt 
2. (a) (-ry""1, (-r)" (b) (-1)"" 17", (-1)"r""! 
2. 55, 233, 610. 
1. Ax, = .4x,, 38 
1 
2. Ax, = Jap tn(500 — Xn), 31, 169 
3. 39" month, 40950 
4. Ax, = .1x,, 8 years 
1. Bounded 2. Bounded 3. Bounded below 4, Unbounded 
5. Bounded 6. Bounded 7. Bounded below 8. Bounded above 


9. Bounded 10. Bounded below 11. Strictly decreasing 12. Strictly increasing 
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13. Strictly decreasing 14. Strictly decreasing 15. Strictly decreasing 
17. Strictly decreasing 18. Strictly increasing 19. Strictly decreasing 
21. Strictly increasing 22. Strictly decreasing 23. Strictly decreasing 
25. Strictly increasing 26. Strictly decreasing 27. Strictly increasing 


3 1 4 
5. (a0 (b)0 (OZ (qd), (e) 0 (g) 5 
2 18 3 


7. Converges, 4 


(f) 1 


6. Converges, | 8. Converges, 2 


11. Converges 12. Converges, | 13. Diverges 


16. Converges, 1 17. Diverges 18. Converges, 0 


21. Converges, 1 22. Converges, 3 23. Converges, 0 


1 


26. Converges, e- 27. Converges, 0 28. Converges, | 


31. Converges, 0 32. Converges, 7/2 33. Diverges 


36. Converges, 0) 37. Converges, 3 38. Converges, 6 


CHAPTER 7 


1. 7070 2. 784 3. 13.93 hours 


d 
5. (a) = Oly, yo = 10,000 (b) y = 10,000!  (¢) 69.31 hours 


. 196 days 
(a) y © 2e 
694 


0.1386¢ (b) y= 5e0:015¢ 


er na 


. 9 times 


1. (a) y = 10.2609" hy y = 1019/9 ef“) y = 20e- 


2. 3.31 days 
d = 
3. (a) | =-ky,k* 1810 (b) y= 5 X 10771 
(c) ~ 219000 atoms (d) 12.72 days 


4. 0.000121, 88.6 gms. 
386 


5. 9954 years 6. 13.3 years 


(h) - 

3 
9. Diverges 
14. Diverges 
19. Converges, e— 
24. Converges, 9 
29. Converges, el/2 
34. Converges, | 


39. Converges, 


16. Strictly decreasing 
20. Strictly decreasing 
24, Strictly decreasing 


1 (i) 2 
10. Diverges 
15. Converges, 0 
2 20. Converges, 1 
25. Diverges 
30. Converges, | 


35. Converges, x 





4. 3.1 hours 


(d) 150.41 hours 


() vy ® 5995e°1" (d) y © 0.8706 0°18" 


(d) y = 10.2(- 1/5)" 


Answers to Exercises 


7. 10.3 hours 8. 34 min. 9. T = 100e °3* 
; dT op 
10. 18.5 min 11. (a) — = ~M(T — 21), T(0) = 95, T = 21 + 74e 
(b) 6.22 minutes 
1. (a) yy = 5 (b) C= 12, (c) k=, (d) t= .3365 units 
dy 1 
Cota p72 =y). (0) =3 
2. 50,000; 50; 25,000 3. 4.6 weeks 4. 13 years 
Hm CHAPTER 8 
dy 3 b 
6. >+y=0 9, —— 10. —~sec tcosec*t 
ae 2 3a° 


® gBC 1" = 2) + (-1yalle + 2m] 


: , 1 | An + 1) 1 
(ii) ( 1) mle _ ie : (x _ 1yr*? (x + =| 





(iii) (—1)"n! sin"! @ sin(n + 1) 0, where 0 = cot?x 


(iv) ( 1) | : - 


(x +1)"*2 0 (2x + 1)"t! 





x 
+ a 
(-1)"n! 1 1 2 sin{(n 1)cot =} 


(v) 43 (x = ne (x i ay! (x? ft a2) (n+1)/2 





1 
(vi) (—1)""1(n — 1)!sin”@sinn 6, where 6 = ww(4) 
x 


1 
(vii) (—1)""!(n — 1)!sin"@ sinn 6, where 0 = wot(4) 
x 
(viii) 2 - (—1)""!(n — 1)! sin"@ sinn6, where 6 = cot !x 
(ix) (-1)""1(n — 1)!a" sin" sinn 6, where 0 = n(£) 
x 


x- me 


(x) (-1)"(n — 1)!cosec” asin” 6 sinn 6, where 0 = cot : 
sina 
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Giy a= 1)! 
6 eT 
mM CHAPTER 9 
1 1 1 
1. Po(x) = In4;—-Py(x) = In4 + qo — 4); — Py(x) = Ind + qo —4)- 30 — 4); 
P(x) =in4 +4 — 4+ 4)? 
a(x) = Ind +7 — 4) — 554 YF a5 ea 
2 2 3 
2. Pox) =Inl =0; = Py(x) =x; P(x) = x — = P3(x) =x — . e = 
3. Po(x) = 1; P(x) =2-—%; P,(x) =2—x + (x — 1)’; 
P3(x) =2—x + (x — 1)? — (x -— 1). 
1 1 1 1 1 
4. Pox) = 53 Pile) = 5 - ot Pa(x) = 5 a 3 
1 1 1 1 
P3(x) = 3 a + a + ae 
1 1 1 7 
5 Po(x) = /2 P,(x) = Va + Sx =— =) 
(x) = t+ L(x t)- 1 oy 
: v2 V2 4) V2 2! 
> t 4 ( 7) 1 @aa/4yP 1 (x= /4)? 
Set Va a) Va VE 
1 1 1 ra 
6. Po(x) = ar Py(x) = ae Ss - =) 
Pa(x) = (x = : Jo-ay 
: v2 v2 4) v2 2! 
: 1 1 ( T 1 @- 7/4 1 @—a/4/P 
MN IN a) OO 
1 
a Po(x) = V3 P,(x) V3 + aa = 3) 
7 1 1 2, 
P)(x) V3 a5 ) Sas 3) ’ 
z 1 1 a. — tl 2 
Ba) VO aR 9) Gaya aa 
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Answers to Exercises 












































1 1 1 
8 V6 + —=(x — 2) — —s(x - 2)? + x — 2) 
a6 | ) aave | ) 576V6 | ) 
Pa 
9, P3(x) = 1 — x? - — 
3 
=o. (2) =oy 
10. 1—2x + (2)° + (-2)° ove NS 
2! 3! n! 
11. Paya) = 3a HA) + Soe eee 1 a ag 
27,2 24 4 g2ny2n 
12-4 2. he (-1)" 
ai 4! (2n)! 
A 5 n 
x x x é 
13. P,(x) = Ti ee is odd; 
_ x ve x - x! ni 
Ib 3! 5! (a-yree 
2 2x4 yd 16x° 
TSE ot a at el 
3 
16. P3(x) = x — = 
3 
2. — 0673 <x < .0467 3. |x| < (0.06)!/5 < 0.5678 4. |Error| < .0003906 
0.2\* 5 
5, |Error| < oi < 6.7 X 10°”, under estimation 
ior?) 
6. |Error| < ( - ) < 167 x 10°, -103 <x <0 
0.1) 
7. |Error| < (gene < 1.87% 10° 
8. 0<x< 02 10. 1.693 X 1074 12. |Error| < 1.26 x 1075 
1. 7 + 8(x — 1) + 15(x — 1)? + 9(x — 1)? 2. 8 + 10(x — 2) + 6(x — 2)? + (x — 2) 
3. —17(x + 1) + 24(x + 1)? — 14(x + 1)3 + 3(x + 1)4 
4, 21 — 36(x + 2) + 25(x + 2)? — 8(x + 2)3 + (x + 2)4 
1fin3, |... (tn3)? eS ee 
ee )4 2 (x 4 T 31 x +1) T 
2 2 co e 
& 26-1 See) 
nao! n=on! 
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1 (x —In2)? (x — In2)3 
7 si (x — In2) 4 5 7 pve 
8 > ( 1)(x + 1)" 9 3 »( | 
le = x ° T YS 
n=0 n=0 (2n)! 2 
co (-1)""! 2x (2x)" (2x7 Co (—1)"r?"x?" 
10. -1)!" 11->+ - foe 122. S—-_—_ 
: > - ° 2! 3! Zi (2n)! 
oo 32ntly2ntl oo CO (—1)"x2" 
13. —1)?——____ 14. —1)"" 15. 9 
xO Gat iy 2 2) Gm) 
co xn co ent oO (-1)" 
16. 17. ¥ ——— 18. Ss 7"! 
Zn)! (an + 1)! Zn ir 
19. x° — 7x? + 2x? — 4 20. (x — 1) 
ik 733 | art ar x! ee. S (= 1) "arnt! 
2! 4! 6! a (2n)! 
2 CO 
2 ae = rol +o 3. Pere ee Fx)" 
n=0 
l 3 l 5 oo (—1)"(2x)2” 
4. a (zx) t (zx) bosee 5, i 3 Cex” 
2 31\2 51\2 S 2.(2n)! 
2 3 4 4 6 8 10 oo (—] ny2n 
(4h oa ake: 7 : ee 2 + 5) ) 
2 3 4 44 6! 8! 10! a=2 (2n)! 
a ie x? xl 
$8 - 2 +2 4 
5! 7! Of QL 
; 7 
9. sinx,0.1 10. cosx,0.01 11. cos x, a 
12. In(1 + x), 0.2 13. ¢°, 0.2 14. sinx, 7 


m@ CHAPTER 10 


1, Gye Her, Se ee 
(ii) Py (Py ty — 1), PL + (x + 1)ylnx), 
Px + (x + 1)ylnx), PF. '(Inx)? [x + 1 
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Answers to Exercises 


. al + y’) 2(x + y) 2x(1 + -) 


’ 


lay Ue gy (=) 











1 3 
3. ce 8. > 
1 1 —6 
13. (i) = (ii) —= (iii) 
3 “V5 V23 
14. 4 
15. (a) 8 (b) —2 
16. (a) (i) 2arh (ii) 7 (b) 6477 (c) 487 
eS atk 8° Ib 
18. (i) 8x + 6, (ii) 3y° + 4 
m@ CHAPTER 11 
EXERCISE 11.1 
Wg te 2n  .. 20 
2. (a) 22 | cos —+isin — (b) 2 | cos — + i sin — 
4 4 3 3 
(c) 2 cos 2 cos +isin 2 ,ifa e (0, 2), 2cos | cos| 24+ 2 |+isin| 24+ 2 || if 
2 2 2 2 2 2 
a €(z, 22); 0,ifa=z 
(d) 2(cos 0 +i sin 0) 
(e) 2{cos + isin | 
2 2 
3.z¢€ Rorz=x+iwithx+y=1 
4. z=x+iywithx?+y=1 
5. 1 
6. (a) |z|=12, argz=0,argz=2 ka, arg Zz =0,arg()=z 
(b) |z|=142, argz= A varge= — +2ka,arg 7 = arg (2) = a 
a D6 sO 
7. (a) 4(cos 0 + isin 0) (b) 48 V2 CON Pe a. 
mn .. Tm... 70 
(c) 30] cos — +7 sin — (d) 12 2 | cos — +i sin — 
2 2 4 4 
9.42, 
4 
15. -6+ 91 
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. (i-4)z-(i+ 4) 7 +6=0 
a,b, — ab, 
Aa, — A, ay 

.@-24,)(F - %)=@-2)(F -%) 
No 

. 2-3i,3 

.Zz7 +(-2+2i)z+(-2-21)7 -26=0 


.27 —-(l+iz-(1-i’)z7 -7=0 
. Right half-plane of the line x = : 
1 
.-- (ti 
oe) 
1 1 2 
p 5 tl ee 5 [2k -| 21-2 | | 


10. 


Circle with centre at origin, radius = 2. 


. x4 — 10x3 + 45x? — 98x + 98 =0 
Aaah eae = 
. x*— 16x? + 8x -1=0 
Sete 

3 


. @ 14,44 


1 
ii) —,-2,3 
(ii) 5 


M@ CHAPTER 12 


. (a) 1 


(b) -1 
(c) sin9@+icos9@ 
(d) cosn 6+isinn 0 





Answers to Exercises 


(e) 2"*! cos” (454) COs |» (2x#) 
2 2 
cos° 5 
2 


17. (b) cos 6 = cos® 6 — 15 cos* @ sin? 9+ 15 cos? @ sin* 8 — sin® 6. 
sin 6 9 =6 cos? 6 sin 8— 20 cos? @ sin? 8 + 6 cos @ sin? 6. 


3. Modulus is 32 








and argument is (-5] or 27 — >: 


EXERCISE 12.2 














1 1, @ -1l, i 
FR 2° -- 9f 
BE 

(b) ee +5 


(c) 213 : v3, 5h _ 913 ; 
= 


(d) 2" cos 5] isin (5) where p = 1, 13, 25. 


(ey 2-15 os{ BE 5 | isin ee) , where p =2, 8, 14, 20, 26. 


() 415 cos os( 2E + sin( ZF] where p = 1, 7, 13, 19, 25. 

















21a 
4. seventh roots of unity: cos 2ka +i sin 2ka ,KH= 0, lVysces6 
1 V3 ’ 
5. (a -l, —,t£i7 — 
(a) 5 5 


(b) cos = + iin 207 20,1234 








(c) 0,41, +7 








(d) cos (6k +1) = + isin(6k+1) rg k=O L234 























(e) 1+i v3 
(f) cos (2k+1) tisin 2**D, pe 0, 1, 2,3, 4 and pty ss 
5 2 2 
@ -1, 2) +1 %3 cos PE +isin 2% ,p=1,3,5,7,9. 
2 2 5 5 
(h) 0, +i cot ae »+icot at 
10 10 











7. 0, +i tan a , titan 
> 
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8. i tan OF 0 Bosech=i 
n 


9, -icot | 24+) 7] p20,1,..,20-1 
4n 


10.-1,4 — +1 














11. cos +i sin 








37 








Te ae =k 
12. cos +isin —, cos +isin 











13. cos 22 +isin Wl. pa i570 
10 








14 tan [ Fah 3.5.79 
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APPENDIX 


Table A: Natural exponential function of x 


1.0000 1.0000 0.3 1.3499 0.7408 


1.0202 0.9802 0.4 1.4918 0.6703 


1.0408 0.9608 0.5 1.6487 0.6065 


.06 1.0618 0.9418 1.8221 6.5488 


1.0833 0.9231 0.7 2.0138 0.4966 


1.1052 0.9048 2.2255 0.4493 


1.1275 0.8869 0.9) 2.4596 0.4066 


1.1503 0.8694 1.0 2.7183 0.3679 


1.1735 0.8521 3.3201 0.3012 


1.1972 0.8353 1.4 4.0552 0.2466 


1.2214 0.8187 1.6 4.9530 0.2019 


1.2461 0.8025 6.0496 0.1653 


1.2712 0.7866 2.0 7.3891 0.1353 


(Continued) 


Appendix 


Table A: (Contd.) 


x e* Ca x e* ens 
2.2 9.0250 0.1108 4.1 60.340 0.0166 
2.3 9.9742 0.1003 4.2 66.686 0.0150 
2.4 11.023 0.0907 4.3 73.700 0.0136 
2.5 12.182 0.0821 4.4 81.451 0.0123 
2.6 13.464 0.0743 4.5 90.017 0.0111 
2.7 14.880 0.0672 4.6 99.484 0.0101 
2.8 16.445 0.0608 47 109.95 0.0091 
2.9 18.174 0.0550 4.8 121.51 0.0082 
3.0 20.086 0.0498 49 134.29 0.0074 
3.1 22.198 0.0450 5.0 148.41 0.0067 
3.2 24.533 0.0408 BS 244.69 0.0041 
3.3 iene: 0.0369 6.0 403.43 0.0025 
3.4 29.964 0.0334 6.5 665.14 0.0015 
3.5 33.115 0.0302 7.0 1096.6 0.0009 
3.6 36.598 0.0273 eo 1808.0 0.0006 
3.7 40.447 0.0247 8.0 2981.0 0.0003 
3.8 44.701 0.0224 8.5 4914.8 0.0002 
3.9 49.402 0.0202 9.0 8103.1 0.0001 
4.0 54.598 0.0183 10.0 22026.0 0.00005 


Table B: Natural logarithm of x 


x In x x In x x In x 
1.4 0.3365 2.8 1.0296 
0.1 —2.3026 1.5 0.4055 2.9 1.0647 
0.2 —1.6094 1.6 0.4700 3.0 1.0986 
0.3 —1.2040 1.7 0.5306 3.1 1.1314 
0.4 —0.9163 1.8 0.5878 3.2 1.1632 
0.5 —0.6931 1.9 0.6419 3.3 1.1939 
0.6 —0.5108 2.0 0.6931 3.4 1.2238 
0.7 —0.3567 2.1 0.7419 3.5 1.2528 
0.8 —0.2231 2.2 0.7885 3.6 1.2809 
0.9 —0.1054 2.3 0.8329 3.7 1.3083 
1.0 0.0000 2.4 0.8755 3.8 1.3350 
1.1 0.0953 2.5 0.9163 3.9 1.3610 
1.2 0.1823 2.6 0.9555 4.0 1.3863 
1.3 0.2624 2.7 0.9933 4.1 1.4110 
(Continued) 
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Appendix 


Table C: Two thousand five hundred random digits 


00-04 05-09 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49 
00 22808 04391 45529 53968 57136 98228 85485 13801 68194 56382 
01 49305 36965 44849 64987 59501 35141 50159 57369 76913 75739 
02 81934 19920 73316 69243 69605 17022 53264 83417 55193 92929 
03 10840 13508 48120 22467 54505 70536 91206 81038 22418 34800 
04 99555 73289 59605 37105 24621 44100 72832 12268 97089 68112 
05 32677 45709 62337 35132 45128 96761 08745 53388 98353 46724 
06 09401 75407 27704 11569 52842 83543 44750 03177 50511 15301 
O7 73424 31711 65519 74869 56744 40864 75315 89866 96563 75142 
08 37075 81378 59472 71858 86903 66860 03757 32723 54273 45477 
09 02060 37158 55244 44812 45369 78939 08048 28036 40946 03898 
10 94719 43565 40028 79866 43137 28063 52513 66405 71511 66135 
11 70234 48272 59621 88778 16536 36505 41724 24776 63971 01685 
12. 07972 71752 92745 86465 01845 27416 50519 48458 68460 63113 
13 58521 64882 26993 48104 61307 73933 17214 44827 88306 78177 
14 32580 45202 21148 09684 39411 04892 02055 75276 51831 85686 
15 88796 30829 35009 22695 23694 11220 71006 26720 39476 60538 
16 31525 82746 78935 82980 61236 28940 96341 13790 66247 33839 
17 02747 35989 70387 89571 34570 17002 79223 96817 31681 15207 
18 46651 28987 20625 61347 63981 41085 67412 29053 00724 14841 
19 43598 14436 33521 55637 39789 26560 66404 71802 18763 80560 
20 30596 92319 11474 64546 60030 73795 60809 24016 29166 36059 
21 56198 64370 85771 62633 78240 05766 32419 35769 14057 80674 
22 68266 67544 06464 84956 18431 04015 89049 15098 12018 89338 
23 31107 28597 65102 75599 17496 87590 68848 33021 69855 54015 
24 37555 05069 38680 87274 55152 21792 77219 48732 03377 01160 
25 90463 27249 43845 94391 12145 36882 48906 52336 00780 74407 
26 99189 88731 93531 52638 54989 04237 32978 59902 05463 09245 
27 = 37631 74016 + 89072 59598 55356 27346 80856 80875 52850 36548 
28 73829 21651 50141 76142 72303 06694 61697 76662 23745 96282 
29 15634 89428 47090 12094 42134 62381 87236 90118 53463 46969 
30 00571 45172 78532 63863 98597 15742 41967 11821 91389 07476 
31 83374 10184 56384 27050 77700 13875 96607 76479 80535 17454 
32 78666 85645 13181 08700 08289 62956 64439 39150 95690 18555 
33 47890 88197 21368 65254 35917 54035 83028 84636 38186 50581 
34 56238 13559 79344 83198 94642 35165 40188 21456 67024 62771 
35 36369 32234 38129 59963 99237 72648 66504 99065 61161 16186 
36 42934 34578 28968 74028 42164 56647 76806 61023 33099 48293 
37 =©09010 15226 43474 30174 26727 39317 48508 55438 85336 40762 


(Continued) 


398 


38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 


00-04 
83897 
82206 
14175 
58968 
62601 
97030 
89074 
07806 
91540 
99279 
63224 
98361 


05-09 
90073 
01230 
32992 
88367 
04595 
71165 
31587 
81312 
86466 
27334 
05074 
97513 


10-14 
12941 
93252 
49046 
70927 
76926 
47032 
21360 
81215 
13229 
33804 
83941 
27529 


15-19 
85613 
89045 
41272 
74765 
11007 
85021 
41673 
99858 
76624 
77988 
25034 
66419 


Table D: Area under the normal curve 


The area is measured from the mean z = 0, to any ordinate z. 


0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 


0.00 
.0000 
.0398 
.0793 
1179 
.1554 
.1916 
2257 
.2580 
.2881 
3159 
3413 
3643 
3849 
4032 
4192 
4332 
4452 


0.01 
.0040 
.0438 
.0832 
1217 
.1591 
1950 
.2291 
.2611 
.2910 
.3186 
.3438 
.3665 
.3869 
.4049 
4207 
4345 
4463 


0.02 
.0080 
.0478 
.0871 
1255 
.1628 
.1985 
.2324 
.2642 
.2939 
3212 
3461 
.3686 
.3888 
.4066 
4222 
4357 
4474 


0.03 
.0120 
.0517 
.0910 
1293 
-1664 
.2019 
.2357 
.2673 
.2967 
3238 
3485 
3708 
.3907 
4082 
4236 
4370 
4485 


20-24 
85569 
25141 
94040 
18635 
67631 
65554 
71192 
26762 
44092 
93592 
43516 
35328 


0.04 
.0159 
.0557 
.0948 
1331 
.1700 
.2054 
.2389 
.2704 
.2995 
.3264 
.3508 
3729 
3925 
.4099 
4251 
4382 
4495 


25-29 
24183 
91943 
44929 
85122 
64641 
66774 
85795 
28993 
96604 
90708 
22840 
19738 


0.05 
.0199 
.0596 
.0987 
.1368 
1736 
.2088 
2422 
.2734 
3023 
3289 
3531 
3749 
3944 
4115 
4265 
4394 
4505 


30-34 
08247 
75531 
98531 
27722 
07994 
21560 
82757 
74951 
08590 
56780 
35230 
82366 


0.06 

.0239 
.0636 
1026 
-1406 
1772 
.2123 
.2454 
.2164 
3051 
3315 
3554 
3770 
3962 
4131 
A279 
4406 
4515 


35-39 
15946 
87420 
27712 
95388 
04639 
04121 
52928 
64680 
89705 
70097 
66048 
38573 


0.07 
.0279 
.0675 
.1064 
1443 
.1808 
.2157 
.2486 
.2194 
.3078 
.3340 
3577 
.3790 
.3980 
4147 
4292 
4418 
4525 


Appendix 


40-44 45-49 
02957 68504 
99012 80751 
05106 35242 
61523 91745 
39314 83126 
57297 85415 
62586 02179 
50934 32011 
03424 48033 
39907 51006 
80754 46302 
50967 72754 


y 

O Zz 

0.08 0.09 
.0319 .0359 
.0714 .0753 
.1103 1141 
.1480 .1517 
1844 .1879 
.2190 .2224 
.2518 .2049 
.2823 .2852 
.3106 3133 
.3365 .3389 
.3999 3621 
.3810 .3830 
.3997 4015 
4162 A177 
4306 4319 
4430 4441 
4535 4545 
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Appendix 


Table D: (Contd.) 


Zz 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
Poll 
2.8 
2.9 
3.0 
3.1 


Table E: 5% and 1% values of tf 


(a.f) 
1 


ON DO FF WN 


11 
12 
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0.00 


4554 
4641 
4713 
A772 
4821 
4861 
4893 
4918 
4938 
4953 
A965 
A974 
4981 
49865 
49903 


0.01 


4564 
4649 
4719 
4778 
4826 
4865 
4896 
4920 
4940 
4955 
4966 
A975 
4982 
4987 
4991 


to.os 
12.71 


4.30 
3.18 
2.78 
2.57 
2.45 
2.36 
2.31 
2.26 
2.23 
2.20 
2.18 


0.02 


4573 
4656 
4726 
4783 
4830 
4868 
4898 
4922 
4941 
4958 
4967 
4976 
4983 
4987 
4991 


0.03 


4582 
4664 
4732 
4788 
4834 
4871 
4901 
4925 
4943 
4957 
4968 
A977 
4983 
4988 
4991 


to.o1 
63.66 
9.92 
5.84 
4.60 
4.03 
3.71 
3.50 
3.36 
3.25 
3.17 
3.11 
3.06 


0.04 


4591 
4671 
4738 
4793 
4838 
4875 
4904 
4927 
4945 
4959 
4969 
A977 
4984 
4988 
4992 


0.05 


.4599 
.4678 
4744 
4798 
4842 
4878 
.4906 
4929 
.4946 
.4960 
.4970 
4978 
4984 
4989 
4992 


(a.f) 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 


0.06 


4608 
4686 
4750 
4803 
4846 
4881 
4909 
4931 
4948 
4961 
4971 
A979 
4985 
4989 
4992 


0.07 


4616 
4693 
4756 
4808 
4850 
4884 
4911 
4932 
4949 
4962 
4972 
4980 
4985 
4989 
4992 


to.05 
2.16 
2.14 
2.13 
2.12 
2.11 
2.10 
2.09 
2.09 
2.08 
2.07 
2.07 
2.06 
2.06 


0.08 

4625 
A699 
4762 
4812 
4854 
4887 
4913 
4934 
4951 
4963 
4973 


4980 
4986 
4990 
4993 


0.09 


4633 
.4706 
4767 
4817 
4857 
.4890 
4916 
.4936 
4952 
.4964 
4974 
4981 
4986 
.4990 
.4993 


to.01 

3.01 
2.98 
2.95 
2.92 
2.89 
2.88 
2.86 
2.84 
2.83 
2.82 
2.81 
2.80 
2.79 


Year 2007-08 
B.Sc./B.Sc.(Hons.)/I/NS 
MA-107(a)—MATHEMATICS—I 
(For Physical Sciences) 
(NC—Adnmission of 2005 onwards) 


Attempt any two questions from each section. 
Section I 


1. (a) Suppose that an airplane is flying with an airspeed of 260 kilometers per hour while a wind is blow- 
ing to the west at 100 kilometers per hour. Indicate on a figure the approximate direction that the 





plane must follow to result in a flight directly south. What will be the resultant speed? 6 
(6b) Examine whether the following transformations are linear: 
(@) T:R>R 
% 
tills |= k + 1 | 
x3 Xy — X3 
(ii) T:R?>R 
x xX 
y (*) =e 
l 6 
2. (a) Consider the real vector space R? and the subset: 
S = {(a, b, 0): a,b ER}. 
Show that S is a subspace of R? and find its dimension. 6 
(b) Solve the system of equations: 
xtyt+z=3 
3x—5y+2z = 8 
5x—3y+4z = 14. 6 
3. (a) Determine the characteristic roots and corresponding characteristic vectors of the matrix: 
210 
A= |]021 
002 6 
(b) Find the inverse of the matrix : 
1 2 -1l 
4 -7 4 
4 -9 5 


Section II 
4. (a) Show that the sequence <a >, defined by setting: 


a 
né N 1s convergent. 
(b) Find the nth derivative of: 
v 
(c) If 
Jy 
show that: 


(1-2)y,,,-—(2n + 3)xy,,,- (2+ Dy, 








sinn 
n > 
6 
a 6 
(x+1) (x+2) © 
sin”! x 
1-x? 
0. 6 


5. (a) A hard-boiled egg at 98°C is put in a sink of 18°C water After 5 minutes, the egg’s temperature is 
38°C. Assuming that the water has not warmed appreciably, how much longer will it takes the egg to 


reach 20°C ? 6 
(6) Graph the function: 
1 
fO)= >. 
What symmetry does the graph have? 6 
(c) Find the Maclaurin’s series expansion of 
y = cosx, 
assuming: 
lim R = 
7 me n (x) =0 6 
6. (a) Draw the level curves of height k, where k = 0, 1, 5, for the surface 
fix, y) = k=y-x. 6 
(b) If 
2 2 
x+y 
prove that: 
Plc a = tan u. 6 
ox oy 
(c) Verify that: 
Ke, V> Z) a 223 ~ aie +y)z 
is a solution of three-dimensional Laplace equation: 
2 2 2 
er or PF _y , 


ax? oy" dz” 
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Section III 


7. (a) There are three events, A, B, C one and only one of which must occur. The odds are 8 : 3 against A 


and 5 : 2 against B. What are the odds against C? 4 
(b) Five coins are tossed together. Define random variable as number of heads obtained. Write the dis- 
tribution for this experiment. 3% 


8. (a) If oO. and X denote respectively the variance and mean of a random variable X, then show that: 
o = E(X’)- x?. 3% 


(b) Calculate the expected value, the variance and standard deviation for the following distributions: 4 


i 
2 
4 
7 - 
8 
3 se 
16 
J 


3% 





(6) For a normal distribution with mean 12 and standard deviation 2, find a value of the variate such that 
the probability of the interval from the mean to that value is 0.3159. 4 


403 


This page is intentionally left blank. 


Year 2008-09 
B.Sc. Prog./I 
MA-107(a) — MATHEMATICS-I 
(For Physical Sciences) 
(NC—Admission of 2008 onwards) 


Time: 3 Hours Maximum Marks: 75 


Attempt any two questions from each section. 


Section I 


1. (a) A force of 12 pounds is applied to an object along the negative x-axis and a force of 5 pounds is applied 
to the object along the positive y-axis. Find the magnitude of the resultant force, and also sketch its 
direction. 6 

(6) Show that the set{ | ; ie \ is a basis for R?. 6 


2. (a) LetT: R? > R? be define by 


Show that T is a linear transformation. 6 


(6) Find the eigenvalues and eigenvectors of the linear transformation denoting the reflectio about x-axis 


in R?. 6 
3. (a) Solve, by elementary row operation, the following system of equations: 6 
x—3y+z=-1 
2x+y—4z=-1 
6x — 7y + 8z=7 
(6) Find the rank of the following matrix: 6 


= a 


Section II 





_1yyn 
4. (a) Discuss the convergence of the sequence { ( e i 6 
n 


1 
(b) Find the nth derivative of y = =a 6 
2a 


(c) If y = eS '*, show that: 


(1 — x7)yn42 — (Qn + Dxyng1 — (0? +:m7)yn = 0. 6 
5. (a) Sketch the graph of y = Vx —3. 6 


(b) Acellofthe bacterium £. coli divides into two cells every 20 minutes when placed in a nutrient culture. 
Let x = x(t) be the number of cells that are present t minutes after a single cell is placed in the culture. 
Assume that the growth of bacteria is approximated by a continuous exponential growth model. 

(i) Find an initial value problem whose solution is x(t). 
(ii) Find a formula for x(f). 
(iii) How many cells are present after 2 hours? 6 


(c) Find the Maclaurin series expansion of y = e~*, assuming lim Rn(x) = 0. 6 
P 8 noo 


6. (a) Draw the level curves at heights k = 0, 1, —2 of the function: 


z=2-—x-Yy. 6 
(b) Find the slope of the surface z = —\/4 — x2 — y? along y-axis at (1,1, —V2). 6 


(c) Verify that the function: 


z= In(x? + y’) +2itan* (2) 
x 
i a 
satisfie Laplace’s equation ee + oe 0. 6 
ax? dy? 


Section II 
7.(a) A student is to appear for two tests. He is told that his chances of winning test | is 0.5, loosing test 2 
is 0.3 and loosing both tests is 0.2. Find the probability that the student will win test 2 when he has 


already won test 1. 3/2 


(6) Defin Binomial distribution. If mean and variance of a binomial distribution are 12 and 4 respectively, 
what is the probability of success at a given trial? + 


8. (a) Derive Poisson Distribution as a limiting case of Binomial Distribution. 4\2 
(6) A man wins Rs. 100 for heads and loses Rs. 100 for tail when a coin is tossed. Suppose he tosses 


once and quits if he wins, but tries once more if he loses on the firs toss. What are his expected 
winnings? 3 
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9. (a) Calculate the correlation coefficien for the following heights in inches of fathers (x) and their 


























sons (y). 4 

x ¥ 

65 67 
66 68 
67 65 
68 72 
69 i 
70 69 
72 71 














(b) A process of making certain bearing is under control if the diameters of the bearing have a mean of 0.5 
cm. What can we say about this process if a sample of 100 of these bearings has a mean diameter of 
0.506 cm and a standard deviation of 0.004 cm? 32 
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Year 2009-10 
B.Sc. Prog./I 
MA-107 (a) - MATHEMATICS -— I 
(For Physical Sciences) 
(NC—Admission of 2008 onwards) 


Time: 3 Hours Maximum Marks: 75 
Attempt any two questions from each section. 
Section I 


1. (a) A boat is travelling towards east across a river at the rate of 4 miles per hour while the river’s 
current is flowing at the rate of 3 miles per hour towards south. Find the resultant velocity 


and sketch its approximate direction. 6 
(b) Show that the set {hi AE } is a basis for R?. 6 
2. (a) Let T: R? — R* be defined b 
T\|*\\=|~ 
y =x 
Show that T is a linear transform. 6 


(b) Let T : R? — R? be the linear transformation denoting reflection about y-axis. Find the eigen- 
values and eigenvectors of T. 6 


3. (a) Solve by elementary row operations, the following system of equations 














2x+3y+z=9 
x+2y+3z=6 
3x +y+2z=8 6 
(b) Find the rank of the following matrix: 
1 1 2 3 6 
1 3 O 3 
1 —2 -3 0 
1 1 2 3 
Section II 
; cos n 
4. (a) Examine the convergence of the sequence 6 
n 
(b) Find the n'" derivative of y= —— 6 
1+3x+2x 


sc 
(c) If y = e”*" *, show that 


(1-x’)y,,,-(2n+ 1)xy,,,-(@’ +m’) y, =0 6 


5. (a) 
(b) 


a 

— — 
© a 
Ned wm 


(b 


wm 


= 
QO 
YY 


a 
— 

fab) 
— 


(b 


we 


(b) 


\o 
—~ 

2 
wm 


(b) 
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Sketch the graph of y = |x — 2] + 1 6 


If the population of a country doubles itself in 50 years, in how many years will it be three 
times under the assumption that the rate of increase is proportional to the number of inhabit- 


ants? 6 
Find the Maclaurin’s series for /*!, assuming that im Rn(x) =0. 6 
Draw the level curves at heights R = 0, 1, 2 of the function Z =./9- ye y? ‘ 6 
Find the slope of the surface Z = fx? + 2y? along x-axis at (1, 2, 3) 6 


Verify that the function u(x, f) = sin (x + ct) + cos (3x + 3c?) is a solution of the wave equation 
2 2 
du ,0u 6 


a ax 


Section II 


The probability that a student of Mathematics will not pass M.B.A. examination is . and 


: : _ 4 fag 
that a student of History will not pass is — . Calculate the probability that at least one of them 
passes the examination. 5 4% 


In a throw of dice, a random variable X is defined in the following way: 

X takes the value equal to 2 times 

The outcome if it is odd and —1 times 

The outcome if it is even, write down_X. 

Also write down the probability distribution of X. 3 


Find mean and variance of Binomial distribution. 3% 


A random variable X has the following probability distribution: 


X : 0 1 2 3 4 5 6 7 
P(X) : 0 k 2k 2k 3k Ke 2k? Ih+k 
Find k. Also evaluate P(O <_X <5). 4 


The following statistics were collected during a chemistry experiment to study a possi- 
ble relationship between output (X) in milligrams and temperature setting (Y) in degrees 
Celsius. 3Y, 


N = 4,X = 639, Y = 188, o7 =210, 0; = 407, XXY = 240700. 
Calculate Karl Pearson’s coefficient of correlation between_X and Y. 


A sample of 900 members is found to have a mean of 3.4 cm. Can it be reasonably re- 
garded as a simple sample from a large population with mean 3.2 cm and s.d. 2.3 cm? 
4 


Year 2010-11 
B.Sc. 1st Sem. 
MAPT-101—MATHEMATICS—I (Calculus and Matrices) 
(For Physical Sciences) 
(Admission of 2010 and onwards) 


Time : 3 Hours Maximum Marks : 75 
Attempt any two questions from each section. 
Section I 
1. (a) Verify that the set: 
id, 1), (1, -1)} 


is a basis of R2. 6 


(b) Examine which of the following is a subspace of R’. If it is a subspace, give its geometric 
interpretation: 6 


V, ={(a, b’) | a,b € R} 
V,= {(a, b)|a>0; a,b € R}. 
2. (a) Which of the following transformations are linear? Also give the justification 6 
(i) T: R? > R? define as 
T(x, y) = (1, 2) 
(ii) T: R’ > R’as 
T (x, y, 2) = (x, 4y). 


(b) Sketch the image of unit square with vertices (0, 0), (0, 1), (1, 1), (1, 0) under the following 
transformations of the plane: 6 


(i) reflectio about origin; 
(ii) dialation by a factor of 3. 


3. (a) Reduce the matrix: 


11 141 

13 2 1 
A= 

20 3 2 

3 3 -3 3 


to triangular form by elementary row operation and hence determine its rank. 6 


(b) Let: 


2 10 
A=|0 2 1). 
0 0 2 


Find eigen values and eigen vector corresponding to one of them. 6 

4. (a) Solve the system of equations: 6 
x—4y+7z=8 
3x + 8y-—2z=6 


7x —8y + 26z = 31 


(b) Show that the only real value of 2 for which the following equations have non-zero solution: 

















x+2y+3z=dx 
3x+y+2z=dy 
2x + 3yt+z=Adz 
is 6. 6 
Section IT 
5. (a) Discuss the convergence of a sequence: 6 
n ; 
(b) Find the nth derivative of: 6 
_ xt+2 
x9 
(c) If 
y= (sin x), 
prove that: 
d’y dy 
1—x?)——-x=-2=0 
( ) dx’ . dx 
Hence show that: 
(1—x)y,,,-(2n + lay, —17y,, = 0. 6 
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6. (a) Sketch the graph of a function: 6 
Ff (x) = cos 2x; xeR 
(6) Find the Maclaurin series expansion of: 
y=sin x 
assuming that: 
limR, (x) =0 6 


(c) Abody with initial temperature of 100°C is allowed to cool in air which remains at a constant 
temperature of 20°C. It is given that after 10 minutes, the body has cooled to 40°C. 6 


(1) Find the temperature of body after half an hour. 
(ii) Draw a graph of temperature vs. time. 


7. (a) Draw the level curves of height 4 = 1, 2, 5 for the surface: 











Sf (x, y) = 9x? + 25y?. 6 
(d) If 
u=f(r) 
where + = ety, 
prove that: 
oa =fO+=f'0. ? 
(c) Verify that: 
Sf (&y, Z) = 223 —3(x? + y?)z 
is a solution of 3-dimensional Laplace equation: 
2 9 2 
LOL On 
8. (a) Show the following: 
(i) limvn+1—Vn =0 
___ sin(n? 
(ii) time) =0. 9 
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10. 


11. 


12. 


(b) Give one example each of the following: 
(1) bounded sequence but not convergent 
(ii) unbounded sequence 
(111) monotonically increasing sequence 


(iv) monotonically decreasing sequence 


Section III 


. (a) Find the equation of a circle whose radius is 3 and whose centre has affi 1 —i. 


3 


(b) State Fundamental Theorem of Algebra and hence form an equation in lowest degree with 


rational coefficient which has 1+ J/2 and 2~./3 as two of its roots. 
(a) Give the geometrical representation of sum of two complex numbers. 
(b) Prove that for any two complex numbers z, and z,: 


Iz, +z,| <|z,| + |z,]. 


(a) Solve the equation: 
Z+1=0 
(6) Prove that: 
L+sin$+icos¢ = oos{ | : isin( nb} 
1+sino—icoso 2 2 


(a) Find the inverse of the matrix using elementary operations: 








1 12> 3 
A=|1 2 1 
Dade 53 


(b) Are the vectors: 


X, = (1, 2, 3), X, = (0, 1, 2) and (0, 0, 1) in R? linearly independent or linearly 
dependent? 
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Solution of Examination Paper 








MAPT — 101 
B.Sc. (Physical Science) 1st Sem. 

2010-11 

Question No. Solution/Reference to Solution 
Section I 

1 (a) Refer Example 2.27, page 62 
1 (b) Refer Q. 3(d), (e), Exercise 2.6, page 73 
2 (a) (i) Refer Q. 5(a), Exercise 3.1, page 83 


(ii) Similar to Example 3.2, page 78 


2 (b) Refer Q. 10(h), (c) Exercise 3.2, page 95 
3 (a) Refer Example 1.30, page 28 
3 (b) Refer Q. 4(b), Exercise 4.1, page 128 
4 (a) Refer Example 1.35, page 36 
4 (b) Refer Example 1.37, page 37 
Section II 
5 (a) Similar to Q. 4(b), Exercise 5.5, page 181 
5 (b) Refer Q. 1(i), Exercise 8.2, page 252 
5 (c) Refer Example 8.18, page 256 
6 (a) For similar graph, refer Fig. 6.37, page 211 
6 (b) Refer Example 9.15, page 277 
6 (c) Refer Example 7.8, page 229 
7 (a) Refer Example 10.5 (11), page 297 


7 (b) Refer Q. 9, Exercise 10.2, page 308 








Question No. 


Solution/Reference to Solution 





7 (c) 


8 (a) 


8 (b) 


9 (a) 
9 (b) 
10 (a) 
10 (b) 
11 (a) 
11 (b) 
12 (a) 


12 (b) 





Solution 

SY; Z) Pa 2z3 -, 3(x? +y’) Z 

of of Of 2 22 
= —6z,— =-6yz, —=6 3 + 

i ae Oe ee 








2 2 2 
EDs 6 O25: 





a Oy ae 
yon, o"f pore 6z—6z+12z=0 
or Oy oa 


(1) Solution 


(vn1—n)(Jarvi + Jr) 





0<Vnt+1—-Vn= 
Vn+l+vVn 
2 1 : 1 
Vnt+l+Vn 2Vn 
1 
“0s lim(vn +1 Lp eg gs 
n( )s 9% D/n Say 


ie lim(Yn +1 =a) ) =0 (By Sandwich Theorem) 
(i1) Refer Q. 4(d), Exercise 5.5, page 181 
Hints: 
(i)a,=(-1)"” (ii)a,=n (ili)a,= rn (iv) a= —n? 
Section III 
Refer Example 11.22, page 344 
Refer Example 11.29, page 351 
Refer Article 11.1.1, page 322 
Refer Example 11.7, page 316 
Refer Example 12.11, page 366 
Refer Example 12.2, page 356 
Refer Example 1.23, page 23 


Refer Example 2.18, page 58. 
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3-vector 44 


additive inverse 7 

affine transformatio 93-94 
between two vectors 43 

Archimedian property 168 

arrangement of leaves 155 

associative 6, 8-9 

augmented matrix 31-32 


basis 61-62, 64, 99, 110 
theorem 65 
bounded 161, 174 
above 161,174 
below 161,174 
branching habit of trees 155 
breeding habit of rabbits 152, 157 


carrying capacity 232-233 
case 322 
catenary 216 
Cauchy’s form 266, 282 
Cayley-Hamilton theorem 129 
cell-division 222 
change of origin and scale 03 
characteristic equation 119 

polynomial 119 

roots 119 
coefficient matri 30 
columns 3 
common logarithm 206—07 
commutative 6, 8, 106 
components 42, 44, 48 
composition 105-06, 109, 115 
compression 105, 194 
constant growth 159 
contour lines 296 
contraction 84-85, 109, 115 
convergent sequences 165, 168, 170 
culture of bacteria 221 


De Moivre’s Theorem 248 
decay constant 225, 232 
decibel scale 207 
degree of the differential equation 219 
determinant 9, 10 
diagonal elements 5, 139 
matrix 5, 109, 136, 138 
diagonalizable 136-38 
problem 136-37 
difference equation 158 
differential equation 219 
diffusion constant 311 
dilation 84, 85, 109, 115 
dimension 61, 65, 144 
directed line segments 41 
divergent 168-69 
divergent sequences 168 
domain 77, 186, 287 
dot product of two vectors 43 
drug 225, 226 


earthquake 206 
eigenspace 129, 130, 144 
eigenvalue 115, 137-38, 144 
eigenvector 115-16, 120, 122, 130, 136, 138 
problem 136 
elementary column operation 17 
matrix 17-18 
row operation 13, 17 
elements 3 
ellipsoid 290-91, 295 
elliptic cone 292 
paraboloid 291, 298 
equality of two matrices 4 
equivalent 13 
vectors 41 
error estimation 265 
exponential decay model 224-26 
function 202-03 
growth model 219-22 


Index 


Fibonacci sequence 152 

finite sequence 149 

fission reactio 150 

flexible cabl 216 

free fall 215 

function of two variables 287, 289, 296, 306 
fundamental theorem of algebra 119 


general sine curves 210 
geometric effect 107, 109 
growth 159 
geometrical significance of an eigenvecto 116 
graph ofa function 184 
of cot x, sec x, cosec x 209 
off 184, 186, 296 
of the equation y = f(x) 184 
of the equation z = f(x, y) 289 
of the power function 194 
growth of bacteria 222 


half-life 225 

heat equation 312 

Hermitian matrix 6 

homogeneous system 30 

hydrogen potential 207 

hyperbolic functions 214 
paraboloid 294 

hyperboloid of one sheet 292 
of two sheets 293 


identity matrix 5,18, 138 
transformation 80, 84 
infinite sequenc 150 
series 274 
inhibited growth model 233 
initial point 41 
value problem 220-21 
interval 207,212 
invariant 96, 131 
subsapces 131 
inverse 18-20 
trigonometric functions 212-13 
invertible 18, 20, 136 


L’ Hospital’s Rule 177 

Lagrange’s form 266, 282 

Laplace’s equation 310 

Leibnitz’s Theorem 253-54 

length of the vector 44 

level curves 289, 295-96 

linear approximation 261-62 
combination 52, 72 
equations 30 
non-homogeneous system 30 
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operators 115 
systems 20 
transformation 77, 81, 91,97 
linearly dependent 56 
independent 56, 136, 138 
logarithmic functions 205 
growth 159 
Richter Scale 206 
logistic differential equation 233 
growth 159, 232 
model 233,235 


Maclaurin polynomial 261-62 
series 274,277,279 
magnificatio 109, 194 
magnitude of the vector 42 
mathematical modelling 220 
matrix 3 
addition 6 
operations, 6 
representation 98, 109 
transformation 91, 93 
transpose, 4-5 


types, 5-6 
Mechanic’srule 151 
minor 10 


monotonic 161 


natural basis 62 

domain 287 

logarithm 206 
Newton’s Law of Cooling 229 
non-linear transformation 80, 81, 84, 92 
non-singular 10, 15, 17, 20, 25 

matrix 5 


observations 232 
of a differential equation 219 
ofa matrix 3 

orthogonal 43 


parabolic functions 200 

parallelogram of forces 46 

partial derivatives 304, 309-10 
sum 274 

period 207, 210 

phyllotaxis 155 

polynomial function 199-200 
growth 219-20, 232 

power function 194—95, 199 

powers of the matrix 9 

principal diagonal 5, 14 

probabilistic growth 159 

projection 79, 84, 124 


proportional growth 159 
proportionality constant 201 
Pythagoras theorem 42 


quadratic approximation 261-62 


radiant energy 212 
radioactive disintegration 225 
rank 25-27 
rate constant of the equation 203 
of change 304-05 
real vector space 49 
rectangular coordinate system 41 
recursion formula 151-52 
reflectio 86, 87, 105-06, 109, 115, 188, 191, 202 
about the y-axis 86 
in origin 87, 115 
with respect to the x-axis 86, 105 
with respect to yz-plane 87 
resultant force 46 
rotation 87-88 
rows 3 
r-rowed minors 25 


Sandwich theorem 172 
scalar matrix 5 
multiplication 7, 45-46, 48 
second-order chemical reaction 201 
sequence 149-51, 158, 161, 168 
shear 91 
similar matrices 136 
simple harmonic motion 212 
singular 10, 24 
sinusoidal function 212 
skew symmetric matrix 5 
Hermitian matrix 6 
skydiving 215 
slope of the tangent 304 
solution of the difference equation 160 
span 54,72 
ofS 72 
square matrix 5-6, 9-10 
squeeze property 173 
standard basis 50-51, 98 


Index 


matrix 98 
stochastic growth 159 
strictly decreasing 161 

increasing 161 

monotonic 161 
sub-matrices 25 

sequence 161 

spaces 67 

spaces of R2 68 

spaces of R368, 69 
successive differentiation 241 
sum 6,45, 274, 320-22 
symmetric matrix 5,11 


Taylor polynomial 261-62, 265-66, 275, 278 
series 275,278 
theorem 266, 278, 282 
telegraph equations 312 
terminal point 41-42 
Tower of Brahma 156-57 
Hanoi 156-57 
transformation 77, 80, 82, 84, 98, 104 
linear, 77, 82,97, 100 
translation 92—93, 188-90 
matrix 114 
transpose ofa matrix 4 
triangular matrix 6, 14-5 


trigonometric functions 207,212 
trivial solution 31-32 
unit matrix 5, 15 
vector 50 
vector 41 
inaplane 41-42 
inspace 44 
space overR 49 
wave equation 309-10 
zero matrix 5,25 
transformation 81 
vector 42,65, 67, 81 
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